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1. Introduction 

There exists a unique partition of the positive integers into two disjoint 
sets A and B such that no two distinct integers from the same set sum to a 
Fibonacci number (see [1], [2], and [3]). For the purposes of this paper, we 
shall refer to this partition as the "Fibonacci-free partition." The first few 
numbers in the sets A and B are: 

A = {1, 3, 6, 8, 9, 11, ...}, 

B = {2, 4, 5, 7, 10, 12, ...}. 

In this paper, we shall prove that the sets A and B can be written in the 
form 

A = { [ n c j ) ] } - {[7n<|>]|fp(777<|>) > <J>/2}, 

B = { [ n c j > 2 ] } u {[m<|>]|fp(77z<|>) > cf>/2}, 

where m is a positive integer, (j) = (1 + vo)/2, ^ ranges over all the positive 
integers, and fp(#) denotes the fractional part of x. (We depart from the 
standard notation where (x) denotes the fractional part of x to avoid confusion 
in complicated expressions. See Lemma 4.4 below, for instance.) We shall also 
prove the following conjecture of Chris Long [4] : the set A satisfies the 
equality A = {[w<|>]} - Ar, where AT = {[scf)3] \s E A}. 

We remark that in [3] it is shown that the Fibonacci-free partition cannot 
be expressed in the form A - {[na]}, B = {[nb]} for any a and b, but that the 
above result shows that such a representation is "almost" possible. 

A note on notation: in this paper, unless otherwise specified, Fn denotes 
the nth Fibonacci number, \x] denotes the least integer > x, and dist(#) is the 
distance of x from the nearest integer, i.e., 

dist(ic) = min{x - [x], \x] - x}. 

2. An Important Lemma 

Definition: A positive integer a is said to have the distance property if 

dist(a())) > dist((j)JP) 

for all Fibonacci numbers F > a. 

Lemma 2.1: All positive integers have the distance property. 

This crucial lemma is the key to the proof of Theorem 3.4 below. It will 
be used in the proofs of all three lemmas in the next section. 

Proof: We proceed by induction. Note first of all that 1 has the distance pro-
perty. So now suppose that there exists Fn > 2 such that all integers < Fn 
have the distance property. We have to show that all integers < Fn+i also have 
the distance property. It is well known that Fibonacci numbers have the 
distance property. So we need only check that if k is any integer such that 
Fn < k < Fn+i, then dist(fc<j>) > dist(<$>Fn + l ) . 
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The case k - Fn+1 is clear; therefore, we can safely assume k < Fn+l. Let 
m = k - Fn. Then m i s a p o s i t i v e i n t e g e r < Fn.x so t h a t distOcj)) > d i s t C ^ ^ ) , 
by the induction hypothesis. There are two cases to consider: 

( 1 ) <S>Fn+l > Fn + 1 . Then dist(<f>F„ + 1) = f p ( ^ + x) . So to show that dist(<^n + 1) < 
dist(^cf)), we jus t need to show two things: 

fp(*^«+l) < fp(̂ cj)) and fp((j)Fn + 1) < 1 - fp(kcj)). 

Firs t of a l l , note that fp(77Z<|>) > ±v(§Fn -l)» since 

fpO??<f>) > d i s t O f ) ) > d i s t C ^ . i ) = f p C ^ . i ) . 

Now, dist((j)^n) < d i s t C ^ . i ) , and since dist((J)Fn) = F n + 1 - $Fn9 this means that 
f p ( ^ n - l ) " (Fn + l ~ <$>Fn) > 0 . T h u s , 

fp(<j)^) + f p C ^ - x ) = <|>Fn - (Fn + 1 - 1) + f p C ^ . i ) 

= 1 + f p C ^ - i ) - (Fn+l - $Fn) 

> 1. 

But fp(77z4>) > f p C ^ - i ) , so fp(<|>F„) + fp(w7<|>) > 1. By the definition of /w above, 
k$ = <J>F„ + ?77cf>. I t follows that 

fp(kcj)) = fp((()F„) + f p W ) - 1 

> fP((f)Fn) + f p C ^ . i ) - l 

= f p U ^ + i ) . 

It remains to be shown that fp(c()Fn+1) < 1 - fp(/c<|>). We have 

fp(fc<|>) = fp(^) + fpW) - 1 

< fpU^) 
= 1 - dist(c|>Fn) 

< 1 - dist(<|)FM + 1 ) 

= 1 - fp(cj)Fn + 1 ) , 

i.e., 1 - fp(/c(j>) > fp((()F„+i), so we are done. 

(2) §Fn+i < Fn + 2' In this case, dist($Fn + i) = 1 - fp(cl)Fn + 1 ) ; thus, we need to 
show that fp((j)Fn+1) > fp(/C(f>) and that fp((j>Fn+1) > 1 - fp(fccj)). The arguments 
are almost the same as in case (1), so we will not repeat them here. Again we 
find that dist (<\>Fn+ x) < dist(/c<|>). 

This completes the proof. 

3. The New C h a r a c t e r i z a t i o n 

Lemma 3.1: [m§'2-} + [n(j>2] i s never a F ibonacc i number (???, n p o s i t i v e i n t e g e r s ) . 

Proof: Suppose [mfy2] + [nty2] = Fi for some i . Since 777 and n a r e p o s i t i v e , F^ > 5 
( j u s t l e t m = n = 1 ) . Now, 

—u 

which equals either F^ 
we also have 

1) 
Fi 

F; ~ ~ [FJ§] - 1 - Fi - 1 - {^Fi 

- ̂  - 1 - ( [ ^ ] - ^ ) , 

^ _ x = i^_2 - l o r ^ - 1 - {Fi.l - 1) îV i-2-

[m(l 4- <())] + [n(l + <)>)] (;?? + n)(l + <(>)' 
(m + n) (1 + cj)) 

**] 

But 
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m + n + [mfy] + [n$] 
• (m + ft) 

m + n + TTzcf) + n<\> 

To evaluate this expression, note that the denominator of the big fraction 
here exceeds the numerator by no more than 2, and the denominator is more than 
2(77? + ft), so the fraction is greater than 

2(77? + n) - 2 = rn + n - 1 
2(77? + n) m + n 

Hence, multiplying the fraction by m + ft ,will give a number between m + ft - 1 
and 77? + ft, so the entire expression (after flooring) evaluates to m + ft - 1. 

Equating the two expressions for [ i'V / (J)2 ] 5 we see that m + n - 1 equals either 
î -_2 - 1 or i^-2* In other words, there are two cases to be considered: 

77? + n = Fi _ 2 and 77? + n = ̂ _ 2 + l-

Suppose first that 77? + n = Fi _2. There are two subcases: 

(1) (TT? + ft) <j> < i^ _ i. Then [77?(j)] + [n$] must equal either i^_i - 1 or F i_^- 2. 
But if [777<£] + [7-2$] were equal to i^-i - 2, then fp (777(f)) + fp(n<j>) would have to 
equal 1 + f p((f)î  _2) 5 so that either fp(77?(|)) or fp(n<j>) would have to be greater 
than fp((f)î -_2) •. But f pC^-i-2) = 1 - dist (§Fi _ 2 ) , so this would mean that 
either m or n would not have the distance property, contradicting Lemma 2.1. 
Hence, [777(f)] + [ft(j)] = i^-i - 1. 

(2) (77? + n)(f> > i^_l8 Then [777(f)] + [ft(f>] must equal either Fi_l - 1 or i^-i- But 
if [777(f)] + [ft(j>] were equal to ^ - 1 , we would have fp (777(f)) + fp(nc|>) = f p((f)î  -2) > 
which would imply that either fp(77?(f)) or fp(n<j>) was less than fp((f)F^_2) . But 
fp((f)F^_2) = dist ((f)F̂ _2) s so this would mean that either m or ft would not have 
the distance property, contradicting Lemma 2.1. So again we have [777<J>] + [n$] = 
Fi-l ~ 1. 

It follows that 

[77?(j)2] + [ft(f>2] = 77? + n + [TT?*] + [n<t>] = ^ - 2 + Fi-i - I = Fi - l9 

c o n t r a r y t o t h e a s s u m p t i o n t h a t [T??(J>2] + [ft(J)2] = F± . 
S u p p o s e now t h a t m + n = F^-2 + 1 . Then [77?(j)] + [ft(f)] i s e i t h e r i ^ _ i + 1 o r 

^ _ 1 , and 

[7?7(})2] + [n<i>2] = 7?? + n + [T??())] + [n<|>] = ^ _ 2 + 1 + ^ - 1 + r = Fi + 1 + r , 

where r = 0 or 1, again contrary to the assumption that [T??(J)2] + [ft(J>2] = i^. This 
establishes Lemma 3.1. 

Lemma 3.2: If [m$i + [ftcj>] is a Fibonacci number (where TT? and ft are distinct 
positive integers), then either fp(?77<j)) > (j)/2 or fp(rc<|>) > (j)/2, but not both. 

Proof: Suppose [777(f)] + [ft(f>] = Fk for some 7c. Now [(77? + ft)(f)] exceeds [777(f)] + [n$] 
by at most one, so [(m + ft)(f>] is either Ffe or Ffc + 1. Let us write [(77? + ft)(f)] 
as Ffe + r, where r = 0 or 1. Then 

(77? + n)(f> - fp((77? + n)$) = [(TT? + n)(j)] = Fk + r, 
s o fp((77? + n)(j)) Ffe + r m + n = H — * — • 

fp( (77? + rc)d>) p 
= — * + ^ + +** ~ ̂ + 1 + F^l ~ F* 

fp((77? + ft) 6) V 
" — S ^ ^ + I ± dist((f)^) + ̂ _:. 
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Let x denote the sum of the f i r s t t h r e e terms in t h i s e x p r e s s i o n . Since 
&±st{$Fk) < %, we have x > - 1 . Moreover, 

fp((m + n) (J)) v 
— < 

so x < (2/<j>) + % < 2. It follows that m + n equals either i^_x or Ffe-i + 1. 
Suppose m + n is Fk_l9 Then [(tfz + n)<J>] = [ f t ^ ] , which cannot equal Fk + 1 

and, therefore, must equal Fk . Thus, dist (i>Fk_ i) = fp((j)î ,-i) °  Then, by Lemma 
2.1, fp(w?(()) and fp(n<|>) must both be greater than fp(cj>^ _i) . But 

[{m + n)<J>] - [m$] - [n§] = fp(???(j)) + fp(w<|>) - fp((m + n)(j)) 

= fp(/w<|>) + fp(ncj)) - f p C ^ . i ) 

must be an i n t e g e r , so i t must equa l 1. In o t h e r words, 

[/77(f)] + [n<j>] = [(rn + n )* ] - 1 = Fk - 1, 

but this is a contradiction* 
So m + n = ̂ _ ! + 1. Then m§ + n§ = §Fk-\ + $°  We split into two cases: 

(1) cj>^-l > Fk. We have 

Fk = |>cj)] + [ncj)] = 777c(> + n<j> - fp(mcj)) - fp(n<|>) 

= <j>l̂  _i + <|> ™ fp(m^)) - fp(ncj)) 

=*• fp(m(j)) + fp(ncf)) = c f ^ - i - Fj, + <j> 

= d i s t ^ - l ) + cf). 

So It is clearly impossible for both fp(w?<f>) and fp(ncf)) to be less than cj)/2; we 
need to show that they cannot both be greater than (j)/2. Suppose fp(tf?cj)) = $/2 + 
El and fp(ncf)) = <j>/2 + £2? where £]_ and £2 a r e both positive and ej_ + £2 ~ 
dist(<|)^_i) . Then fp( \m ~ n \ cf>) = |ej. ~ £2! < dist (§Fk-i), but since m and n 
are distinct (and this Is where distinctness is really crucial), 1777 - n | is 
strictly positive, and this contradicts Lemma 2.1 (since |m - ft| is a positive 
integer less than Fk-i) . Hence, fp(tfz<j)) and fp(n<j>) cannot both be greater than 
4>/2. 
(2) §Fk„i < Fk, The argument is similar, except that here 

fp(??7(j)) + fp(nc()) = cj) - d±st($Fk^i) . 

Then c l e a r l y we cannot have both fp(mcj)) and fp(n<|>) g r e a t e r than (|)/2, and w r i t -
ing fp(m<|>) = <|>/2 - £1 and fp(ncj)) = <j)/2 - £2 l e a d s to the same c o n t r a d i c t i o n as 
b e f o r e , 

Lemma 3.3: I f fp(mcj)) > <j>/2, then [w<|>] + [ft<{>2] I s not a F ibonacc i number. (m 
and n a r e p o s i t i v e i n t e g e r s bu t no t n e c e s s a r i l y d i s t i n c t . ) 

Proof: We show t h a t Fk - |><j>] can be w r i t t e n in the form [n<f>] for some n i f 
i^ > [m§] « There a r e two c a s e s : 

(1) Fk = [<l>^fe-i] + 1- If ^fc-l = m> t h e n *fc " t^*] = !» which I s of the form 
[1 * ()>]. Otherwise , Fk-i > ffl. Moreover, by Lemma 2 * 1 , 

1 - fp(tf?<|>) > dist(?w<|>) > dist(4)Ff e_1) = 1 - fp(cf)JPk„1), 

i.e., fp(7W<|>) < f p ( ^ _ 1 ) . Let d = (Fk-i - TW)<|>. Then 

£V(d) = fp(())^_1) - fp(mcf)) < 1 "" <|>/2. 

It follows that [d + <(>] = [d] + 1, and also that [d] = [<f>^-i] - [m$] - Thus, 

^ ™ [TW*]- [^fc-il + 1 - t^] « [<*] + 1 - [d + <H - [(^-1 - n + 1)*], 

so we can just set n=sFk„i"-m+l» 
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(2) Fk = [<\>Fk-i], Now the s m a l l e s t va lue of m fo r which fp(wcj)) > <J)/2 i s 777 = 3 , 
so the s m a l l e s t va lue of Fk fo r which t h i s case can occur i s Fk = 8. Since 
fpOf>) = dist(7?2(J)), we have £p($Fk-i) < fp(5(j)) < 0 . 0 9 1 . So f p U ^ - i - 77z)<|>) < 
1 < cf)/2 + 0 . 0 9 1 ; t h u s , 

[(Fk_l - m + I ) * ] = [ (F f c - i - w)*] + 1. 
Since fpC^F^-j) < fp(???(f>), 

** - C/w*] = [**fc-i] " [w*] = [ ( * * - i " w)+] + 1 = [(Fk-l - rn + !)<}>] 
as we just proved, so we can just set n = -̂fc-i - w + 1, as before. 

Now, since 1/<|> + 1/fy2- = 1, we can apply Beatty?s theorem, which states that 
{[na]} and {[nb]} form a partition of the positive integers if and only if a 
and b are irrational and 1/a + l/b = 1 (see [5], [6]). It follows that any 
number that can be written in the form [n§] cannot be written in the form [scj)2] 
for any s, so that Lemma 3.3 follows immediately. 

Theorem 3.4: The two sets A and B of the Fibonacci-free partition can be writ-
ten in the form 

A = {[ncf>]} - i[m<i>] |fpO<f)) > <j>/2}, 
B = {[n<f>]} u {[m<b]\fv(m<k) > cf)/2}. 

Proof: First of all, we note that, by Beatty's theorem, A and B do indeed form 
a partition of the positive integers. From Lemmas 3.1-3.3, we see that this 
partition has the property that no two distinct integers from the same set sum 
to a Fibonacci number. The theorem then follows from the uniqueness of the 
Fibonacci-free partition. 

4. LongTs Conjecture 

Lemma 4.1: If n is a positive integer such that fp(n<j)) > cj)/2, then there 
exists a positive integer k such that n = [kfy] and fp(fcc|>) < (cj) - l)/2. 

Proof: First, note that 

fp(rc/<|>) = fp(ncj) - ri) = fp(ncj)) > (j>/2. 

Let a = 1 - fp(n/<(>). Note t h a t a < 1 - <f>/2. Then 

4>rn/<|)l = Kn/(j)) + acf> = n + a<|> < n + (1 - <|>/2)<|> = n + (<J> - l ) / 2 . 

Now s e t fc = [n/(|)l. I t i s c l e a r t h a t k has the d e s i r e d p r o p e r t i e s . 

Lemma 4.2: I f k i s a p o s i t i v e i n t e g e r such t h a t fp(&<(>) < (<j> - l ) / 2 , then 
fpafc*]*) > <i>/2. 
Proof: fpCCfc*]*) = fv(k<t>2 - <|>fp(fc<|>)) 

= fp(k(j> + & - <|>fp(fc<|>)) 
= fp(fe+ - *fp(fe+)) 
= fP(fc+ - fP(k(|») - (* - i ) f p ( k * ) ) 
= 1 - fp((<|> - DfpCk*)) 
> 1 - (<|> - l)((j) - l ) / 2 
= (J)/2. 

Lemma 4.3: I f /c i s a p o s i t i v e i n t e g e r such t h a t fp(fccf>) < ( < ( > - l ) / 2 , then 
[[&cf>](f>] = [scj>3], where s = [[&<)>] (2 - cj>) ] . 

Proof: By Lemma 4 . 2 , fp( [«>]<!>) > <f>/2 = (2<|) + l)/(2cf> + 2 ) . Thus, 

2(<j> + l ) fp([fe*]*) > 2* + 1 - (1 + <f>3)fp([W>]<f>) > <f>3 

- fp([fe*]+) > <f>3d - fp( [ fc*]+» - <!>3fp([«>](2 - *)) 

* [[fc*]*] - [[&*]* - <f>3fp([£<f>](2 - ((,))]. 
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Now 
[fc(j)](j) = [fe(J)](2 - cj))(!)3 = scj)3 + cf)3fp([fc(j)](2 - ()>)). 

Subtracting cf)3fp( [fe<f>](2 - (())) from both sides and then flooring both sides gives 
the required result. 

Lemma 4.4: If n is a positive integer such that fp(n<|>) > (f/2, there exists a 
positive integer m such that [n<j>] = [ [mty] cj)3] and fp(m<f)) < <|>/2. 

Proof: In view of Lemmas 4.1-4.3, we need to show that [n(2 - <())] can be writ-
ten in the form [/77(f)] with fp(/??(f)) < cf>/2. Now [n(2 -<(>)] = [n(2cj) - 3)<f>]. Let 
77? = fn(2(j) - 3 ) 1 . We claim that this is the desired m. For 

;??(() = n(2(f) - 3)(J) + (f>(l - fp(n(2(f) - 3))) 
= n(2 - <f)) + c|)(l - fp(«(2<|> - 3))). 

Now fp(n(2cf) - 3 ) ) = fp(2n<j>) > fp(<J>) so t h a t <|>(1 - fp(n(2cj) - 3 ) ) ) < <j) - 1 . F u r -
t h e r m o r e , f p ( n ( 2 - <(>)) = 1 - fp(n<|>) < 1 - cf)/2. T h u s , 

n ( 2 - <J>) + (f)(l - fp(n(2<|>\- 3 ) ) ) < [ n ( 2 - <j>) ] + 1 - (f)/2 + <f) - 1 
\ = [ n ( 2 - <(>)] + (f)/2. 

Hence, [777(f)] = [n(2 - (f)) ] and fp(777(f)) < (f)/2, as required. 

Lemma 4.5: If n is a positive integer such that fp(n(f>) < (f)/2, there exists a 
positive integer 777 such that [[n(f)](f)3] = [?77<j>] and fp(777(f)) > cf)/2. 

Proof: First, we note that 

fp([n<j>]cj>) = 1 - fp(((j) - l)fp(w<|>)) > 1 - (cf) - l)(f)/2 = | . 

(For a justification of the first equality in the above derivation, see the 
first five lines of the proof of Lemma 4.2 above.) Now 

fp([ncf>]<f>3) = fp([n<f>](2<f) + 1 ) ) = fp(2[n(f)]cj)). 

S i n c e f p ( [ncf)] (f)) > %, i t f o l l o w s t h a t f p ( 2 [n<f>] <J>) = 2 f p ( [n(f>] (f)) - 1 . So we h a v e 
fp([n(f)](f)3) = 2fp ([«<(>]<(>) - 1 . T h u s , 

(*) fP([n<j)]cj>3) + (j)(l - fp([tt(f>]<)>)) = 2fp([n(f)](f)) - 1 + cf) - (f)fp([n(f)](f)) 
- (f) - 1 + (2 - cf>)fp([ncf)]cj>) 
< c f ) - l + 2 - ( f ) = l . 

Now l e t 7?7 = [ [w<j>] (f)2] . We c l a i m t h a t t h i s i s t h e d e s i r e d m. F o r 

[m$] = [(f)([n(f)]cf)2 + 1 - fp([n<f)]<f)2))] 

= [[n(j)](f)3 + (f) - (f)fp([n(f)](f))] = [[n<f>](f>3]. 

The last equality follows from equation (*) above. 
It remains to show that fp(777(f)) > <f)/2. We have 

[777(f)] = [[n(f)](f)3] = [[ncj)](f)2(f>] = [m(f> - <f> + (f)fp([n(j)](J)2)]. 
But 

-(f) + (f)fp([n(f)](f)2) = -(f) + cf)fp([n(f)](()) 

= 4>(fp([n<|>]<|>) - 1 ) > <!>(f - l ) = -<f> /2 . 

It follows immediately that fp(777(f)) > <|>/2, as required. 

Theorem 4.6: The set A of the Fibonacci-free partition (defined in Theorem 3.4 
above) satisfies the equality A = {[n<|>]} - ̂ f

s where A? = {[s(f)3]|s e 4}. 

Proof: From Lemma 4.4, we see that {[ncf)]} - ,4f C A9 and from Lemma 4.5, we see 
that A c {[??<()]} - 4 \ 
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Elementary Problems Editor Retires 
After 27 years of dedicated service as the Editor of the Elementary Problems Section of The 

Fibonacci Quarterly, Dr. Abe Hillman has made the decision to retire. His replacement will be 

Dr. Stanley Rabinowitz 
12 Vine Brook Road 
Westford, MA 01886 

As of now, all problems for the Elementary Problems Section should be sent to Dr. 
Rabinowitz at the above address. 

As the Editor of the journal, I would like to take this opportunity to thank Dr. Hillman for 
his cooperation and a job well done. Here's wishing you the best of luck in your retirement 
years! 

Dr. Gerald E. Bergum 
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