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The m a t r i x 

O 
1 1 

1 0 

has many well known fascinating p rope r t i e s , one being that 

ol 
n+1 

F l_ n n - 1 . 

where F is the nth Fibonacci number . The Q m a t r i x a lso has a n 
Fibonacci square root, which can be exhibited after making a s imple 
definition. 

We extend the re la t ionships 

F k = ( a k - /3k)/( a - £ ) , a = (1 + / 5 ) / 2 , |3 = (1 - f5)/2, 

toa l low k to equal any in t eg ra lmu i t i p l e of one-half. Considering odd 
mul t ip les of one-half for a moment , it is easy a lgebra ica l ly to obtain 

.2 rT , o-./ i v 'n+ l - i F(2n+l)/2 = [L2n+1 + ^ 'J/* 
and 

L ^ 2 n + l ) / 2 = L2n+1 + ^'V*' i rr, 
di rec t ly from the extended definition. So then, all Fibonacci or Lucas 
numbers whose subscr ip t s a r e odd mult iples of one-half a r e complex. 
Also, combining the two equations d i rec t ly above yields 

2 2 i 
L (2n+l) /2 " 5 F ( 2 n + l ) / 2 = 4 i ( - 1 ) 
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Returning to the Q matrix, a square root of Q is given by [I] 

,V2 _ Q 

"F / F / 
3/2 1/2 

L F 1 / 2 F - l / 2 - l , 

for, by applying the extended definition and simplifying, 

= 0 , F 3 / 2 + F l / 2 = 1 ' F?/2+F?i/2 

a n d F3/2Fl/2 + Fl/2F-l/2 " l 

As suggested by the second of these equalities, we can write 

F - l / 2 = i F l / 2 • 

By taking the determinant of the square root of Q, 

2 
1 = F 3 / 2 F - l / 2 " F l / 2 ' 

Also, that 

Qn/2 = 

F(n+2)/2 

F /•? 

*— n/2 

F n /2 ~] 

F (n -2 ) /2 -

can be established by induction, using the extended definition and al-

gebraic manipulation. By equating corresponding elements of equal 

matrices, from (Q ' ) = Q , we obtain 

* (n+2)/2 n/2 " n+1 

and 

F(n+2)/2Fn/2 + Fn/2F(n-2)/2 F n 

Taking the determinant of Q yields 

^ i.l,n/2 = F(n+2)/2F(n-2)/2 " F n /2 

The reader can easily establish that 
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F = F / F + F F , 
(2n+3)/2 3/2 n+1 n 1/2 ' 

F (2n+3) /2 = F (n+3) /2 F (n+2) /2 + F ( n + l ) / 2 F n / 2 

2n+l "" F ( 2 n + l ) / 2 L ( 2 n + l ) / 2 ' 

F ( 2 n + l ) / 2 F ( n + 3 ) / 2 F n / 2 + F(n+1 ) / 2 F ( n - 2 ) / 2 ' 

Let us pursue a m o r e genera l r esu l t . It can be es tabl ished by 
induction that 

Q p / r _ 
" F F 

(p+r ) / r p / r 
L F / L- p / r ( p - r ) / r J , r / 0 , 

if we fur ther extend the definition of Fibonacci numbers to include sub-
sc r ip t s which a r e ra t ional n u m b e r s . Taking the de te rminan t yields 

.2 
(-1) 1 } p / r 

(p+r ) / r ( p - r ) / r " p / r 

As an example , since 
2 2 

Q p / r
 Q

r / P = Q(P +r ) / r P ? 

cons idera t ion of the e lements of these m a t r i c e s leads to 

V+ r
2

+ r p, /rp = F ( P + r ) / / ( r + P ) / P + ^/^^P ' 
which is a genera l case of the fami l iar identity 

F = F F + F F 
m+n+1 m+1 n+1 m n 

In genera l , it s e e m s that ident i t ies which hold for in tegra l sub-
sc r ip t s a lso hold for our specia l ized ra t ional subsc r ip t s . What if the 
Fibonacci subscr ip t were a complex n u m b e r ? J. C. Amson [2] has 
answered this quest ion while demons t ra t ing an analogy to the fami l iar 
c i r cu l a r and hyperbolic functions. 
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Am son defined modified Lucas functions as 

luc z = (w - w )/2A, coLuc z = (w + w ) /2 , 

where z is a complex number and w and w a r e the roots of the 
2 2 2 

quadra t ic equation x = Px - Q, with d i sc r iminan t A = P - 4Q. 
(Notice that luc z = ( F j / 2 , coluc z = (L ) /2 when P = 1, Q = - 1 . ) 
Algebraical ly , we see that, among other ident i t ies , 

Q luc(-z) = - luc z 

Q coluc(-z) = coluc z 

luc 0 = 0, coluc 0 = 1 

luc 2z = 2 luc z coluc z 

luc(z + z?) - luc z coluc z + coluc z. luc z ? 

Q iuc(z1 - z„) = luc z, coluc z ? - coluc z, luc z ? 

2 coluc(z + z~) = coluc z, coluc z ? + A luc z ] luc z^ 

z 2 
Q coluc(z, - z ? ) = coluc z. coluc z? - A luc z, luc z ? 

2 2 2 
coluc z + A luc z = coluc 2z 

coluc z - A luc z = Q 

(coluc z + A luc z) = coluc nz + A luc nz. 

Compar i son of these Lucas functions with those der ived from the 
c i r c u l a r functions defined by 

, iz -izx / o . / iz , - izx / o 
s m z = (e - e ) /2i , cos z = (e + e )/2 

or those from the hyperbol ic functions defined s imi l a r ly by 

sinh z = (e - e ) /2 , cosh z = (e + e ) /2 

r evea l s a close analogy. Also, in the specia l case that the quadra t ic 
equation is x = x + 1, we see a fami l iar l is t of Fibonacci ident i t ies 
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emerging for complex subsc r ip t s . This fine re fe rence [2] was brought 
to our at tention by Prof. Tyre A. Newton. 
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LETTER TO THE EDITOR 

P. NAOR 
The University of North Carolina 

Chapel Hi l l , N.C. 

I read with g rea t i n t e r e s t your recent paper "On the Order ing of 
the Fibonacci Sequences . " The genera l idea underlying your o rder ing 
p rocedure is excellent , but the r ep resen ta t ion can be improved and 

(possibly obscure) re la t ionships may be brought to light. 
Consider (for the t ime being) sequences for which D ^ 11. For 

r ea sons which will soon become c lea r I prefer to define the number f 
(in your notation) as the f i r s t t e r m in the sequence, 0 , say. You co r -
rec t ly pointed out that "a negative sequence may be obtained from a 
posit ive sequence by changing the signs of all t e r m s " . . . ; however , 
the re is another ( ra the r s imple) operat ion which es tab l i shes an .equiva-
lence between two sequences . Consider a sequence 

. <£_4> 0_3> <£ 2 j 0_1> 0O> 0 1 > 0 2 > <py 04> • 

and a s s u m e , for c o n v e n i e n c e , t h a t the m o n o t o n i c p o r t i o n i s p o s i t i v e . 

It i s e a s y to v e r i f y t h a t 0 i s p o s i t i v e ( n e g a t i v e ) if n i s e v e n (odd) 
w h e r e n i s a n o n - n e g a t i v e i n t e g e r . Nex t v i e w a n a s s o c i a t e d s e q u e n c e 
{ 0 ' } de f ined by 

0 ' = 0 if n i s e v e n 
±n ^n 

d>\ = <6_ if n i s odd . 
< ±n r' + n 

It i s e l e m e n t a r y to show t h a t { 0 ' } i s a F i b o n a c c i s e q u e n c e (wi th 
t h e m o n o t o n i c p a r t p o s i t i v e ) - t h u s F i b o n a c c i s e q u e n c e s t y p i c a l l y a p p e a r 


