SUMMATION FORMULAE FOR
MULTINOMIAL COEFFICIENTS

SELMO TAUBER
Portland State College, Portland, Oregon
1. INTRODUCTION
In [1] we have given some historical background to the multinomial
coefficients and proved some of the basic summation formulae. More
of the summation formulae can be found in[2]. In this paper we shall
prove additional relations involving multinomial coefficients. Some of
these can be considered as generalizations of corresponding formulae
for binomial coefficients. We shall refer to [3]for these formulae.
2. FIRST SET OF FORMULAE
In order to simplify the notation used in [1], at least for the

proof, we shall write

n n
N .
! _ —_
N!/ 1 ks' _(k,k,...,k)’ with, > ks-—N ,
1’72 n
s=1 s=1
and, for, k1 +k2+.'. . +kn = N+1, we shall have the simplified notation
N
( i = [N (ke -1),k ] .
kl’kZ""’kj-l’kj l,kj+1,...,kn) j n

Under these conditions equation (6) of [1] can be written

n
(1) > [N,(kj-l),kn] = [N ] -
j=1
For 0 S p < n, we can write (1) in the form
p-1 n
- - ‘ -1),k
3 [N (k; 1),kp,kn] + [N, K l,kn] + s [N, ke (1;-1) n]
j=1 j=p+l
= [N+1,k Jk ] .
P n
and similar relations for N-1, N-2, ..., N-q, ..., N—kp, thus,
p-1 n
‘El[N—l,(kj—l),kp—l,kn]+[N-1,kp-2,kn]+. by 1[N-l,kp-1,(kj—1),kn]
)= j=pt
= [N,kp-l,kn]
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---------------------------------------------------------------

p-1 n
> [N-q, (1), -q, k_ J+[N-q, kma-Lk T+ 5 [Neg k-a, (k1) k]
=1 j=ptl

= [N-qt1, ko-a. k]

---------------------------------------------------------------

) [N—kp, (kj-l),O,kn]+ s [N-kp,O, (kj-l),kn]z [N-kp+1,o,kn] )
=1 j=p+l

By adding the first q equations and simplifying we obtain

q [p-1 n

N-a, (k.-1),k -a,k [+ ¥ [N-a,k -a,(k.-1),k =
T2 [Nea gl ma ] [N-a, -0, (1), 5 ]
a=0] j=1 j=ptl

= [N+1,kp, k|- [N-q, kp-q-l,kn] )

or, using the classical notation,

q -1
N-a
(2 212 G,k pEeLk ek ca, ., k)
a=0 j=l J- J J P n
n
N-a ) _
p> S N RERTE TIPS I U5 I | =
j=p+l J- J J n
= N+1 ) - N-q )
kl’k2’ sk, ,kn kl’k2’° ,k -q,. ,kn
For gq = k_, we obtain
kp -1
N-a
G X2 Gk ik L kelLk ek may...,k )T
N 1’72 j-1 +1 n
a=0] j=1
n
N-a _
2 ek, ik may .k kel k..., k)| T
. 1’72 j-1°775 jt+l n
j=ptl
- N+l )
kl’kZ" ,kp,. ,kn
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It will be noted that in both (2) and (3) the sum is independent of p, thus

by summing on p we obtain

K
n p[p-1
N-a
(9 2 213 G ek o kelke sk car.. k) T
p=1 a=0| j=1 1772 j-1"75 j+l p n
n
N-a
p> (kl,kz,...,k—a,...,k. R DR R I
j=p+1 p j-1"7 j+1 n
N N+ )
S ST

For n =2, (2) and (3) reduce to (3) and (4) of [3], p. 246,

3. SECOND SET OF FORMULAE
Consider the formulae leading to (2) and (3). If we multiply the

first relation by +1, the second by -1, ..., the (gq+l)-th relation by
(-l)q, etc., ... we obtain
q p-1
a N-a .
G) 21D 2 G e,k kelk ek s, k)T
a=0 i=1 j j i P
n
N-a _
pY (kl,kz,...,k—a,...,k. l,k.—l,k.+1,...,kn) -
j=ptl p J-17 7 j
a N-a+l N-1
~-a+ -
23 (-1D% g k -a k) K ..., k)
1, 2,.-., p 300 0y n 1: Z: H p: ’ n
a=1
+1 N-q
-1 o )
kl’kZ’ sk q 1’ :kn
and,
k
p p-1 N
a -a
© DT 2 G e,k Lkl ek ek )T
0.'—-'-0 J=1 J J J p
n
N-a —
D U S TS SUNS 06 16 SRS SUN
j=p+l p J J
i N-a+1 N+1
2% ( - )+ )
a1 Ko Kpr e e s kman e kg TR TRERTE SVRTRYE
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(5) and (6) for n = 2 reduce to (7) of {3], p. 247.

4. THIRD SET OF FORMULAE

Using the notation of section 2 we write for

n
= + =
Tk, o= NH, k=0,

s=1
p-1 n
s [N (k;-1), 0, k] + 3 [No, (kj-l),kn]:[Nﬂ,o,kn]
=1 j=p+1
p-1 n
s [N+, (-1, 1, k [N 0k ]+ s [N+, 1, (k;-1), k= [N+2, 1, k]
=1 j=p+l
SSRRRLLL LR LR LR R R R R R R EELLLLERERES ARRRARLLRTERRTSTEPRLITEE . |
b [NJrq, (kj—l), q, kn]+ [NJrq, q-1, kn:|+ by [N-I-q, q, (kj—l), kn]: |:N+q+l, q, kn]
=1 j=p+l
i)._.l ........... e SRRCLETRSCITCIVRLITLRTRNS
b3 N+h,U%—l),h,kn]+[N+h,h—1,kn]+ b3 [N+h,h,U%—l),kn]: Pq+h+1,h,kn}.
j=1 j=ptl

By adding and simplifying we obtain
q [p-1 n
D> [N+Q,U%—l),a,kn]+ ) Dﬂ+a,a,ﬂ%—l),kn] = [Ntq,a k]
a=0] j=1 j=ptl :

or, using the classical notation

q [p-1
N+a
(7) o B U S S Y R A S
a=0|_j=1 “ ) ?
n
N+a _
p> (kl,kz,...,a,.n.,k. DRk ek V| =
j___p+1 J- J J n
( N+qg+1 )
Kol e do etk el
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and similarly

h [p-1
N+a
@) = Z(kl,kz,...,k. l,k.—l,k.+1,.._.,a,...,k) *
azql jo1 3-17 0T n
n
N+a
2 kg a ke kel ek ) | T
i=ptl RS A n
n+h+1

(k,k,.. k h+l, k

17527 Npi1? p+l’ " %n

ntqg-1

( _
kl’kZ""’k _l,q 1,k

o) ptl” """’ n

For n=2 (8) reduces to (11) of [3] p. 248.
5. FOURTH SET OF FORMULAE
(8) of [1] can be simplified in writing by introducing the notation

k1 k2 kn-l n-1 ks

(9) p3 T ... X =(@m - Z) ,
3170 3,70 Jn-1=0 s=1  jg=0

where II operates on the operator X. Under these conditions (8) of

[1] can be written for,

n n
2 k,=pta, X j =P

s
s=1 s=1
n-1 ks
p q ptq
(o) (mm - = ). D 1 G s o ) .
_ Jpadpreeendy kl Jl,kz JZ,...,kan kl’kZ""’kn
s=1 JS'—‘O

P
Let us substitute p+r for p in (10), we obtain for (jl’jZ’ .o .,jn) .

n-1 It
+r p r
(. ° )= o 2O 4 s C ) )
Jp2 gy ~ ~ Udpthypdpthys s oh Thy byl By
t=1 h =0

with
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n n n
by hi =r, 3 ji = ptr, > ki = ptqtr ,
i=1 i=1 i=1

so that substituting into (10) we obtain

n-1 ks n-1 jt
11 : . , N : o4 .
D Cm Eo0m 26 a0t a0 L e )
s=1 j =0 t=1 h=0 non
s t
( r ) = ptqtr )
hl’hZ""’hn kl’kz"“’kn
More generally as can be proved by induction we can write
m-1 n-1 ki,_] m-1 q
. . J
(le) m (o U UL P U S SO L
=1 i=l k. =0 j=1 0 TRt Je JTh BB
jtl, 1
. d., ) q1+q2+...+qm )
k k k ’

m,l’ m,2’"" "’ "m,n k'll’klZ""’kln

where,

for, j=1,2,...,n
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