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Let Fp =0, Fy =1, and F, = F,_y + F,,_, for n 2 2, denote the sequence of
Fibonacci Numbers. For any modulus m = 2, and residue b (mod m), denote by
v(m, b) the number of occurrences of b as a residue in one (shortest) period of
F, (mod m).

If m =5 with kK > 0, then 7, (mod 5%) has shortest period of length 4+ 5%,
and v(5%, b) = 4 for all b (mod 5%). This is so-called uniform distribution,
and has been studied in great detail by a number of authors (e.g., [1], [4],
[5], [6]). However, the study of the function v(m, b) for moduli other than 5
is still relatively unexplored. Some recent work in this area can be found in
[2] and [3].

In this paper we completely describe the function v(m, D) when m = 2k, k 2
1. What makes this possible is a type of stability that occurs when k 2 5.
This stability does not seem to appear for primes other than p = 2, 5 (which
somehow is not surprising). Of course, the values of v(2%, b) for k=1, 2, 3,
4 are easily checked by hand. We include these values for completeness.

Main Theorem

For F, (mod 2¥), with k > 1, the following data appertain:
For 1 < k < 4:

v(2, 0) =1,
v(2, 1) = 2,
v(4, 0) = v(4, 2) =1,
v(8, 0) = v(8, 2) = v(l6, 0) = v(l6, 8) = 2,
v(l6e, 2) = 4,
v(2k, b) =1 if b = 3 (mod 4) and 2 < k < 4,
v(2k, b) =3 if b =1 (mod 4) and 2 < k < 4, and
v(2%¥, b) = 0 in all other cases, 1 < k < 4.
For k > 5:

1, 4if b = 3 (mod 4),

2, if b = 0 (mod 8),
v(2%, B) =<3, if b = 1 (mod 4),

8, 1if b = 2 (mod 32),

0, for all other residues.

Most of our proofs proceed either by induction, or by invoking a standard
formula for the Fibonacci sequence. Perhaps there are other proofs of our
Theorem, but because of the absence in the literature of a convenient closed
form for 7, (mod 2%), our methodology is quite computational. Because of their
frequent use, we record the following two standard formulas.

Addition Formula: If m > 1 and » = 0, then

Fm+n = Fm_an + Fan+l"

Subtraction Forumla: If m =2 n > 0, then

Fpon = (_1)n+1 c (Fp1Fy - FpFpoy).
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The main body of this paper consists in establishing a number of congru-
ences for F, (mod 2Ky,

Lemma 1: Let k = 5. Then
Foy.3-1 = 1 = 2872 (mod 2%),
Jk-3 . 3 = Zk—l (mod 2k+1)
Proof: We prove these formulas simultaneously by induction on k. When k = 5,
the results are easily checked. Now assume the result is true for k = 5, and

write

Foies, g7 = 1 - 282y

Foe-3 .4 = 2871

v

where u, v = 1 (mod 4). Note that as kX > 5, we have (kK - 2) + (k- 2) 2k + 1,
and (k - 2) + (k- 1) = k + 2. Thus,

Fox-2 = F
F

2k=3 . 3-142%3 .3

F + F

2573« 3-272%"3 .3 2%-3 .31k L3
(2k=1lv - 1+ 2k=2u)2k=1y + (1 - 2k2) (2%~ 1p + 1 - 2k"2y)

=2k=1ly 4 2k=ly 4+ 1 - 2k=2y — 2K=2y (mod 2k+1)
1 - 271 (mod 2k+1)

i

and
Far-2 .3 = For-s L 349k-3 .3
= (1 - 2k 2y 2k-1y + 2k-1y(2k~ly + 1 - 2k"2y)
2k=1y + 2k=1y (mod 2K*2)
= 2K (mod 2k*2).

"

One consequence of this lemma is that F, (mod 2% ) has shortest period of
length 2k~1. 3,

Lemma 2: Let Kk 2 5 and ¢ 2 1. Then,
Fyx-3 35, = 1 = 5 +2%72 (mod 2¥), and
Eék-3.3s = 5+ 2k71 (mod 2K).

Proof: Lemma 1 is the case s = 1. Now proceed by induction on s, by applying
the addition formula and Lemma 1 to
Fok-3 i3g-1 = Fok-3 i35 -1)-142%-3 . 3 and
Fox-3 .35 = Fok-s i3 -1)40k"3 .3

The details are omitted.

Lemma 3: Let kK 2 5 and n = 0. Then,

{Eg (mod 2%) if n = 0 (mod 3),
F k-2 =
+2 -3
! F, + 271 (mod 2¥) if n = 1, 2 (mod 3).
Proof: By Lemma 1,
Fyk2 .4 = 0 (mod 2%) and F,i2 . 5_; = 1 - 2871 (mod 2K).

Thus,
Fayorz og = By yFoxez iy + By (Fprez i + Pz 5.9)
= F,Fyi2 .4, (mod 2%) = £, (1 - 2K71) (mod 2%).
The result follows since F, is even precisely when n = 0 (mod 3).
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In our subsequent work we will frequently have need of the residues of 7,

(mod 4) and F,, (mod 6). We record one period of each here, from which the
reader can deduce the requisite congruences:

Fy (mod 4): 0, 1, 1, 2, 3, 1
Fn (mod 6): O, l, l, 2, 3, 5, 2, l, 3, 4, l; 5’ O’ 5’ 5’
4, 3, 1, 4, 5, 3, 2, 5, 1

Lemma 4: Let k =2 5 and n = 0 and assume 7 = 0 (mod 6). Then,
F,,k-3.3 = F, + 271 (mod 2F).

Proof: Analogous to the previous proof. Note that n = 0 (mod 6) if and only if
F, = 0 (mod 4).

Lemma 5: If n = 3 (mod 6), then F, = 2 (mod 32).

Proof: Write m = 6t + 3 with ¢ 2 0; use induction on ¢ together with an appli-
cation of the addition formula to Fgu+1)+3 = Fer+3)+6-

Lemma 6: 1f n = 3 (mod 6) and kX = 5, then for all s = 1,
Fok-3 . 354, = Py (mod 25).
Proof: We treat the two cases * separately.
Case +:
For-s . 3e4n™ Foros igs1fn + Foies L5500y
(1 - s+ 2k"2)F + g+ 2k"1 (mod 2%)
F, — s+ 2k71 4+ g« 2k"1 (mod 2%)
= F, (mod 2K).

Case -: Of course, we are tacitly assuming 2k=3.35 - > 0. We use the
subtraction formula

= 1, -
Foxes ig,_, = -nr* (Fpk-3, 35 1F Fok-3 3, F, 1)

n
(1 - s«2k2)F, -~ 5+ 2k1F, 1 (mod 2%)
= F, - ge 2kl - 5.2kl (mod 2%)

= F, (mod 2%).

Lemma 7: 1If n» = 3 (mod 6) and k = 6, then,
Flypx-u.q = F, + 2571 (mod 2%).
Proof: By Lemma 1, write

Foi-u . = 220y and Fyi-u 4y = 1 - 28730,
where #, v = 1 (mod 4). Then, by the addition formula and Lemma 5,

= k- k-2 k-3
E kv, g =F 1282+ F (2% 2u + 1 - 2¢75)
2k=2y + 2k=ly + F, - 2K=2p (mod 2%)

2k=2 4 ok-1 4 p - 2k=2 (mod 2%)
2k=1 4+ F, (mod 2%).

il

i

Proof of the Main Theorem

We proceed by induction on k = 5. The result is easily checked for k =5,
so assume K = 5 and the Theorem holds for k.
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First, if b = 4, 6, 10, 12, 14, 18, 20, 22, 26, 28, 30 (mod 32), then it is
clear that v(2%*1l, b) = 0 since v(2°, b) = 0.

Case 1: b = 3 (modré). Then v(2%, ) = 1, so choose n such that F, =b
(mod 2%). Since b is odd, we have n = 1, 2 (mod 3). Now either F, = b (mod
2k*1y or F, = b + 2% (mod 2%*l). 1In the latter case, Lemma 3 gives

Fo k1.5 = F, + 2% (mod 2K%1) = b + 2K + 2K (mod 2k*1)
= b (mod 2k*1),
Therefore, v(2X*1, b) = 1 when b = 3 (mod 4).
Case 2: b = 1 (mod 4). Then (2%, b) = 3, so choose
0 <ny <ny <ng < 2k-lag,
with Egiz b (mod 2 ) for all Z. Then, as above, for each 7, either
F, = b (mod 2¥*1) or F _ ,x-1.5 = b (mod 2¢*1).
So, v(2k*1, b) > 3 when b = 1 (mod 4).
Case 3: b = 0 (mod 8). Then v(2%, b) = 2, so let

0<m<mn<2k-lo3

Hi

be such that F, = F, = b (mod 2¥). Note that as F, = F, = 0 (mod 4), we have
m=zn =0 (mod 6), so Lemma 4 applies. 1In particular,
Fyok-2 .4 = F, (mod 2%),

from which it follows that m < 2872+ 3 and n = m + 25K72 . 3.
If F, = b (mod 2k+1y ) then by Lemma 3,

Foyok-1,3 = D (mod 2k+1y
so v(2k*l, B) = 2. oOtherwise, we must have
F, = b + 2K (mod 2k+*1),
But then by Lemma 4,
F. + 2K (mod 2¥*1) = b (mod 2%*1),

Fn = Fm+2k_2 -3 =
and also,
Fo o ox-1.4 = F, = b (mod 2k*1),

We conclude that v(2%X*l, b) > 2 when b = 0 (mod 8).

Case 4: b = 2 (mod 32). Assume that v(2%, b) = 8. Let F, = b (mod 2%y,
with n < 2k71« 3, Then F, = 2 (mod 4), so that n = 3 (mod 6). Now either

F, = b (mod 2k*1) or F, = b + 2K (mod 2k*1).
In the latter case, by Lemma 7 we have
Fo,ox-3.5 = F, + 2K = b (mod 2k+1).
Thus, there is at least one index 0 < m < 2K+ 3 such that F, = b (mod 2k+1).
But now, by Lemma 6,

Fok-2 . 354m = By = b (mod 2k*1) for s = 4, 5, 6, 7.

Since these eight solutions all occur in one period of F, (mod 2k*+1), we con-
clude that v(2k*1, b) > 8.

Conclusion: We have established inequalities in each case of the Theorem.
The proof follows from a straightforward computation, using the fact that Z,
has shortest period of length 2k « 3 modulo 2X*1, and the obvious identity:
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v(2k+l, by = 2k . 3.
E(mod 2K+1)

Using the main Theorem of [2], we are now able to describe the distribution
of F, (mod 2%+ 57). 1Indeed,

Theorem: For F, (mod 2k . 5j) with K 2 5 and § = 0, we have
1, if » = 3 (mod 4),
. 2, if b =0 (mod 8),
v(2ke 59, b) =<3, 4if b = 1 (mod 4),
8, if b = 2 (mod 32),

0, for all other residues.
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