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Introduction

Suppose a (large) integer N is given and we wish to choose positive inte-
gers A, B such that

(a) the sequence {w,} defined by w; =4, wy, =B, and w,4p = W,41 T W,
n 1, contains the integer W,
(b) s A + B is minimal.

What can be said about s in relation to /N, and how are A and B to be found? We
also consider some generalizations.

The case N = 1,000,000 was recently the subject of a problem in a popular
computing magazine [1]. Obviously, for ¥ 2 2, A =1, B = N - 1 is one pair
satisfying (a) and so the problem does have a solution for each /. Also s = 2,
and equality here holds whenever N = F,, a Fibonacci number. Hence,

v

lim inf s = 2 as N » =,

In the opposite direction, we shall show that 3:>y/ﬁ for infinitely many /N, but
that for all sufficiently large NV, s < y/ﬁ + 0(~1/2y, where Y = 2/¥o. and o =
(1 + V¥5)/2. We shall also show how to select 4 and B for each /.

The Original Problem

Clearly, for a solution to the problem 4 2 B > 0, for if B > A, then the
pair Ay = B - A, B; = A would yield a smaller s. Starting from 4, B, we then
obtain, successively, 4, B, A + B, ..., t, N and we now define, for each ¢ < I,
the sequence

to =N, t1 =¢, thyp = ¢, = tys1s n 2 0,
i.e., work backwards, so to speak, until we arrive at
‘f}k =4 + B, tk+1 = B, tk+2 =4, tk+3 < 0.

Thus, the only choice at our disposal is t; k is then characterized by being
the smallest integer for which #¢343 < 0, and our object is to choose ¢ so as to
minimize s = %;.

Let o and B be the roots of 62 = 6 + 1. Then af = -1, o + 8 = 1, and
F, = (a" = B™) /(o - B).
Then the roots of 62 = 1 - 6 are -o and -B, so that, for suitable constants ¢
and d,

t, = (-1)"{ca™ + dp™}.

Using the initial conditions ¢y = VN, t; = ¢, we then find that

1) t, = (-)"{NF,_{ - tF,}.

Also, for n > O,

(2) OLFn__l - Fn = _Bﬂ-]. = (_l)na_n+1’
and so
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(3) (-1)"{aF, -1 - F,} > 0.
We now prove the following.
Theorem: Let

t, = (-1)"{NF,_; - tF,},

where ¢, = A + B, t341 = B, ty4+o = A. Then ¢ = [n/a] gives the smallest value
for ¢, = A + B = s and

s < 2/(W/a) = 1.5723V0.
There are two cases. Suppose first that N > ot. Then
t, = (-D"t{aF,_y - F,} + (-1)™{N - ot}F,_; > (-1)"{V - at}F,_;,

s0 ty can be negative or zero only if #n is odd. Thus, k must be even, and if
k = 2K, then tpy41 > 0, toxs3 < 0. Thus, from (1)
Fok t Foxez
< - <
Foxs1 M Fagas

\%

and defining p = N/oa - ¢ 0, we have

Fokvs = %Foxva 0 Foge1 - aFpy
aFop43 N 0Fox+1
i.e., in view of (2),
(4) aZKH1Fyy ) < W < a?X*3Fo, 3,

whence,

aMK+2 41 = g2K+1(g2k+1 _ g2k+1y < p/5/,

< a2K+3(a2K+3 _ 82K+3) = OLL+1K+6 + 13
so
(5) QBK+2 < N/g]p — 1 < gHK+6,
Also, in this case,
(6) § = tox = NFpx-1 = tFyg

1]

N(Fag-1 = Fax /o) + pFay
N/a?X + pFy, = £ + n, say.

Of these two terms, & is always the larger; in fact, from (4), we have

]

af N 03Fou 13
N 2A+1 & _ - < K+ )
Foy N patFyy Fox
whence
(8) a2 < g/n < ab + 2|B|2K3/Fyy.
We now show that, for all ¢ < N/a, t = [N/a] gives the smallest value for s.

For, let ¢t = [N/a] and ¢’ < ¢t be any other integer, yielding, respectively, p,
K, €&, n, ¢ and p', K', €', n', and s'. Then ¢’ < £ - 1, whence p’ > p + 1 and,
in view of (5), K' < K. 1If K' = K, then €' = £ and n' > n, which gives s’ > s,
whereas, if X' < K, then

s'=¢"+n'">¢E"20% = (a+1)§>E+n=s,

in view of (8). Moreover, using (7), we see that
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2 + )2 Foy (03F F
i=u=ﬁ{§+2+ﬂ}s DZZK{_&Q+2+_3_£K__}
[ [ n g a Fy o Foxt3
P
= s (@%Fog43 + Fop)?
0‘UHBFZKH
_ p(a - B) { a3(u2K+3 - 82K+3) + (QZK - BZK)}Z
atk+e 41 (o = B)
_ puL}K+6 . (0L3 — 83)2 . 40‘/5
altk*6 4+ (o = B)
Thus,
9) s < 2N1/2p1/2 51/’4 .
The case in which ¥ < at is entirely similar. Suppressing the details we find
that k must be odd, and if k¥ = 2% - 1, then with ¢ = ¢ - /o, we obtain
) a2¥p,, < Njo < o2M*2F,, .,
(5" o < W55 + 1 < oMtH,
(6" s = N/o2M~1 + 6Fy, 1 = & + n, say.
F n adF
) & < 2M+2
Foy-1 " oa®lryy 1 Fyyog

8" 02 - p4M-3/5 < g/n < ab.
For all sufficiently large W,
“n s < 2W1/2 gl/2 51/ 4 o-1/2)y,

At this stage we may immediately make the observation that, for any I, one of o
and p lies below 1/2, and so (9) and (9') immediately give an upper bound of
2W/5)Y2 + oW -1/2) or approximately 2 - 115N 1/2, It is, however, possible to
improve this.

Let us suppose that p/o = a"2%, so that

(10) p=1/(1 +22%) and o = a2®/(1 + a29),

since 0 + p = 1. Then, if 6 21 - 1/V, i.e., p is small, we use the inequal-
ity (9), and if 6 < -1 + 1/N, i.e., o is small, we use the inequality (9') and,
in either case, obtain

(11) s < 2N1/251/‘+/(l + a2)1/2 + O(N—I/Z) = Y]\71/2 + O(N'l/z),

as required. The remaining case is |6| <1-1/N. Let NW5/p -1 = a*, and let
W5/ + 1 = o*. Then a little manipulation yields

206 > A - u > 26 - 1/W,

and so, certainly, IA - ul < 2. Then we have, from (5), that at > oMk*t2) §.e.,
A > 4K + 2 and, from (5'), that 4M + 4 > u. Since u + 2 > A, 4M + 6 > 4K + 2
and so M > K. Similarly, we find that ¥ < K - 1, and so all in all M = K or
K - 1; in other words, the values of k obtained from p or o differ by exactly
one. It is easy to see that whichever is the larger value would give the
sharper bound for s, but there is no a priori way to determine which does
indeed give the larger k. If it is 2K, then we can improve the bound given by
(9), by observing that

A<+ 20 < LM+ 4+ 20,

and so the upper bound for £/n given by (8) can be improved to a"*28 + 0(1/W)
and then the same argument which led to (9) now leads to
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g2 0(a2+0 4 g=2-8)2 (028 + g~2-6)2°¢
— < + O(1/N
v (o - B) (i (a2 + 1)/5

() +o0(1/yy, say.

+ o(1l/W)

In the same way, it is possible to improve the bound if the larger value is
given by 2M - 1, and the corresponding bound for s2/N is just f(-8) + O(l/N).
Since we do not know which of these will apply, we must take the larger ome,
i.e., g(6) = max{f(6), f(-6)}. It is quite simple to see that f(6) is an
increasing function of 6 and so the worst case arises from (1 - 1/WN), the upper
bound for |6|, giving

82/l < 4/a + O(L/N),
yielding (l11) again. This concludes the proof of the theorem.

Now, we show that this bound cannot be reduced. Choosing N = Fy, 1Fo,42>
we find that

[M/a] = (a""+2 4+ g47+2 — 3) /5. = (a + B¥7+3)/V5,
o= —(B+ Bt /5, X =tbn+ 2, u=lbn+ 4,

and so K =n - 1 and ¥ = n. Therefore, it follows that the latter gives the
larger value for k, and that, in view of (97),

s = N(Xl_zn + Dan_l
(u2n+1 _ 82n+l)(u2n+2 _ 82n+2) (B + 84n+3)(u2n—1 _ 82n—1)

§g2n -1 5
= Lpgontn 4 og2m-2 _ g2 L gentlh 4 o20-2 4 g2n 4 g2n+k 4 gbn+h)
5

1
- g(u2n+1 _ BZ”+1)(u3 _ 83) = F3F2n+1 = 2F2n+1’

and now
EE ~ 4F2n+1 4<u2n+l _ 82n+l) é
o

= >
N F2n+2 (u2n+2 - BZn+2)

This concludes the discussion of the original problem.

Generalizations

Several generalizations are now possible. the simplest of these consists
of choosing a given integer a 2 1 and replacing the original relations by

(al) the sequence {w,} defined by w; =4, wy) = B, and wW,4p = aw,4+1 + W,
n = 1, contains the integer W,
(bl) s aB + A is minimal.

This creates but minor changes in the working above. We now let a > 0 and B <
0 be the roots of 62 = g6 + 1 and then aBf = -1, o + B8 = a, o - p = (a2 + 4)1/2,
We define F, as before imn terms of o and B, although, of course, F, will no
longer be the Fibonacci number. The effects of this are to replace /5 wherever
it occurs by the new value of a - B, and to replace the number 2 = F3 in
formulas (9), (9'), and (11) and in the value of y, by g2 + 1. The form of the
result remains identical, with

y = (a® + 1)//a and o = (a + (@ + 4)12y/2.

The details are omitted.
The next generalization we consider consists of replacing the original
relations by
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(a2) the sequence {w,} defined by w; =4, wy = B, and w,,5 = AW, 4i — Wu»
n =2 1, contains the integer W,
(b2) s =aB - A > 0 is minimal.

Here the integer a cannot be 1, otherwise any such sequence would contain only
six distinct numbers, or 2, otherwise the problem becomes trivial since we
could always take w; =1, w, = 2, and then wy = ¥ with s = 3. So we assume
that ¢ =2 3. We now let the roots of 62 = g6 - 1 be

a=(a+ (a?-4)V2y/2 and 8 = (a - (& - 4)1/2)/2,
and then oaf = 1, o + B = g, with
0 <B<l<o and o - B =aq = (az - 4)1/2-

Again we let F, = (a” - B")/ (0 - B), and proceeding as before we let the inte-
ger in the sequence before VN be ¢, and obtain 4, B, aB -~ 4, ..., t, N, and so,
if 29 =N, t1 = t, ty4o = aty+] — tn, we get a reverse sequence where

(12) t, =tF, - NF,_1,
(13) F, - aF,.1 = "1 > 0,
(14) t, = - - ta)F,_; + 8" 1.
What happens now depends on the sign of (VN - ta).
Case I. VN > ta. Then, eventually, ¢, becomes negative, and we find that
8 =F, Fry1 =B, Fyryp =4, and Fp,3 < 0.

All this parallels the previous work with only minor differences, and if p =
N/o - ¢, then we find that

(15) 02k > 1 + N(a - B)/p > aZkth,
(16) g = tk = tFk - NFk—l
]V(Fk/oc - Fk-l) - ka

= N/ok - pF, = £ - n, say.
(17) at < g/n < ab + 0(1/W).

Unfortunately, it is no longer necessarily the case that s' > s whenever t' < ¢
= [N/a]. For we have t' < ¢ - 1, whence p’ 2 p + 1, and so, in view of (15),
k' < k. Now, if indeed k' < k, then s' > s, for

g'=¢"=n'">¢g'(1 - 1/a") = a&(l - 1/a%) > £ > & - n = s.

However, if k' = k, then s' < s, since now p’ > p. Although this is true, we
shall see presently that it causes no problems, for them p' > 1, and in such a
case a choice with ¢ > ¥/a would always yield a smaller s. In any event, we

obtain a result analogous to (9),
(18) s < (a? - 1)N1/201/2(a2 - 4)1/4 + O(N_l/z).

Case II. N < ta, is entirely different. Let ¢ = N/o + o. Then
t, = t8" 1 + caF,

is positive for all n > 0, and we now need to choose X = K to minimize g = Ty
Then ty < tyx4+; gives, in view of (12),

N(FK - FK-I) < (FK+1 - FK)t = (FK+1 - FK)(N/OL + O)
and so, using (13),

(Fyo1 - F)o 2 N(RK - gK*l)
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and so

(1 - B @ + 850 2 N - B)(1 - B)BY
which, together with a similar inequality obtained from %, < ty.; yields
(19) a? "L < N(a - B)/o - 1 < o(F1,

and then
Ty

tFK - NFK—].
N/ + 0)Fy ~ NFy_,
N/oK + oFy = £ + n, say.

In this case, it is clear that the smallest s is provided by taking ¢ as small
as possible, and we find, using (19), that the ratio n/¢ lies between a and
(22X - 1)/(e?(*1 + 1) < 1/a, and so we obtain, as before,

2 + 2
i_=(_5____l‘_)_=§3{5+2+3}
i v N tn €
OFK alk 1 a2+l 4+ 1
s Kl 42 e
ok o268+l + 1 a2k + 1
_ ga2k+l 4+ 1) . o(a + 1)
@Z* L+ 1)@-1) (a-1)
Thus,
1 + 1/2
(20) g < Nl/zol/z{l E}

and this bound is much better than that provided by (18) unless p is extremely
small, certainly less than 1. This justifies our earlier remark that we need
only consider the smallest value of p. Since, at any rate, we can always take
o < 1 in (20), we obtain immediately

< Nl/z{_lj_@}l/z
1+ gf

This can be improved slightly, and we prove that s < vY2 s, where

62=_1__+._B__£_____
1 -81+ 83
As before, we define 6 by p/o = 028 obtaining (10), and define X and p by
N(a - B)/p - 1 =a* and N(a - B)/o + 1 = o¥,

whence
20 < X = u <

If now 8 < 3/2, then
whereas if 6 > 5/2 -

02 < B/ (1 +

20 + 1/N.

o < (1 + 63)_1/2 and then (20) gives the required result,
1/, then we find that

BS) + o(1L/M)

and then, using (18), we find that

2 3 332 5
8 (0 - B°) B
— < + o(1/N),
il a -8 L+8d /m
and since B < 1, the result easily follows. The remaining case is where

J <A -uc<b

and then,
whence

1991]

in view of (15) and (19), we find that 2k <

A - 4 and 2K 2y - 1,
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2(K - k) >u-x+3>-2,

and so, since both k and K are integers, X =z k. Thus, from (16) and (19), we
find that

s < Nfak < NjoK < §Y2 (1 - g2)~V2 4 o-1/2)

and again the result follows.
The following example shows that the result is best possible. Let ¥ =
(F,41 - F,,)L, where the integer L is to be chosen later. Then

L
a - B
(F, -~ F,_1)L - LR"(1 - B),

n

N/o = {a” - g~ 1 = 8n+2 + Bn+1}

and so
[M/a] = (E% - Fn—l)L -1,

provided that LR™(l - B) < 1. It is easily seen that this latter condition is
equivalent to L < Fy4y + Fy, so we let L = F,,, + F, — x, where x > 0 is to be
chosen later. If we now take ¢t = (¥, - F,_1)L = [N/a], then

ty = (Fn—r+1 - Fy_pi,
so the least ¢, = t, = t,,; = L. On the other hand, if ¢ = [N/a] - 1, then
t, = (Fn-r+1 - Fpop)l - Frs

r

S50
ty =1L -F, = F,q - x,
tpel =L - F oy =F, - x,
and tn+2 = Fn—l - x(a - 1).

Now, if we choose x to be the least integer 2 F,_;/(a - 1), then we find that
k =n - 1, and the value of t; exceeds L, the value given for s by the other
choice. Hence, for such an N, we obtain

32 Fn+1 + E% -z (a - 1)(Fh+l + E%) - Fn—l

= = + 0(1
ZV Frry - F, (@ = 1)(Fyy = Fu) ™
a1 - Fy
= + 0(1
(a-1F,,; - F) o
2y _ @2
~ (1 + B°) B + 0(1)
(L -8+ 82)(1 -8
1 +8 1

+ 0(1) = 62 + 0(l), say.

1-51+83
Thus, letting # + =, we find that s < N1/2§ + o(¥~1/2).
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