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It is known ( [ 2] ; [4] ; [5 ] ) that the Fibonacci numbers m a y b e 
formed by adding the binomial t e r m s on diagonals of P a s c a l ' s T r i -
angle. Recently in this Quar t e r ly V. C. H a r r i s and Carolyn C. Styles 
[ 3] genera l ized the Fibonacci sequence by extending thei r cons ide ra -
tion to sums along s t ra ight diagonals of any posit ive " s lope" or ig ina t -
ing in the f i rs t column. As they noted, those sums a r e specia l c a se s 
of the l inear binomial sums invest igated by Dickinson [ l ] . Here we 
cons ider a nonlinear genera l iza t ion of this connection, in which each 
sum contains a "dogleg" of binomial t e r m s . We then note that these 
sums obey the same difference equation as the binomial coefficients. 
F r o m this equation and a set of auxi l ia ry number s we der ive some 
a r i thmet i c p rope r t i e s , including connections with the Fibonacci num-
b e r s , and develop some genera l r e c u r r e n c e s . Because of this c lose 
connection with the binomial coefficients, it is not su rp r i s ing that mos t 
of the p r o p e r t i e s g ivenhe re s tem from cor responding p rope r t i e s of the 
binomial coefficients. 

We define L(n, r) , the r - t h o rde r nonlinear binomial sum, as 
the sum of the f i r s t r t e r m s of the ( n - l ) - t h row of P a s c a l ' s Tr iangle 
plus the t e r m s on the r i s ing s t a i r s t e p diagonal originating at the r - t h 
t e r m . Thus 

[ ^ ] 
r - 1 LA 

(1) M n . . r ) = 2 ( n [ 1 ) + 2 ( £ £ } ) , 
i=0 j= l 3 

where | ] denotes g rea t e s t in teger , and the r i gh t -mos t sums is ze ro 
i f [ ; 2 i l ] < l . The sums L(n, 1) = L(n-1,2) = F , the n- th Fibonacci 
number , a r e those prev ious ly cons idered in [2] , [4] , and [5] . For 
r = 3 we obtain the following s e r i e s . 
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Thus L(l, 3) = 1, L(2, 3) = 2, L(3, 3) = 4, etc. The 4-th order sequence 

is 1, 2, 4, 8, 15, 27, 47, 80, 134, • • • . ' 

The connection between the Fibonacci numbers and binomial co-

efficients previously mentioned may be written as 

1 — 1 
n I 

i = 0 

The difference between the nonlinear binomial sums and Fibonacci 

numbers is therefore 

r-1 . r-1 
Fn+r-l " L { n ? r ) = S ( i ) - 2 ( ) , 

nTT i=0 i=0 

which is a polynomial in n of degree r-3 for r L. 3. By evaluating 

the right side of this equation for small values of r, we find, in addi-

tion to L(n, 1) = L(n-1, 2) = F , that 

(2a) 

(2b) 

L * n ' 3> = Fn+2 - l > 

L(n, 4) = F n + 3 - n - 1 
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Also, since 

n-1 , . 
s (n:l)-zn-1 , 

i=0 

we see from the definition that 
L(n, r) = 2n~l (n < r) . 

Let the difference opera tor A be defined by A f(n) = f(n+l) -
f(n). Then the r e c u r r e n c e re la t ion for the binomial coefficients may-
be r ep re sen t ed as 

(3) J ( ? = ^ n ^ . 

F r o m this and the explicit r ep re sen ta t ion in (1), the impor tan t differ-
ence equation follows that 

(4) A L(n, r) = L(n, r -1) . 

Defining the i t e ra ted difference opera to r ^ by A f(n) = A f(n), 
Ak VI n n 
A K f(n) = A [ A k _ 1 f(n) | for k > 1, it is of i n t e r e s t to note that n n 

A r " 2 L(n , r ) = L(n, 2) = F n + 1 , 

V 1 
A " L(n, r) = L(n, 1) = F . n n 

It is apparent that (4) is indeed the same difference equation sat isf ied 
by the binomial coefficients in (3), the only change being in the ini t ial 
va lues . Thus by using (4) and the eas i ly de te rmined boundary conditions 

L(n, 1) - F n , L ( l , r ) = 1 , 

we may cons t ruc t a table of L(n, r) in which each t e r m is the sum of 
the t e r m above it and the t e r m above and to the left. 

Since the sequence L(n, 2) = F , sa t isf ies the r e c u r r e n c e 
re la t ion 

L(n+2,2) = L(n+1,2) + L(n, 2) , 
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we take the ant i -di f ference of this r - 2 t imes and obtain the. genera l 
r e c u r r e n c e re la t ion for r - t h o rde r t e r m s as 

(5) L(n+2, r) = L(n+1, r) + L(n, r) + A(n, r) , 

Table of L(n, r) 

\ r - 1 

1 

i • 1 

i 2 
1 • 3 

| 5 

8 

1 13 
21 

34 

1 55 

2 

1 

2 

3 

5 

8 

13 

21 

34 

55 

89 

3 

1 

2 

4 

7 

12 

20 

33 

54 

88 

143 

4 

1 

2 

4 

8 

15 

27 

47 

80 

134 

222 

5 

1 

2 

4 

8 

16 

31 

58 

105 

185 

319 

6 

1 

2 

4 

8 

16 

32 

63 

121 

226 

411 

7 

1 

2 

4 

8 

16 

32 

64 

127 

248 

474 

8 

1 

2 

4 

8 

16 

32 

64 

128 

255 

503 

_JL-
1 

2 

4 

8 

16 

32 

64 

128 

256 

511 

10 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

n 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

where the auxi l ia ry numbers A(n, r) obey 

A r " 2 A(n, r) = 0 n 

with the ini t ial conditions 

A(n, 1) = A(n, 2) = 0 (n > 1); A( l , r) = 1 (r > 3) . 

These num ber s a l so obey the binomial r e c u r r e n c e 

A A ( n , r ) = A(n, r -1 ) , 

so that we may eas i ly cons t ruc t a table of A(n, r) from the ini t ial con-
ditions using the same rule of format ion as that for L(n, r ) . It appea r s 
from this table that while L(n, 1) and L(n, 2) a r e sequence of the F ib -
onacci type, the next two obey the slightly m o r e complicated r e c u r r e n c e s 

L(n+2, 3) = L(n+1, 3) + L(n, 3) + 1 , 

L(n+2, 4) = L(n+1, 4) + L(n, 4) + n . 
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These a r e readi ly proved by using equations (2a) and (2b). 
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Table of A(n, r) 

10 
n 
1 ; 
2 

3 

4 

5 

6 

7 

8 

9 
10 

0 

0 

0 

0 

0 

0 

0 

l °  
0 

1 o 

0 

0 ] 

0 1 

0 1 

0 ] 

0 3 

0 3 

0 3 

0 3 

0 3 

1 1 

2 

3 

4 

5 

6 

7 

8 

9 
10 

1 

2 

4 

7 

11 

16 

22 

29 

37 

46 

1 

2 

4 

8 

15 

26 

42 

64 

93 

140 

1 

2 

4 

8 

16 

31 

57 

99 
163 

256 

1 

2 

4 

8 

16 

32 

63 

120 

219 
382 

1 

2 

4 

8 

16 

32 

64 

127 

247 

466 

1 

2 

4 

8 

16 

32 

64 

128 

255 

502 

We may es tab l i sh from (4) and (5) that the r e c u r r e n c e formula 
with r e spec t to r is 

L(n, r) = L(n, r -1) + L(n, r -2) - A(n, r) . 

F r o m this , with (4) again, it follows that 

A(n, r) = L(n+1, r -1) - L(n, r) . 

This las t equation may be used to es tab l i sh that 

r - 1 
L(n, r) + Z A(n+i, r -1) = F 

i=0 n+r-1 

Taking n = 1, we see that the slant sums of the A(n, r) a r e Fibonacci 
numbers diminished by a unity, i. e. 

2 A(i, r- i+1) = F - 1 . 
i=l 

I t i s a l so in te res t ing to note that the A(n, r) obey the cur ious diagonal 
r e c u r r e n c e 
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A(n+1, r + 1) = 2 A(n, r) + (^~*) . 

The r e c u r r e n c e (5) m a y be eas i ly extended by induction to 

k 
L(n, r) = F k + 1 L(n~k, r) + F R L ( n - k - l , r) + S F. A ( n - i - l , r) (0 < k < n), 

i=l 

and the analogous extended r e c u r r e n c e with r e spec t to r is 

L(n, r) = F k + 1 L(n, r - k ) + F k L(n, r - k - 1 ) - 2 F . A(n, r- i+1) (0 < k <n) . 
i=l 

We r e m a r k that sett ing r = 1 in the fo rmer r e c u r r e n c e gives the 
fami l ia r Fibonacci identi ty 

F = F F + F F 
n k+1 n-k k n -k -1 

We may prove by induction that for r > 1 

k 
2 L(i, r) = L(k+1, r+1) - 1 , 

i=l 

k 
2 A(i, r) = A(k+1, r+1) - 1 , 

i = l . • • 

which together imply 

n 
Z [L(i, r) + A(i, r)] = L(n+2, r ) -2 (r > 1) . 

i=l 

Final ly, we extend the definition of L(n, r) to negative r from 
(4) by putting 

Mn, r)= F ^ ^ ^ (r < 0) . 

With this extension, the readi ly proved formula 
k k 

L(n, r) = 2 ( ) L(n-k, r - i ) 
i=0 1 

if valid for a l l k such that 0 — k < n. 



1965 ON A CLASS OF NONLINEAR BINOMIAL SUMS 298 

The author would like to thank Vincent C. H a r r i s for his helpful 
suggest ions . 

REFERENCES 

1. David Dickinson, On Sums Involving Binomial Coefficients, 
A m e r i c a n Mathemat ica l Monthly, Vol. 57, 1950, pp. 82-86. 

2. Mark Fe inberg , New Slants , The Fibonacci Quar te r ly , Vol. 2, 
1964, pp. 223-227. 

3. V. C. H a r r i s and Carolyn C. Styles, A General iza t ion of F ib -
onacci Numbers , The Fibonacci Quar te r ly , Vol. 2, 1964, pp. 
277-289. 

4. Melvin Hochster , F ibonacci - type Ser ies and P a s c a l ' s Tr iangle , 
P a r t i c l e , VoL IV, 1962, pp. 14-28. 

5* Joseph A. Raab, A Genera l iza t ion of the Connection Between the 
Fibonacci Sequence and P a s c a l ' s Tr iangle , The Fibonacci Quar -
te r ly , Vol. 1, October, 1963, pp. 2 1 - 3 1 . 

xxxxxxxxxxxxxxx 

The Fibonacci Bibl iographical R e s e a r c h Center d e s i r e s that any 
r e a d e r finding a Fibonacci r e fe rence , send a ca rd giving the r e fe rence 
and a brief descr ip t ion of the contents . P l e a s e forward al l such in-
format ion to: 

Fibonacci Bibl iographical R e s e a r c h Center , 
Mathemat ics Depar tment , 

San Jose State College, 
San Jose , California 


