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1. Introduction

Consider the sequence of real numbers defined by the recurrence relatiomn
(1'1) W}; = pw)l“l + [1/11—2’

where p is a strictly positive real number. Special cases of (W,) which inter-
est us here are:

Q“)l — BH
(1.2) v, = =R (Fibonacci-type sequence),
and
(1.3) V, = a” + g% (Lucas~type sequence),

where D+ ,bz +*Z
D“‘ - s
2

(1.4) p - /p? + 4

¢ 2
It is clear that
(1.5) af = -1, a > 1, -1 < B < 0.

On the other hand, the Lambert series is defined by
Y T 1A
(1.6) L(x) = Vz;l E*ijigg, ix! < 1.

Tt has been known for a long time (see Horadam [1] for complete references)
that

w

2

=1 UZ?Y.

= (a - RY[L(BY) - L(B" ],

= ~[(B) + 2L(B%) - L(B%).

=1 VZH -1
The purpose of this paper is to establish the following result.

Theorem 1:

(1.7) 217—; = 2(a = B)[L(B?) — 2L(B%) + 2L(88)] + B3
y= nHn+
oL 1

(1.8) 2. 3 [L(B2) - 20(85)] +

= 1 CLOES! a - B

1

(o0 = RIP’

2. Preliminary Lemma

Lemma 1:
0 x2n+1

2.1

A (2.
W0 1 - gfnl ) = 205
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© n

X
2.2) ) —/—— =1 - 2L(x2);
(2.2) T o (x) (x9)5
o rl2n+l

= L(x) - 3L(x2) + 2L(z*).

(2.3)

n=0 1 + x2n+l

(2.1) is obviously true, whereas (2.2) follows from the identity

" " 2.’1}2”

L+2z" 1 -z" 1 -2

and (2.3) follows from
© .’1,‘2”+1

o xZn

e

" 4T 1 + x2n

n=0 1 + 21+l

3. Proof of Theorem 1

Lemma 2:
1 ©
(3.1 2 = —
) nz:loc ¢4 z=: bwUn+1
1 ® -
(3.2) 23 - o- 8

— + —
A1 e ap A Ve Vs

Proof: First, we have

1 1 1
alpe1 + Uy = o 8{u(u”+1 - (-1)ntl u”+1> +a® - (-1)" 57}
- 1 rn+2 n _ an+1 l - n+1
=S S(u + o) = - B(u + a> = Q .
Thus,
1 1 1
n + n+l =
Uy o Ul

By adding this term by term, we find (3.1) since U; = 1. The proof of (3.2)

follows the same pattern if we observe that
oVyr1 + V, = (a - Bo”tL,
Thus,
1 1 o - B

+ = .
o'V, "MVl VeVl
Now, adding this term by term, we find (3.2) since V; = p.

Lemma 3:

(3.3) 3 —— = (a - B)[L(82) - 2L(8") + 20(88)1;

n=1 unUn
(3.4) Y, —= = L(B2) - 2L(g®).
n=1 0 Vn
Proof:
1o 1 @ 1 g2

D MmO Ly s Gl D gy g S
qn - Bun+2

= Z _ +7LZ:0 1 + Bim+2

n—ll

Using (1.6) with x = g% and (2.3) with & = g2, we find (3.3).

hand, we have:
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© 1 © BZVL o B‘—}n o BLWL+2

e 1
= - ek 4
,Z:I "V, n; a?n 4+ (=1)" ,;1 1 + (-1)"p2n ngl 1 + ghn ,Z:Ol -

8’—m+2‘

Using (2.2) with z = 8% and (2.1) with & = 82, we find (3.4). This concludes
the proof of Lemma 3. Now the proof of the theorem follows immediately from
Lemmas 2 and 3.

4. Special Cases

4.1 Fibonacci-Lucas Sequences

Let p =1 in (1.1) to obtain
1+ /5 1 -5

W, = 1+ Wy—p, o = s =
n n-1 n—2 2 B 2

U, = F, is the Fibonacci sequence and V, = L, is the Lucas sequence. Equations
(1.7) and (1.8) take the following form:

£ = 2op57) - () ()

4.2 Pell and Pell-Lucas Sequences

Let p = 2 in (1.1) to obtain
Wy = 2041 + Wy_ps o =1+7Y2, B=1- /2.

U, = P, is the Pell sequence, V,, = ¢, is the: Pell-Lucas sequence. Equations
(1.7) and (1.8) take the form:

> 1

S ——— = W2[L(3 - 2/2) - 20(17 - 12V2) + 2L(577 - 408/2)] + 1 - V2;

n=1 B, Py

= 1 1 1 -2

———— = —[L(3 - 2V2) - 2L(577 - 408/2)] + ——.
ngl QnQn+l /2 4;/5

5. Generalization

The following theorem generalizes the above result. It is given without
proof, since the methods required exactly parallel those of Section 3. We
assume that K is an odd integer.

Theorem 2:

& 1 2(a - B) Bk
- X [L(8%%) - 2L(B"K) + 2L(B®)] + —
n=1 Uy Uk(n+1) Uy U
2 = [L(B2F) - 20(B%%)] + ———~——-
A=1 Vi Ve (@ = BYUx (o = B)U,Vy
For the proof, the reader will need the following lemmas.
Lemma 2':

kil 1 1 i 1
2 —_— = + U —_—

n‘; akt U, oKUK Upy Ukna 1y
2y ——— =——+ (a - BU —_—

L kngl Vin Vic(n+1)
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Lemma 3':
© 1 ‘
i = (a - B)[L(B%K) - 20L(B*) + 2L(B8%)1;
n=1 o Ukn
© 1
_— =] BZk - 27 BBk )
& (B=%) (B®%%)

Reference

1. A. F. Horadam. "Elliptic Functions and Lambert Series in the Summation of
Reciprocals in Certain Recurrence-Generated Sequences." Fibonacci Quarter-

ly 26.2 (1988):98-114.

kokokokk

Applications of Fibonacci Numbers

Volume 3
New Publication

Proceedings of ‘The Third International Conference
on Fibonacci Numbers and Their Applications,
Pisa, Italy, July 25-29, 1988.

edited by G.E. Bergum, A.N. Philippou and A.F. Horadam

This volume contains a selection of papers presented at the Third International Conference on
Fibonacci Numbers and Their Applications. The topics covered include number patterns,
linear recurrences and the application of the Fibonacci Numbers to probability, statistics, dif-
ferential equations, cryptography, computer science and elementary number theory. Many of
the papers included contain suggestions for other avenues of research.

For those interested in applications of number theory, statistics and probability, and
numerical analysis in science and engineering.

1989, 392 pp. ISBN 0—7923—0523—X
Hardbound Dfl. 195.00/ £65.00/US $99.00

A.M.S. members are eligible for a 25% discount on this volume providing they order directly
from the publisher. However, the bill must be prepaid by credit card, registered money order
or check. A letter must also be enclosed saying ‘‘I am a member of the American
Mathematical Society and am ordering the book for personal use.”’

hd KLUWER
PN Acapemic
PUBLISHERS

P.O. Box 322, 3300 AH Dordrecht, The Netherlands
P.O. Box 358, Accord Station, Hingham, MA 02018-0358, U.S.A.

226 [Aug.



