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1. Introduction

A generalized Frobenius partition or simply an F-partition of an integer =
greater than 0 is a two-rowed array of nonnegative integers

(Cll cee Ay
by «.. by
where each row is arranged in nonincreasing order and

r
n=r+ 3 (a; +b;).
=1

Let céy,, (n) denote the number of those F-partitions of n in which each part is
repeated at most % times and is taken from k copies of the nonnegative integers
which are ordered as follows: m; < nj if m < n or if m = n and ¢ < j, where <
and j denote the copy of the nonnegative integers. c¢y, ,(n) is called the num-
ber of F-partitions of n with k colors and % repetitions. Let C¢k,h(q) be the
generating function of c¢k,h(”) so that

Cop (@) = n§0c¢k,h<n)q7.

For example, the F-partitions enumerated by c¢2’2(1) are
(oo )or)
01/1301/71027\0,
and those enumerated by c¢p »(2) are
o))
(RAN YA YA PYASEYAYSYANEPAV P
o o oo oo oller o)
0, 01/\0, 05,/\0, 0;/V\0y 07/\0, 0y

(o o)or oo ooy o)
0, 0y/\0, 0y/\0; 0,/\0, o0,

and

chp 2(q) = 1 + 4g + 17g% + - ..
Similarly,

Cé3,02(q) =1+ 9g + 54g% + ...
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George E. Andrews [2] has studied extensively the two functions
coy () = ¢ (m) and  coy 1(n) = cor(n).

The former function enumerates the F-partitions of »n in which the parts repeat
at most k times and the latter enumerates those F-partitions of » in which the
parts are distinct and are colored with k given colors. Andrews [2] has ob-
tained infinite product representations for

Co1,1(q) = ¢1(q@)s Co1, 2(q) = $2(q)>
Cé1,3(q) = ¢3(q)s> Codp 1(q) = Codp(q)

and has expressed C¢3,1(q) = C¢3(q) as a sum of two infinite products. The
purpose of this paper is to outline a method of obtaining such representations
for Coy, p(q) for arbitrary positive integers k and 4. We first consider in §2
the typical cases (¢j, (g) and C¢o, 3(q) and sketch in §3 how the methods of §2
can be extended for (¢, ;(g) for arbitrary positive integers k and #. Through-
out, we use the notations

I

(@e=(a Q=11 A - ag™
n=0
for complex numbers g and ¢ with ‘q‘ < 1.

2. Representations of C¢, , (q) and Cod, 3 (q)

Theorem 1: For |q| < 1,
Co2,2(q) = Ag(?(q"; qM)a(-q%; g2 (D
+ 2¢7 gBo () 12(g";5 ¢ (=q*5 qM2E,
where Ap(q) = ¢,(q) and gBy(g) is the generating function for symbols

<(x1 “ee O‘ro"r+l> (2)
By -+ Br

That is, this is subject to the same rules as the original generalized Froben-
ius symbols related to ¢,(g) but there is one more element in the top now.
This sort of generalization of the Frobenius symbol has been studied at length
by James Propp in a forthcoming article in the Journal of Combinatorial Theory.

Proof: To prove (1) we first make use of the following result of Andrews [3,
Lemma 3]:

(zaq) (28q) (27 ta™1) (z71g~1) (3)

= AO(O“ B q)”;qu2+naanZ2n

- 3—1140(06613 B> q) f: q”ZOLnB”ZZ”‘l,

N=-cw
where 2z, o, B are nonzero, |q| <1, and
Aola, 8, @) = (=q)_(-aB"lq; ¢%), (~a~1Bgq; ¢®) (L. (4)
Choosing o = w, B = w? in (3) where w = exp(2wi/3) and observing that
= (-q%; g%
Ima - q2n‘1 + qlm—'Z) = —..__q qz ki
n=1 (95 9w
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we obtain

n€%(1 + 2g"+l 4 22q22) (1 + z71lgn + 572g2n) (5)
= Ao(q)nf:_qubr”zz” - By(q) i qniz2n-l,

where _ o
dg(q) = L5 qz)(";)tqg; e - 4,00 (6)
Bo(q) = - =D qz)goq();qﬁ; e Q)

From the General Principle of Andrews [2, p. 5], it immediately follows
that C¢2’2(q) is the constant term in

HO(]_ + an+l + 22q2n+2)2(1 + Z—lqn + Z—2q2n)2.
n=
Squaring (5) and equating the constant terms, we get

Coa 2(@) = d2(D?2 T q2"* + [qBo(]2 % g2n? -2n-1, (8)
n=-o0 N ==~
Now, using Jacobi's triple product identity [1, p. 21]:
Y g%z = (g%5 q%) (=qz5 q2).(=qz"1; q?), 9)
n=-o

for z = 0, lq] < 1 for the two summations in (8) we get (1).

From the proof of Theorem 1, it immediately follows that C¢, ,(q) has the
following representation.
Corollary 1: For |q| < 1,
(-9%5 92)2(-q%; q°)2(q%; q%), (-q%; q")2
Cop,2(q) = (10)
(@2
(=q5 q2)2(=q5; ), (q"; q*), (=q*; q*)2
+ 2q 2 .
@z

Theorem 2: For |q| < L,
Céa, 3(q) = A1(@D?(q%; ¢5)_ (-¢3; ¢®)2 (11)
+q7%[gB1 (@) 11q%C1 (1% ¢®), (=q5 ¢®), (=¢°; q°).>

where 41(q) = ¢3(q), gB1(g) is the generating function for symbols (2) where a
part can be repeated at most three times on each row and qzcl(q) is the gener-
ating function for symbols

<@1 Otrotr+10tr+2>
B1 «-- Br
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which has two more elements in the top row than the original generalized Fro-
benius symbol.

Proof: Proof of (11) is similar to the proof of (1) and we give only a sketch.
First, for o, B, Yy, 2 nonzero and |q| < 1, we can obtain the Laurent expansion
of the product

(zaq), (2Bq), (zvq), (z7ta™l)_(z71871)_(z71y71), (3"
in the same way the analogous Andrews' identity (3) above is derived [3, Lemma
3]. Then, substituting o = 2, 8 = =%, and y = -1 in that Laurent expansion, we

obtain in analogy with (5)
Ho(l + an+1 + 22Q2n+2 + 33q3n+3)(1 + Z—lqn + Z—2q2n + Z—3q3n) (5"
n=

2. 42 - 42Y2(,6. 46
_ (@5 aP). (a5 4925 4O, [(_qs; 42 5 EGR ) 3
(@2 ©

+q(=q; 45),(=q5; qb), 3 q#(3*+5n)y3n+1

Nn=-c

o 1 2
+ q3(_q-l; qB)w(_q7; q6)oo 2: q 5(3n +7ﬂ)z3n+2]

=-0

Al(q)zl + BI(Q)ZZ + Cl(q)23, say.

From the General Principle [2, p. 5], it is clear that C¢2’3(q) is a con-
stant term in

nl;[O(]_ + an+1 + 22q2?1+2 + Z3q3n+3)2(1 + z—lqn + z‘2q2ﬂ + Z—3q3n)2_
Squaring (5') and equating the constant terms, we find

Cop.3(q) = A1 (@2 3 ¢3% + [qB1(D]11q2C1 (] 3 gdn?+2n-5, 8"

n=-c0 n=-w

Finally, using (9) for the two summations in (8'), we obtain (11).

From the proof of Theorem 2, we obtain the following representation of
Céz, 3(q) -

Corollary 2: For |q| < 1,

(q%; q9)2(q; g% ¢%)3
(@8

+ 262(=q; ¢®)2(=¢%; ¢®2(-q71; %) (=975 ¢®).1.

Cop, 3(q) = [(-q3%; ¢®)5 + (12)

3. Representation of C¢k R (D in General

The representation of (¢, ,(g) for arbitrary positive integers k and % is
obtained ‘in Theorem 3 in the same way we obtain the special cases (1) and (11),
but after suitable generalizations of the methods. Lemma 1 furnishes a result
which plays the role played by Jacobi's triple product identity in passing from
(8) to (1) and from (8') to (l11). Due to the mechanical nature of the steps,
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we only sketch our proofs and avoid lengthy expressions.

Lemma 1: For a > 0, aj, ..., ap-1 integers and |g| < 1, the series

k-1

k-3
o a an-ﬂ— > n.n-) + 7.
3 q (i-l lsi<isk-1 = ° z'z-:1a7’n1 "N

00

Miswens My ==

can be expressed as a sum of 2k-23k=-34k=t (k - 1)k~ (k=D ipfinite products.

Proof: First Step. By grouping terms with %1, ..., %gx_p even and My, ..., 7Mg-3
odd separately, the series (9') can be written as the sum of 2%~2 series, each
of which will be of the form

k-2
o 2 2 S +Zb.n.
m a(3n +eeet 3ng_,t+2 > nn) )
q 1 2: q 1 k-2 lsi<jsk—21 7 e
Nls ace s Ap-p =

had 2 '

ant_,+bn, _,+Db

X E q k-1 k-1 ,
Mg-1= 7=

where my, by, ..., br-o, b, b’ are integers. Here, the second series can be
written as an infinite product by Jacobi's triple product identity (9). Thus,
it suffices to express the first series as a product.

1, 2,

Second Step: By grouping terms with #ny, ..., nx-3 = » (mod 3), » = 0
2 series,

the first series of the first step can be written as the sum of 3k
each of which will be of the form

s
3

k-3
my - a<z4n% oo+ 26mE 5+ 12 g _<§;k_3”-;”j>+i§l@¢”i
q 2 sicis
Nis eoe s N3 ===
= 3an_,+eny, _,+c'!
x Z q AN T Ny N
Mi-n =7

where my, CG15 ...> G —-35 ¢, ¢' are all integers.
Proceeding similarly, we arrive at the (k - 2)th step, namely,

(k - 2)t" Step: By grouping terms with n; = » (mod k - 1), r = 0, 1, 2, ...,
k - 2, separately, the first series of the (k - 3)th step can be written as a
sum of (k - 1)*~(k-1) = k - 1 series, each of which will be of the form

o 2 ol 2
m ang+ Bty a,n5+ Byt Y,
k-2 171 171 1 272 272
Y q 2 q ,
m

= - 7, =~

(where my-p, ;s Bss Y; for ¢ = 1, 2 are integers), which are explicit infinite
products by (9).

Conclusion: From Steps 1 to (k - 2), it is clear that the series (9’) can be
written as a sum of 2k~23k-34k-t | (k - 1) dinfinite products. This proves

Lemma 1.

Theorem 3: For arbitrary positive integers k and h, C¢; ,(g) can be expressed
as a sum of infinite products.

Proof : For z, ay, ..., o, all nonzero and |q| < 1, we consider the product

(za1q), (Bayq), - - (zuhq)m(z'lail)m (z'lotil)m cee (3703 Y, (3"
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which, on using (9), can be written as

- n%«i—nl o n%+nh
(@O L D'g 2 aftz™ ... Y (-D™g 2 o™ (13)

nl = =00 nhs—w

It is not difficult to realize a procedure for obtaining the Laurent expan-
sion of the product (13). For instance, consider, for arbitrary integers a, b,
e, d, e, f and nonzero z, a, B and ]q’ < 1, the product

i qam2+bmumzcm i qdnz*'ensnzfn. (14)

m=-ow Nn=-x

In this, let

c i
£ = —— and = .
G, n M YVTEn
By grouping terms with m = » (mod y), » = 0, 1, ..., y- 1, separately, and then

changing n to n - xm, (l4) can be written as sum of y number of series of the
form

Z S(Bs =2, qs m) i qanZ_bmn+cnan_ (15)

m= -ow n=-w

Now grouping terms with m = » (mod ¢),»=0, 1, ..., ¢ - 1, where 2ad - be = 0
with (d, ¢) = 1 in (15), we obtain the Laurent expansion of (14).

By applying the above procedure successively, we obtain the Laurent expan-
sion of (13). Substituting a; = w, ..., a3 = wh, where w = exp(2ni/% + 1) in
that Laurent expansion, multiplying the resulting identity k times, and equat-
ing the constant terms, we find C¢g, 5 (g) to be a sum of series of the form (9')
which, by Lemma 1, is a sum of 2*¥-23k-3 ... (k - 1) infinite products.

It would be interesting to obtain combinatorial proofs of equations (8) and
(8') which might throw more light on this subject.
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