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Let p, q, a and b becomplexnumbers and assume that q # 0

and q # p_Z. Let the sequence un(p, q;a, b) be the solution of the re-

currence relation

= - >
(1) u Zpun_ 1”99, nz2,
with the "'initial condition'

(2) u, =2, u; = b + pa.

Here and below we omit arguments whenever they are obvious.

If p=1/2 and g = -1, the above sequence reduces to un(l/Z,
-l;a,b) = Hn’ the generalized Fibonacci sequence. Further, un(l/Z,
-1;0,1) = Fn, the Fibonacci sequence, and un(l/Z, -1;2,0) = Ln, the
Lucas sequence.

(k)

For anyinteger k, definethe function x—>u" (x;p, q;a, b)= u(k)(x)

by the formula

(k) _ k n
(3) u (X)—Osgim(un) X .

Since, asis easily verified, u_ < A s" where s = Ip] +V ]p’z + ’q],

the series in (3) converges at least for x <s . A few years ago
Carlitz [1] summed the series for u(k) in special cases when a =1,
b = p (using the present notation) and a = 2, b =0. For related re-
sults see also the(pa;pers by Gould [2] and Riordar1(1£)3] . A. F. Horadam
3

they can be summed by using methods analogous to those employed by

recently studies the generating functions u and indicated that

Carlitz, whichare rather complicated. The objective of this paper is

to give a straightforward derivation of a formula for u(k) with any

a and b.
Theorem. If un(p, g;a, b) is defined by (1-2) and u(k) is defined by
(3), then
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O£7<k/2 l - Z‘q U-k_z-y(P: q;l, O)X + q x
k
1 +(-1)HA
+( ( k/2, k ’
401 - qk/zx]
where. A, and B_, with ¥ < [k/2] are homogeneous forms in a,

and b of degree k defined by

1-k k., 2 .0 z k-27, K-27-2j ]
AL =2 N R - B) (%) a )
; j
0<£2jSk-27
_ol-k k., 2 v z k-27, k-27-2j-1 .j
B, k=2 (E7-pD (511 2 B

0 £2j+1 Sk-2v

. 2, 2
with B =b"/(p” - q).
Note that in the last term in the formula for u(k)(x) the first
factor is zero if k is odd so that we should not be concerned by the

fact that A is not defined when k is odd.

k/2,k 5
Our proof exploits the fact that the zeros of z~ - 2z cos § + 1,
-i0

. i6
with any 6 real or complex, are e and e whose powers are

easily managéd. Let a and 6 be such that

(4) azzq, p=acos@ .

Since q #0 and p # qz, a#0 and cosf§ # +1. Since the function
z —> cos z is onto the complex plane, a number 8 satisfying (4) exists;
it may be, or course, a complex number. Note that azsinZG:

o? - fcos? = q - p'2 #0,
n

Set u_=a v_. Then v_ = 2(cosf)v -V (n 2.2) from

n n n n-1 n-2
which it follows, by using well known results for linear recurrences
with constant coefficients, that v, =s elne +t e—1n0 with some s and

t which are determined by the ''initial conditions' (2). We now con-

clude that



1965 WITH GENERALIZED FIBONACCI SEQUENCES 274

0 -in@

(5) (p>q;a, b) = a'(s el e )y .

u
n

Setting n = 0,1 in succession we get
(6") s+tt=a

and a(cos 6 )(s +t) + ia{sin §)(s - t) = b + pa, whence it follows, on
using (6') and (4), that

(6" s - t = b/(ia sin 6).

The expressions for s and t may be easily obtained but will
not be neededhere. On the other hand we note that if s =t = 1/2 then
a=1 and b =0, while if s = -t=1/2 then a =0 and b= ia sin §.
Thus it follows from (5) that

il

o™ cos ng un(p, q;1,0),

(7)

a” sin né a(sin 0)un(p, q;0, 1),
(4)

We are now ready for the evaluation of u(k)(x). Using the bi-

identifications which will be used in the sequel.

nomial theorem, we get

(8) (s o1Pf 4 (o inO)k _ z (1;) Y k-7 _in(27-K)f
0L 7 <k

B z (1;) (s t)7(sk-27ein(k—27)0 + tk_zve-in(k-zj)e)

0<v<k/2

#2701 0N e

where the last equality follows by pairing off terms with ¥ and k - 7,
and where the last term is to be set equal to zero if k is odd. On
substituting (5) in (3), using (8), interchanging the order of summation,

and finally summing geometric series we obtain
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(9) i .
) o T L S S LU
0= 7<k/2 n=0
b K27 ko (ko270
#2701 DS Y
n=0
k-2 k-2
- 2 (st)| T - Rz
l - xa e 1- e '
0< v <Kk/2
27 DS 0
1 - xa
Observing that a2k= qk, ak= qk/Z if k 1is even, akcos(k-Z‘Y)e =

q"u, . (p»q:1,0) and asin(k-27) =q"a(sin 8)u, ,.(p,q;0,1) if
k-27 (k) . k-27
27 < k, see formulae (7), the form for u' '(x) assertedin the theorem

follows from (9) if we define

k-27, tk“zv], 27 <k,

(10) A, = (st s

K-27 _ k-2

B, , = i(f)(st)7 [s Ja sin §, 27 <k.

¥

It remains to evaluate A‘y k and B‘Y,k in terms of a and b.

Let B =|b/(ia cos 0_)12 = bz/(p2 : q). From (6') and (6') we get:
st = (2% - B)/4,
27, 2

whence (st)’ = 27°"(a“ - 5)7,

S 4 T - 2T () (5o )] T [(40)- (50 ) = 21 TR D, b5 a™ 2 gl
0<2j<m
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st = 27 ([(s4t)+(s-1)) - [(s+t) - (s-1)] )
_,l-m b m m-2j-1 .j
=2 igsing 2 i) 2 B

0<2j+1 Em

Substituting these in (10) we get the stated result. This completes the
proof of the theorem.

It might not be superfluous to point out some special cases which
may be obtained from the theorem. If p = 1/2 and q = -1, then
u(k)(x;l/Z, -1;a,b) = H(k)(x;a, b), the generating function for kth powers
of the generalized Fibonacci sequence Hn(a,b). In this case the for-
mulae for A‘y,k 2nd B'Y,k do not simplify appreciably except that
we have now PB=4b" /5, while un(l/Z, -1;0,1)=F_ and un(l/Z, -1;1,0) =
Ln/Z. Furthermore, if also a =0 and b =1, then A'y,k =(0l Lf)/lg
is odd and B, =0 if k is 1ven~,k;vzhile By o = (-1) (x) 5
if k is odd and A‘Y,k =2(-1) () 5

if k is even. The theorem
then yields the well known formulae

k

f (¥) F

T . L S R

0<Y<(k-1)/2 L7 Ty pyxox
(11)4
if k isodd,
k Y k
(k) _ _k/z z (7)(2(‘1) - Lk_z'yx) (k/Z)

F'7(x) =5 [ ~ 5 T K/Z I

L 0<v<k/2 1-(-1) Lk-Z‘YX+X (-1) - x

if k is even,

Lastly, if p=1/2, g=-1, a=2 and b =0, we get Ay = 2(1.;) and

B‘Y, k= 0 whence
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k
(2 - (-1)'L
(12) L) ) = z Y ) k-zv’: ,
0<7v<k/2 L-(D)TL oy + (1)
k
. kg2 .1+ (-1k
1-(-1)k/2x 2

In conclusion we note that by squaring the two equalities in (7)

and adding we get the identity

(13) a" = [u (b, a1, 0] % + (a-p%) [u (p, 50, 1)] °

If p=1/2 and g = -1, the identity (13) simplifies to the well-known

identity
n 2 2
(14) 4 (-1) -Ln -5Fn .
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FOOTNOTES
(1) Present address: Carnegie Institute of Technology
(2) The author wishes to thank the referee for most scholarly work

in evaluating this paper and for really helpful suggestions.
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(3) Oral communication.

(4) Formulae (7) show the connection between u, and the Chebyshev
polynomials. For example, un(p, q;1,0) = o™ Tn(p/a), where

2
a =dq.
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