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1. Introduction

Using Lagrange inversion, one obtains the formal power series (fps) expan-
sions (cf. Riordan [12], Sec. 4.5)
= b(ak + b)k 1
(1.1) exp bz = 3 blak + b)7 "~ k,
k=0 k!
exp bz < k + b)k
(1.2) _fB~__ = ig_____i,wk,
1 -az =% k!
where w = z ¢ exp(-az); and

(1.3 Q+ap=3 -2 (ak+b>uk,

¥=oak + b k
(L+ )P & gak + b\,
G0 _k:o< e

1+ z

where v = 2/(1 + 2)%. With the help of these identities, Gould [6-8] obtained
many convolution identities. Higher-dimensional extensions of (1.2) and (1.4)
were studied and proved by Carlitz [l, 2] using MacMahon's Master Theorem.
Finally, Carlitz's identities were embedded into a general theory by Joni [9].
The key for her results, again, is Lagrange inversion (this time the multi-
variable Lagrange-Good inversion formula, cf. Joni [10]).

In [5] Cohen & Hudson discovered two-variable generalizations of (l.1) and
(1.2) that are different in nature from the corresponding results of Carlitz,
and studied related convolution identities. Their proofs are based on a spe-
cific operator method also used in Cohen's papers [3] and [4]. Thus, the ques-
tion remained open as to whether there might be a Lagrange-type inversion for-
mula providing the background for Cohen & Hudson's results and yielding two-
variable extensions of (1.3) and (l1.4), in addition. This formula will be
given in Section 3 (Theorem 1, Corollary 2) of this paper. Subsequently, we
are able to derive all of Cohen & Hudson's results and, moreover, to give the
""factorial’ analogues that correspond to (1.3) and (l1.4). This will be done in
Section 4. For the purpose of illustration, we list some identities in the
next section.

2. Some Expansion and Convolution Identities

To write our identities, it is convenient to adopt the usual multidimen-
sional notatioms. Let k = (ky, kp), n = (n1, ny) € 72 (pairs of integers) and
3 = (2], 25) be a pair of indeterminates, then we define k! = kylkyl, n oz E if
and only if n; = ky and np 2 ky, n - k = (ny - Ky, ny - kp), 0 = (0, 0),

2% = zflzéz and (i) = (Zi><2§>.
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Throughout this paper, for @ € ZZ, Xis Mg 0ys By € € (complex numbers), 7 =1,
2, we shall write

(A + u1ky) (as + Boks) (Ao + uoko)(ay + B1ky)
2R = 1 1k1) Cop 2k2) Ry () = 2 T upkp) (o 1X1 ’
ko + UKo ~ A+ oukg
and 0 k1) 2 k)
+ u + u
r (k) = AR S 500 o (k) = ~fe2 T R2R2)

(hp + ugky)’ O + wrky)’

for short. Note that r;(k) is equal to R (k) with B; = 0 and oy = 1.
The first of Cohen & Hudson's identities, (1.3) in [5], is equivalent to

H1 U2
- )\1)\22122 Pl(k)kl 1’2(7~<>k2

) H1 ) Mo qkzg ky! ky!
N T A1’62>

For 2z, = 0, (2.1) reduces to (1.2). The factorial analogue of (2.1) we prove
is

(2.1)

2% exp(-r1 (K)zy - rp(K)zs).

H1H2 21582
)\1)\2 (1 + Zl)(L + 22)

(1 M1 2] L X2 32 )
)\21+Zl( )\11+ZZ

g2 (PE£?)><rié$)>§k(l +2) E A+ 2@
K0 \

(2.2)

Equation (2.2) reduces to (1.4) for z, = 0. The "mixed" expansion,

UIUZZ 22
T ALl T oz r (k)% i
(2.3) 172 Z_ _L_~____< k~>§7~(exp(—1ﬂ1(7§))(l + a2 R
2

u u 2 kil
R e
)\2 )\1 1+ 39

is a two-variable generalization of (1.2) and (1.4) at the same time. This is
seen by setting z, = 0 or 2] = 0, respectively.
The second expansion of Cohen & Hudson, (1.5) in [5], is equivalent to
1 1 1 (k)% Ry (K2

)\1 - HUp0189 k>0 )\1 + Ulkl ki

(2.4) zk exp(-r;(k)z; - Ro(k)z2).
Setting 2, = 0 in (2.4) gives (l.1); setting z; = 0 gives (1.2). The factorial
analogue of (2.4) is presented here:

! = ! ¥ (k)><h (k) k -ry (k) -Fy (k)
2.5 = 5 — 1\% 2 ~> (1 + 1\% 1 + z YA
( ) 22 k=20 >‘]. t Ulkl< kl kZ g ( Zl) ( 2)

)‘1 Uzall 25 -

This is a generalization of (1.3) and (1.4) at the same time. Similarly, a
two-dimensional generalization of (1.1) and (1.4) is

1

(2.6) %3

1+ 3z
k
1 ry (k)™

"D T e ) e (e a2,
k=0 :

Al = mpog

and a generalization of (1.2) and (1.3) is
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- 1 Sy b mG\R®Y
' Ao MpO1Ep TEFo AL M1k1< 3% ) 2 “1) S (Hp (B)22)
We give another expansion, which Cohen & Hudson missed:

(oquy = B1Ap) (apup = Baha)

X1ho = kik
o 1-y V2T T2 (g + BiKky) (op + Bakg) Ry () Ry ()2
. ¥30 (A1 + k) Qg + u2kp) k!
« 5% exp(-Ry(K)zy - Ry(k)zy) -
This is a two-variable generalization of (1.1). The corresponding generaliza-

tion of (1.3) reads
( - B1Ai1)( - BoAy)
Ay = kiky SRS 141) (Golp 2A2
- (o + Brk1) (ap + Boky) <R1(Z~<)><R2(Z~<)>
>0 Ay + prky) (A + ugky) ky ko

e 3R 4 2B (1 4 gy B

(2.9)

that of (1.1) and (1.3),
(apuy = B1A1) (aguy = BaAy)
(a; + B1Kk1) (op + Boky) Ry () <RZ(Z§)>
(Al + Ulkl)(AZ + Uzkz) k1! kz

o 2% exp(~Ry(K)z1) (1 + 2,)” 2% 5

AIAZ - klkz
(2.10) 1 =

=S
[\
He)

Identities (2.1)-(2.10) will be proved in Section 4 by establishing three types
of general expansions that underly (2.1)-(2.3), (2.4)-(2.7), and (2.8)-(2.10),
respectively.

From each of the expansions (2.1)-(2.10), we may derive a convolution iden-
tity which generalizes Jensen's convolution or the Abel-type Jensen-Gould con-— |
volution didentity, respectively (cf. [6], [7]). We shall give two examples; ;
the remaining identities are obtained similarly.

Multiplying both sides of (2.1) with exp(s1z; + sy2,) and comparing coef-
ficients of 2%, we obtain (1.4) of [5].

=d1 n2=J2

ny o omg J1 nony J 3
S u ] S u 2
2 2: 1 1 1 2: 2 2
2.11 = = ____.W_}..___ J—— —-— e -
( ) ! ( > <A1> (n

nat s 2o \he/) (my - JE mit 520 2 = Jdo)!

V)

IZ

S

_y 2 () e, (R () + s )T (e, (R) + 5,)72R
K30 k! (- K

The factorial analogue of (2.11), deduced by multiplying both sides of

(2.2) with (1 + 2% (1 + 25)°2 and comparing coefficients of §§ reads

1 2

(2.12) (;Z) ) <;_;>J‘1 <Zi ; gi) + (ii)J:E_O(E—f)JZ (fzi - gi) ) (%)

J1=0
= ];L:g (rlk(lk)xrzkgg)) (—r%(ligz ;:lsl> (-pyzlizsz ;232> .

3. Lagrange Inversion

Let

$(2) = (91(215 22)s 0p(21, 22))
be some pair of fps in z; and z, with ¢, (0, 0) =0, 7 =1, 2. Let
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F2) = (21/01(2)s 22/05(2)).

The (two-variable) Lagrange-Good formula solves the problem of expanding a
formal Laurent series g(z) of the form

3.1) g = Xg.zl

jem <

for some m € Z2, in terms of powers of f(2); namely, if

g(z) = X e, f =),
kez?2 =~
then ~

e = 20g@ KR,

where <§9>a(§) denotes the coefficient of 59 in a(z), and
of . of .
A(z) = SE(§)¢1(§)¢2(§) with gg(g) the Jacobian of f(z).

For formal Laurent series of the form (3.1), we shall use the abbreviation fLs.
The general two-dimensional Lagrange inversion problem can be formulated as

follows: Let F = (f,(2)) be a "diagonal sequence," i.e., fr(2) is of the

kez?
form ~

i@ = X fy 2t

Then, for a given sequence F, one tries to find some sequence F = (fk(é))kez2
such that expanding an arbitrary fLs g(g) in terms of F, - -

(3.2a) g(z) = > ckfk(g),

kez?
the coefficients c¢; are given by
(3.2b) ey = <§9>g(§)- fk(g).

Obviously, the sequence F is uniquely determined by
(3.3) D @) < F @) = oy,

where Snk is the Kronecker delta. In this paper, we shall solve this Lagrange
inversion problem for

(3.4)  fr () = 251D B F(2)R®),

where f1(t), fyo(¢) are fps in the single variable ¢ with f;(0) =0, <
Evidently, F = (f3(2))xez2 is a diagonal sequence.

Theorem 1: Let F = (f, (2))
F= (F@)ieqe
uniquely determined by (3.3), is given by

I

1, 2.

rez? be as defined in (3.4). The sequence

Uity
(A + u1ky) (A + ugky)
where }/ is the operator

(3.5)  F(z) = Wi

A1 ( B2
—z,D, + — - —Za )P (2
#101 + o % - 2> 1(21)
(3.6) W = det N
B1 2
- — M Fy(2 ~20Dy + —
<0L1 0 1) 2(23) 2D2 + 7
with
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3f;
Fi(gi) = 3 %z.(zi)/fi(zi)’ 7 = 1, 2.

D, stands for the differential operator with respect to z;. Equivalently,
~ %) + szz a1 + Blkl

(3.7) (z) = [(l +y —————— Fi(z )><1 + ———— Fy(z )
Tz 1, T gk, 111 M2 TE ik 2(22)

(apy = B1Ay) (apuy = Borg) B
(A1 + uky) (Mg + ugky) Fl(zl)Fz(Zzi}fk(g) ]

+

Proof: The proof is based on the method for treating Lagrange inversion
problems introduced by the author [11]. For 7 = 1, 2, apply (ZiDi + (A /uy))
on both sides of (3.4) to get

A
(3.8) (ziDi + —f)fk (3)

z BS—iA
QA - — )
)\'+U'k' 83—' 3-7 ua__?)’L
= | " Oy k| - F.(z)|fr(2)s
uy W3-y Az-; toug-gk3og =
=1, 2.
Writing e, (k) = (A; + uiki)"l, 7 =1, 2, simple manipulations show that the

system (3.8) of two equations is equivalent to the system

(3.9 Uif@ = e, (OVF(R), L= 1, 2,

where \ ;
3-¢\/1 3-¢
Ui = <Z3wi03”i LR i><ﬁf LR Fi(gi))
_ : _
B3-4 1 B
+ (us_i - Ug—ikg_i>Fi(Zi)(U3—i + H; FS—i(Z3—i)>
and
Ay B2
21D + — (u - —A )F 2
1+ 2 =2 1(21)
(3.10) V7V = det 6 \
1 A2
(&1 - a—A1>F2(Z2) ZZDZ + —
1 U2

1
may be applied. The bilinear form we need is defined by

(3.11)  (a(z), b(2)) = zDa(zx)b(z),
for fLs a(z) and b(g). Thus, by (4.4) of [11], the dual system
(3.12) U (2) = o, (QWh(2), © = L, 2,

[note that V¥ = W as defined in (3.6), since (3;D;)* = -2;D;] has to be solved
first. It is a simple matter of fact that (3.12), the dual of (3.9), is equi-
valent to the dual of (3.8), which reads

Now Theorem 1 of [11] with A = €, M} = My, = set of fLs, U;, T, ci(k) as above,

A
~2.D. + —)h
(-, i) V(@) b
O3-g = 3-1
Ayt ougk; B3-¢ H3-g
= — T b (hs + wo ke F.o (2. )| h, (2),
y gy + wpky) TP VT (25 |7y (2)

=1, 2.

A solution of this system of equations is seen to be %;(z) = fk(g)_l, hence, by
(4.6) of [11], respecting V* = W, - =
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~ U1kp
(z) = Whi (2) s
Tz (A1 + uiky) Qg + ugky) %77
which establishes (3.5). A little bit of calculation from (3.5) leads to
(3.7). U

Corollary 2 (Lagrange formula): Let F = (f'k(g))kez2 be as defined in (3.4). The
coefficients in the expansion - -

(3.13) g(z) = z: kf (2)

K€‘~
are given by
(3.14) ¢, = <zDg(a)f, (2),
with fl(g) of (3.7), or

ISV
3.1
(3-13) ey = (A + uk) (A + ugky) ~

O F, () g () -
Proof: Equation (3.14) is merely (3.2) for f%(z) of (3.4), (3.15) is based on
(3.14), (3.5), and W*=7. [J

As a first application, we shall prove (1.7) of Cohen & Hudson [5]. Take
f1(&) = fr(t) = exp ¢, which implies Fy(¢) = Fo(¢) = t. Let

l: Bl 62 7
© <dl - “—A1><d2 - "X2>2122

! 5 Uy o

My =0 Oaq/up + 1); Og/ug + 1)

where (a); = a(a+ 1) ... (a+J - 1). For this choice of f;(t) [V depends on
Fi()!], g(g) satisfies Vg(z) = 1/ujup. Utilizing the Lagrange formula (3.15),
from this fact we obtain

B1 B2 J
1 i (()Ll - U_]_)\l><a2 - u—z)\2>2122
)\1)\2 j=0 ()\l/ul + l)J ()\2/112 + ].)J

L B 0 By (R
T Otk O tugko) ! ===

g(z) =

>

(3.16)

(-2)%exp(Ry (k)2 + Ry (K)z2) .
Equation (3.16) is another two-variable extension of (1.1) (set z, =0).

4. Coefficient Formulas for Some Special Expansions

The following technical lemma turns out to be useful for further computa-
tions.

Lemma 3: Let h(t) be an fLs in £. With the assumptions of Theorem 1,
(4.1)  zDR(z3-)F; (2)F(z)7 !
ki(h3- s+ uz-;Kk3-;)

- 0 -1 -
=- <z=>h(z3-:)f,(z)~*, for = =1, 2.
Ay + k) (agoy + Bz-jkg-;) ~ (23-2)Fy (2 ,

Proof: Without loss of generality we prove (4.1) for 7 = 1. We start with the
identity

0 0L2 + B k
<§~>h(22)<1 + Hy _)\——-’r—].izk_ Fl(21)>fk(2)

- k (X k
= 2D n(a)2552 £5(3,) 281 (27) Ay +Bokp) Oyt uyky)

1 _ _
” ZlDl[zlklfl(Zl) “1k1(u2+82k2”(*2+“2k2)].
220 1 [Aug.




A TWO-VARIABLE LAGRANGE-TYPE INVERSION FORMULA

Because of (z1D;)* = -z1D; [with respect to the bilinear form of (3.11)] the
right-hand side of this equation is equal to

%I<§9>3191[h(22)35k2fé(zz)—RZ%)fl(31)_Xﬁa2+82k2W(X2+uzkp] :
. ZIk1fl(zl)'ulkﬁ“2+szzV(A2+”2k2X
Together with a bit of manipulation, we finally arrive at (4.1). [
Corollary 4: Let f,(z) be given by (3.4). Then
Ay = ik (aiul = Birp) (agup = BaAp)
a1 + B1ky) (ap + Boky)

4.2 1 = ,
( ) 20 (A + Ulkl)(lz + U2k2) dkfk(é)

1

where dj = <§Q>fk(§)'l.
Proof: By (3.14) we have to compute
<§9>1- fk(g) = <§Q>f%(§).

Using the form (3.7) of fk(g), repeated application of (4.1) gives

k k

0 1 2
<Z~>[<l - ___._,~___><1 - _______.__)
~ H1 )\1 + Ulkl H2 )\2 + Uzkz

(oquy = B1Ay) (epun - Bodo) kiko
(ay + B1ky) (ap + Boky) (A + urky) (Ap + npksy)

(aquy = B1r1) (ogup = B2Az)

A1As — K1k
1h2 — KiK2 (o7 + B1ky) (ap + Boky) O F, ()1
= 2~ 2 >
(A + urk) O + ugkp) =UURRS

]

29 f, (2)

]fg(E)“l

which furnishes (4.2). [

For jz(zi) = exp(-z;) and f;(z;) = (1 + zi)_l, respectively, the expansions
(2.8) and (2.9) are obtained as special cases of (4.2). The mixed analogue
(2.10) is (4.2) with f1(2;) = exp(-2;) and fy(3,) = (L + z,)7 L.

Quite analogously, we prove
Corollary 5: TIf f,(2) = 25f1(a )" ® £,(2,)™ %, then

1
(4.3) = (M + k)7l ()
Al + uzule(Zz) égé ! 171 kfé =77
where dj = <§9>fk(§)_l-

Sketch of Proof: Again wusing (3.14), (3.7), and (4.1) we proceed along the
lines of the proof of the preceding corollary. [

The expansions (2.4)-(2.7) are special cases of (4.3). Finally, we have
Corollary 6: Tf fi(z) = 25f1(a1)" % £,(2,)72%, then
HiH2
1 - X_X_ Fl(zl)Fz(Zz)
142
(4.4) = Y dufi @),

(1 + E—; F1(21)><1 + ‘;—j F2(32)> -

where d; = <§Q>fk(§)‘1.
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Proof: Observe that the left-hand side of (4.4) is equal to

1/(1 + % Fl(zl)> + 1/(1 + i—i F2(22)> - 1.

This in hand, the method used to prove Corollary 4 can be used again to settle

(4.4). O
Equations (2.1)-(2.3) are special cases of (4.4).

10.

11.

12.
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