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1. Introduction

The enumeration of Kekulé structures for benzenoid polycyclic hydrocarbons
is important because the stability and many other properties of these hydro-
carbons have been found to correlate with the number of Kekulé structures.
Starting with the algorithm proposed by Gordon & Davison [8], many papers have
appeared on the problem of finding the '"Kekulé structure count" K for such
hydrocarbons. We can mention here only a few authors who contributed to this
topic: Balaban & Tomescu [1, 2, 3, 4], Gutman [10, 11, 12], Herndon [13],
Hosoya [12, 14], Sachs [16], Trinajstié [17], Farrell & Wahid [6], Fu-ji &
Rong-si [8], Artemi [1], Yamaguchi [14]. A whole recent book [5] is devoted to
Kekulé structures in benzenoid hydrocarbons.

In this ‘paper we consider only undirected graphs comprised of 6-cycles. Let
there be a total of m such cycles, which we shall denote as (;, Cp, ..., Cpm in
each graph of interest. Because the problem we treat arises from chemical
studies of certain hydrocarbon molecules, we impose upon (Cj;, Cp, ..., (), the
following conditions to reflect the underlying chemistry:

(i) Every (; and (C;+; shall have a common edge denoted by e;,
for all 1 <72 <m - 1.
(ii) The edges e; and e; shall have no common vertex for any
1<i<g7<m-1.

Representing the 6-cycles as regular hexagons in the plane results in a
graph such as that illustrated in Figures 1(a) and 1(b). In organic chemistry,
such graphs correspond to benzenoid chains (each vertex represents a carbon
atom or CH group, and no carbon atom is common to more than two 6-cycles).

(a) (b)
FIGURE 1

2. Definitions and Notation

By L(x;, %35 «..» %), we denote a benzenoid chain (i.e., a corresponding
graph) composed from »n linearly condensed portions (segments) consisting of
%1, Ty, ..., &, hexagons, respectively. Figures 1(a) and 1(b) show L(3, 4, 2,
2, 5, 2) and L(4, 3, 5, 2, 2, 3, 4), respectively.

Any two adjacent linear segments are considered as having a common hexagon.
The common hexagon of two adjacent linear segments is called a "kink." The
chain L(xy;, %3, ..., Z,) has exactly n - 1 kinks. So the total number of
hexagons in L(x;, %, x,) ism=x; +xp + .-« +x, —n + 1. Observe that

3
such notation implies x. > 2, for 7 =1, 2, ..., 7.
7
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We adopt the following notation:

K,(xys X35 «..5 %,) is the number of Kekulé structures

(perfect mathcings) of L(xy, Xy, .. Zy).
F; is the ith Fibonacci number, defined as follows:

F_z = 1, F-l = 0; Fk = Fk—l + Ek_z, for k > 0.

For all other definitions, see [5].

3. Recurrence Relation and Algebraic Expression for K, (x;, x,, ..., X,)

It is easy to deduce the K formula for a single linear chain (polyacene) of
x; hexagons, say L(x;) (see [5]):

(1) Kl(xl) =1+ X1
We define
(2) KO = 1.

It may be interpreted as the number of Kekulé structures for '"mo hexagons."

Theorem 1: 1If n > 2, then, for arbitrary x; > 1, 2, > 1, ..., 2, > 1, the fol-
lowing recurrence relation holds:
(3 Ko(X1s eves Tpo1s L) = K, 1(x)s «evs Ty = 1)

+ Kn_z(xl, ceesy Ly-_o — l).
Proof: Let H be the last kink of L(x;, %3, ..., £y). We apply the fundamental
theorem for matching polynomials [7].

Let u and v be the vertices belonging only to hexagon (kink) H (Figure 2).
Consider any perfect matching which contains the bond wuv. The rest of such a
perfect matching will be a perfect matching of the graph consisting of two
components L(x, — 1) and L(xy, X3, «..-5 Ln-1 — 1). The number of such perfect
matchings is

Ki(x, = 1)« K,_1(x15 Tos eees Ty-1— 1),
i.e., according to (1),

(4) LKy 1(21s Xos vees Ty-1 = 1.

FIGURE 2

On the other hand, each perfect matching without the bond uv must contain
all edges indicated in Figure 3. The rest of such a perfect matching will be a
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perfect matching of L(x;, X3, ..., T,-p — 1), the number of such perfect match-
ing being

(5) Kn_z(xl, Loy eees Ly-9 — 1).

X
—_——t

n-2

FIGURE 3

From (4) and (5), we obtain recurrence relation (3). [

Obviously, XK, (xy, %9, ..., %,) is a polynomial of the form

(6) K, (15 «vvs x,) =g, + > Gn(R1s eovs 2Ty wun Ty
1<2) <8y <. <psn
Clearly, gy = 1. Leps=n

Now, we are going to determine the coefficients 9y and gn(kl, e kp).
First, we define an auxiliary polynomial

(7) Qa(2ys vves XTy—1s Ty) = Ky(xys oves Xy_1s T, — 1)
For example, we have:
(8) Qo =1, 1(x1) = 215 Go(xy> ) = 1 — 2 + 2725
From (3) and (7), we obtain the recurrence relation
Qu(xys eves XTy—1s Tp+ 1) = x,0,-1(X15 «evs Tpo1)

+ Qn—z(xls ceey -’L'n_z),

i.e.,
(9) Qn(xls ceey xn—l’ .'L'n) = (.’I)n - l)Qn—l(xl’ D ] xn—l)
+ Qn_z(xl, cs ey xn_z).
Let
(10) Qu(@ys vevs T,) = Sy + > Sp(R1s wevs Rp)Ty wen Ty,
18] <fp< - <fpsn
Clearly, Sy = 1. Leps=n

Now, we are going to determine the coefficients S,(%;, ..., %p) and S,, for
n = 1.
First, we prove the following lemmas.

Lemma 1: S, = (-1)"F,_,.

Proof: The proof will be by induction on n. According to (8),
Sog=1=(-1)0F_,, S; =0=(-DF_,;.

Suppose that S5; = (—l)iFi_z, for © < k. Then, according to (9),
Sk = =Sk-1 + Sg-2»
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and by the induction hypothesis,
Sy = —(-DF IF g + (-1D)F72F,
(-DK"2(Fyo3 + Fyoy) = (-DFR 5. O

Lemma 2(a) :

(11) 5,815 wees Apo1s &) = L' 7T#E, 8, (A1, ety £po1),s for p o> L
(b) :

(12)  8,(21) = D)""ME _, 5, .

Proof: It suffices to prove (a), since (b) is a particular case of (a). The
proof will be by induction on n - fp.
If n - % = 0 (&p = n), then, according to (9),

(13) Su(81s wevs Dpo1s 4p) = Sy 1 (815 aens Bpo1)
(-1)O74S,1(R1s wees fpo1)
(D Sy 1 (s eees Lpo1)-
If n -2, =1 (4p = n - 1), then, using (9) and (13), we have:
S, (A1s wevs 2p) = =S21(R1s vevs 2p)
= =5, 2815 wevs Lpo1) = (CDIFIS, 50y, wees Rpi1)-

Suppose that (11) is true for n - &p <k (4p >n - k), n - 1 2 k > 2. Then,
for n - 2p = k(%p = n - k), according to (9),

Sn(zl, ceo ey »Q,p) = _Sn‘l(g’l’ co ey ,Q/p) + SH-Z('Q‘].’ ) ,Q,p),
and, by the induction hypothesis,
-1-2
S, (15 eees 2p) = —(-1)" Fy 11,5010 <oes Apo1)
+ (—1)”‘Z‘R?Fn_z_y‘pszp_l(scl, e Apo1)
(D" (Fy g g, F By lg 180, o1 (R eees Spo1)
(1) 7%F, Sy, 1 (R1s eees fpo1)e O

Lemma 3: S,(%15 «+.5 &p) = (‘1)"_pFn—!LpF!Lp—zp-1—1 cee Fyyopy 1Fg oy forp = 1.
Proof: For p = 1, it follows, from (12) and Lemma 1, that
-2 -2 2 -1
Sn('q'l) = (_l)n an-—lISEl—l = (_1)7’1 1F7L—JLI(_1)I F21-3

= ('l)n_an-leZI»B'
For 1 < p < n, according to Lemmas 1 and 2,
-2
5015 wens Lpo1s 2p) = (D) PEy 0,50, -1 (A1 +ees £po1)s
and now, by induction,
-1 Lp -1 -y
Sn(ll, ce e /Q/p--]_’ szp) = (_l)n pFYL—JLP(_l) e e 1F1p—1p
-1 - L -
(D2t RE DT

(DPPE, Py oy e Fyyg oiFy g0 O

_1-1

Lemma 4(a): g, = (-1)"F,_4,
(b): gn(ll, coes ,Qp) = (—1)n—pFn_1p_2 FJL
Proof: According to (7),

p=fpy =177 Fzz-zl—1F11-3‘

Qn(xl, cees T, g, X, F 1) = K (xys ooos 15 x,).
Hence,
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5,815 wens 2p)s if Bp = 7,
gn(lli 5 JZ4p =

Sp(8ys wees 2p) + 5, (015 oony Lps m), if Ly < m.

Particularly, we have

(15)

Now,

and

(16)

and,

i.e.

(17)

g, =68, +5,(n), for n 2 1.
from (15), Lemma 1, and Lemma 3, we have
g, = (1) Fp.p + (—l)nman-g = (-D)"(F,_, - n-3) = (—l)nFn_u,

(a) is proved.
To prove (b), observe that, for &p = n,

n-
gn(’q’l’ ceos Q,p) = Sn(ﬂ‘l, ceo le) = (-1) pF'QP’Ep-l‘I . Fl2_11_1F11_3,
for &p < m,
Qn(ll’ e ey Q,p) = Sn(Q'l’ v o sy Rp) +Sn(g‘l’ s ey /Q/p, ﬂ)
" -
(D" FE, g, Py, . F,
-p-1
+ (-rF L T T T TIPSR T T

n-p
(-1) (Fpogp = Fn~zp-1)5&p-zp-1~1 - 5&2_11_1F11_3,

1]

~fp-y -1 2“11—1F11—3

it

5

9,15 «evs &) = (1) 7P F e oy g 1Fay o3

n-tp-2"0p -850 -1

Taking into account that, for £, = n, F —tp-2 T F_, =1, (16) and (17) can be
written together in the form

(18)

n

= n-p
Gu (815 wvs Bp) = (CDTTE Ly Py Ly eee Byl Py o

Theorem 2: K,(xy, ..., X,)

= (-D'F,_, + D15 wevs )Ly oee &
(-7 Fy_y Len, < 2; (EPSWQW( 1s s Aplay, 05
l<p<n

where g, (%1, ..., Qp) is given by (18).

Proof: Follows from Lemma 4. []
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