
SUMMATION FORMULAE FOR 
MULTINOMIAL COEFFICIENTS 

SELMO TAUBER 
Portland State College, Portland, Oregon 

1. INTRODUCTION 
In [ 1] we have given some h i s to r i ca l background to the mul t inomial 

coefficients and proved some of the basic summat ion formulae . More 
of the summat ion formulae can be found in [ 2 ] . In this paper we shall 
prove additional re la t ions involving mul t inomial coefficients. Some of 
these can be cons idered as genera l iza t ions of cor responding formulae 
for binomial coefficients. We shall re fe r to [3] for these formulae . 

2. FIRST SET OF FORMULAE 
In o rde r to simplify the notation used in [l] , at least for the 

proof, we shall wr i te 

n n 
N : / n ks: = ( k

 N
 k ) , with, s kg = N , 

8=1 V Z ' " " n 8=1 

and, for, k 1 +k-+. - . .+k = N+l, we shall have the simplified notation 

(k k k \ - l k k ) = [ N . ( k . - l ) , k ] . 

Under these conditions equation (6) of [ l ] can be wr i t t en 
n 

(1) 2 [ N , ( k . - l ) , k n ] = [ N + l , k n ] . 

j=l 
For 0 = p = n, we can wr i te (1) in the form 

p-1 n 
2 [ N . ( k r l ) . k p f k n ] + [ N , k p - l f k n ] + X [ N , k p 5 ( k r l ) , k n ] 

j=l j=p+l 
= [~N+1, k , k 1 . L p n J 

and s imi l a r re la t ions for N - l , N-2, a s o , N-q, . . . , N-k , thus, 
P 

[N- l , (k.- l ) ,k - l , k l + [ N - l , k -2,k 1+ S fN- l ,k - l , ( k . - l ) , k 1 L j ' p nJ L p nJ L p j nJ 
j=l r , , , -i J=P+1 

95 
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p -1 n 
1 [ N - q , ( k j - l ) A p - q , k j H { N - q , k p - q - l , k n ] + 1 [N-q, k p -q , ( k . - l ) , k j 

j=l j=p+l 

= [ N - q + l , k - q . k j 

p -1 n 
2 [ N - k , ( k . - l ) , 0 , k n ] + 2 [N-.k , 0 , ( k - l ) , k n ] = [N-k + l , 0 , k n ] . 

j=l J=P+ 1 

By adding the f i r s t q equations and simplifying we obtain 

q 
2 

a=0 

"p-1 n 
2 [NTQ, (k . - l ) , k -a , k ] + 2 [N-a, k -a , ( k . - l ) , k 1 

J = l J=P+1 

or , using the c l a s s i ca l notation, 

q rp-1 
(2) 2 

a=0| 
I ( N - a 

K 1 , K 0 , 9 . . , K . . . , K . - l , l c . - , # . . , K - a, . . . , K, + 1 L j - i j j+1 p n 

x ( N"a ) 
. = + 1

 k l ' k 2 ' k p - a , . . . . k . ^ . k . - l . k . . ^ . . . . , ^ 

- ( N+l 

V k, , k-j, o o » , k , • . . , k k, , k~, • . • , k - q , . . • , k 
N-q 

c -
P 

Fo r q = k , we obtain 
P 

(3) 2 
a=0 

rp-i 
2 ( 

u =i 

N-a 
k , , K~, • • . , K. , j K. - 1 , k. ,, , • • • , k - a, . . . , k i c* j -1 j J"'"-'- P " 

) + 

n 
. 2 . ( 

j=P+l 
= ( 

N-a . 
k-, 9 i C 0 , . • . , k - CL, » „ . , K . 1 , K . - 1 , K . 1 , . . . , K 

1 Z p j - 1 j j+1 n 
N+l 

R., , K^> # . . , K- f • • . , K 
I L p n 
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It "will be noted that in both (2) and. (3) the sum is independent of p, thus 
by summing on p we obtain 

k _ n p 
(4) 2 2 

p=l a=0 | j = l 
n 

-p-i 
s ( N - a 

k., , k~, • . . , k. 1 , k . - l , k . . , , . . . , k - a j e i L j - l j j+1 p + 

2 ( 
j=p+l 

= n( 

N - a 
lk, , k ? , . . . , k -a , . . . , k. , , k . - l , k. , , . . . , k 

J - l ' J i+r 

N+l 
k x , k 2 , . . . , k g , . . . , k n 

For n = 2, (2) and (3) reduce to (3) and (4) of [3] , p. 246. 

3. SECOND SET OF FORMULAE 
Consider the formulae leading to (2) and (3). If we mult iply the 

f i r s t re la t ion by +1, the second by - 1 , . . . , the (q+l)- th re la t ion by 
(-1) , e tc . , . . . we obtain 

q 
(5) 2 

a=0L 

p - 1 
N - a (-1) 2 ( 

k j , ^ , . B . , k . ^ r k . - l , k . + r . . . , k p - a , . . . , k n 

) + 

N - a 
n 

,= + 1 k i ' V - ' - ' V ' 0 " " • , k J - l , k j " 1 , k J + l " " " , k n 
q 

N-a+l )+d k, , ko J . . . , k -a , . . . , k ^ , k- , . . . , k , . . . , k 1 2 p n l Z p n 

and, 
k r P 

(6) 2 
a=0 

2 2 ( - l ) a ( 
a=l 

( - l ) q + 1 ( N " q ) 
k-. » k_ j . o . , k - q - I j . . . , k 

D - l 

N - l ) + 

* * \ . k 2 k j . ^ k M ' V l V a , , , , k n 
) + 

2 ( 
j=P+l 

k P 
2 2 ( 

N - a 
k r k2 , . . - » k

p - a » • • • ' k j - l , k j " 1 , k j + l ' ' ' * , k n 

N-a+l N+l 
i k, , k~, . . . , k - a, . . o , k k, , k 9 , . . - . , k , • . . , k 

a=l 1 2 p n I 2 p n 
) . 
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(5) and (6) for n = 2 reduce to (7) of [3] , p . 247. 

4. THIRD SET OF FORMULAE 
Using the notation of sect ion 2 we wri te for 

n 
2 k = N+l, k = 0 , ^ s p 

s=l 
p-1 
2 [N, ( k . - i ) , o , k n ] 

n 

2 
j= 

+ 2 [N, 0, (k . - l ) ,k n ]=[N+l ,0 ,k ] 

J=P+1 

[N+l, (k.-l), l , k n ]+[N+l ,0 ,k n ]+ 2 [N+l, l . (k . - l ) , kn]= [N+2, l . k j 
j=p+l 

2 
j= 

[N+q, (k.-l), q, kn]+ [N+q, q - l , k j + 2 [N+q, q, (k.-l), k j = [N+q+1, q, k n ] 

J = P + 1 

P" 
2 
j= 

[N+h, (k.-l) .h, k ]+[N+h, h - l , k n ] + 2 [N+h, h, (k.-l), k 1= [N+h+1, h, k n ] , 
j=p+l 

By adding and simplifying we obtain 
q 
2 

Q=0 

p - 1 

2 [N+a, (k . - l ) , a, k ]+ 2 [N+a, a, ( k . - l ) , k ] 

J=l j=P+l 

[N+q,q,kn] , 

or, using the c l a s s i ca l notation 
p-1 

( 7 ) 2 S ( k , , k 0 , . . . , k . ^ k . - ^ k . , . , . . . , a, . . . , k ' + 

A • i 1 2 j - 1 j l + l n 

n 
2 ( 

j=p+i 

N+a . 
k l ' k 2 a k j - l * k j - 1 ' k j+l k n 

N+q+1 
k l ' k 2 " - " k p - l ' q + 1 ' k P + l ' , ' , ' k n 
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and s imi l a r l y 

-p-1 h 
(8) 1 
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N+a 
•K-i > K _ , . , . , K . 1 , K . - I , K , 0 . 0 , a , B . . , K 

i . , 1 L l - l i l + l n 
a = q | _ j = l J J J 
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n 
i .( 

j=p+i 

N+a 
1 ' 2 ' • • • » a » • ° " ' i _ i ' k . ~ l , i-i-i » • " • » -r, 

, n+h+1 , 
k l ' k 2 ' • ' • ' k p ~ 1 ' h + 1 ' k p + l ' B • • ' k n 

( n+q-1 ^ 
k r k 2 ' • • • , k p - i , q ' 1 ' k

P + r e e , , k
n 

Fo r n = 2 (8) reduces to (11) of [3] p. 248. 

5. FOURTH SET OF FORMULAE 

(8) of [1] can be simplified in wri t ing by introducing the notation 
k , k 

(9) 
1 2 ^n-1 n-1 s 

1 1 . . . 1 = ( n • 2 ) 
j =0 j =0 j . n .s=l j =0 
Jl J2 Jn-1=0 J s 

where II ope ra tes on the opera to r 2 . Under these conditions (8) of 
[ l ] can be wr i t t en for, 

n n 
1 kg = p+q, 1 j g = p , 

s = l s = l 
i k 

n-1 s 
(io) ( n • 2 )(, • )(,. )-d. p+q 

s=l j =0 
h'h'-'-> jn kl "V V j 2 ' • • • ' V j n = k l ' k 2 ' • • • ' kn 

Let us substi tute p+r for p in (10), we obtain for (j . , j _ , . . . , j ) 

p+r 
n-1 

) = ( n • 2 )L )(v 
'h'h'""3n \ " , ' J r h l ' j 2 - h 2 ' - - " V h n h l ' h 2 ' - ' - ' h r t=l h =0 

with 
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2 h . = r , 2 j . = p + r , 2 k. = p+q+r , 

i= l i= l i= l 

s o t h a t s u b s t i t u t i n g in to (10) we o b t a i n 

n - 1 s n - 1 J t 

( i i ) ( n • S ) ( n • 2 )(, _k : k
 p . k ) ( k i

 q
 k . ) . 

Jl K i » JT S J • • • J J K K, - J , , . . . , K -J 
s = l j =0 t= l h =0 ! ! 2 2 J n n 1 J l 

Js t 
• ( r ) = / P + c l + r ) v h , , h 9 , . . . , h ; l k l 3 k 0 , . . . , k ' ' 1 Z n 1 Z n 

M o r e g e n e r a l l y a s c a n be p r o v e d by i n d u c t i o n we c a n w r i t e 
k m - 1 n - 1 i, j m - 1 

( 1 2 ) n ' ( n ' 2 } n ( k - k k - k
q j k k >• 

i=l i= l k =0 i=l J j l J + 1 , 1 J ' 2 J + 1 ' 2 J ' n J + 1 ' n 

J j + l , i J 

. / in x _ , ^1 q 2 * * ' q m v 
m , 1 m , 2 m , n 11 12 I n 

w h e r e , 

S < k j , t ~ V l , t ) = q j ' f ° r j J = 1 . 2 - - - n 
t=l 
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