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1. INTRODUCTION 
When examining a combinatorial sequence, generating functions are often useful. That is, if 

we are interested in analyzing the sequence a0, al? a2,..., we investigate the formal power series 

f(x) = a0+alx + a2x2-\— . 
In a recent paper [2], techniques are discussed that assist in finding closed-form expressions for 
the formal power series for a select, but large, set of combinatorial sequences. The methods 
involve using infinite matrices and the Riordan group. The Riordan group is defined in section 2 
of this paper. Each matrix, L, in the Riordan group is associated with a combinatorial sequence 
and with a matrix, SL, called the Stieltjes matrix. SL is defined in section 3. In this paper, we 
show that when SL is tridiagonal, then L= PCF, where the first factor P is a Pascal-type matrix, 
the second factor C involves the generating function for the Catalan numbers, and the third factor 
F involves the Fibonacci generating function. The following is an example: 
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The matrices in the Riordan group are infinite and lower triangular. So the example shows only 
the first seven rows. The first factor on the right is the Pascal matrix. The first column in the 
second factor has C(-x2) as generating function, where 

is the generating function for the Catalan numbers. The third factor has the Fibonacci numbers in 
each column. See section 6 for further examples of this triple factorization. 

* Partially supported by NSF grant 634012. 
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In section 2, we define the Riordan group R and list some properties that we use in the proofs 
of the propositions which are given in section 4. In section 3, we discuss the unique Stieltjes 
matrix SL associated with each L in the Riordan group. In this paper, we concentrate on the 
subset of R given by RT - {L GR:SL is tridiagonal}. In section 5, we derive a recurrence relation 
for the sequence associated with each member of RT, and we discuss the asymptotic behavior of 
these sequences. In section 6, we provide two examples involving well-known sequences. For 
each example, we give the triple factorization, the Stieltjes matrix, the recurrence relation and 
asymptotic behavior of the corresponding sequence. 

2. THE RIORDAN GROUP 

A detailed description of this group is given in [2]. Here we provide a brief summary. 
Let M = (rnjj)jj>o be an infinite matrix with elements from C, the set of complex numbers. 

Let cf(x) be the generating function of the j * column ofM That is 
00 

<*(*) = £ mn,i*"' 

We call M a Riordan matrix if ct(x) - g(x)[/(x)J, where 

g(x) = l + glx + g2x2+g3x3 + -~, and f(x) = x + f2x2+f3x3 + -~. 

In this case, we write M = (g(x), /(*)). We denote by R the set of Riordan matrices. R is a 
group under matrix multiplication with the following properties: 
(0 (*<*), fix)) * (h(x), t(x)) = {g(x)h(f(x)), /(/(x))). 
(ii) / = (1, x) is the identity element. 
(iii) The inverse of Mis given by 

M~l = 1 
> / ( * ) jK/(*)) 

where / is the compositional inverse of/ 
(iv) If (a0,alya2,...)T is a column vector with generating function A(x), then multiplying 

M = (g(x\ /(*)) on the right by this column vector yields a column vector with generating 
function B(x) = g(x)A(f(x)). 

3. STIELTJES MATRIX 

Let L be Riordan and let L be the matrix obtained from L by deleting the first row. For 
example, if I is the identity, we have 

/ = 

0 
0 
0 
0 

1 
0 
0 
0 

. • : 
0 1 
0 0 1 . 
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Observe that L = IL. There exists a unique matrix, SL, such that LSL = L. We call this matrix 
the Stieltjes matrix of L. 

Example: If 

Z = 

then 

1 x 1 _ l-x' l-x) 

s,= 
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1 1 
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1 3 
1 4 

"l 1 
0 1 1 
0 0 1 1 
0 0 0 1 

0 
1 
3 1 
6 4 1 . 

0 

1 . 

4. PROPOSITIONS 
Proposition 1: If L = (g(x), f(x)) is Riordan and SL is tridiagonal, then 

(a) SL=\ 

h 
X, 
0 
0 
0 

1 
b 
X 
0 
0 

1 
b 
X 
0 

0 
l 
b 1 
X b 1 . 

0) 

iVoq/; Let 

/ = jc(l+ft/ + l / 2 ) and g = 1 
1 - Z>0X - XyXf 

iff JS^ is as in (a). 

SL = 

b0 1 
Xy by 

0 A2 

0 0 

0 
l 
b2 l 
X3 h 1 . 

With c,(x) the generating function for the z* column of L, / > 0, we have c, = g/"'. By looking at 
the first column of LSL and L, we obtain b0xg + Xxxgf = g -1, i.e., 

1 
*(*) = l-h0x- Xxxf 

For / > 1, we obtain from LSL = L, 
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ci=x{ci_l+bici+Xi+]cM). 

o f = x(l+bif + Ai+1f2) 
.: 0 = (ft, - bj)f + (Xi+l - XJ+1)f2 for all i and; > 1. 

.-. ft, = bj and Xj+1 = XJ+l for all / and; > 1. 

.". we can take ft = ftj = ft2 = ft3 = • • • 

and A — A2
 = ylj — A^ = • • •. 

.-. / = x(l + ft/ + ¥ 2 ) -

Remark: If 5^ is tridiagonal, it has the form in (a) and then either 

(a) 

(b) 

X = 0 and/ = 
l-bx 

and# = l-bx 
1 - (Z>i +b0)x + (bb0 - XJx2 or 

* « A* l-bx-J(b2-4X)x2-2bx + l , 1 
2 * 0 and/ = — and g = . 

2Xx 1 - b0x - X{xf 
Proposition 2: If L = (g, / ) is Riordan; then SL = SL*+bl if and only ifL = PbL*, where 

0 
1 

1 - bx' 1 - bx 

1 
ft 1 
b2 2ft 1 
ft3 3ft2 3b 1 
ft4 4ft3 6ft2 4ft 1 

(cf. [3], p. 171) 

Proof: Note that 

v = 
0 
0 
0 
0 

1 
ft 
0 
0 
0 

1 
ft 
0 
0 

0 
1 
ft 1 
0 ft 1 . 

= bl+l. 

So, 
Z = PfrZ*^>/L = /P*Z* 

=> Z = P*Z* = P'Sp* I* = Pb(bl+I)L* = bPbL*+PbIL* 

= bL + PbL* = bL + PbL* SL* = L(bl + SL*). 

Conversely, suppose SL =bl + $L*. Then 

PbL* (ft/ + SL,) = MP*!* = PbL* = PbbIL*+PbIL* = Pb(bl + T)L* 
= PbL* = I(PbL*) = PbL* 
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Proposition 3: If L = {g, / ) is Riordan and 

SL = 

b + s 1 
X + S b 1 

0 X b \ 
0 0 X b 1 
0 0 0 A A 1 

then Z, = P6^, where 

s 
X + S 

0 
0 
0 

1 
0 
X 
0 
0 

1 
0 
X 
0 

1 
0 1 . ' 
X o A 

Su = 

Proof: This follows immediately from Proposition 2. 

Proposition 4 (PCFFactorization): In Proposition 3, Ẑ  = CxFeS, where 

Q=(c(^2),xc(;ix2)) 
with 

C(X) = 1 + X[C(JC)]2 = 
l -Vl-4x ^, i 

2x 
^ 

v " y 
l 

^^^ir^?-* 
Proof: Let J^ = (ft,/!). Then, from Proposition 1, we must have, when 2 ^ 0 , 

1 x l-Vl-4^x2 

/i= ^ a n d & = Ifoc 

fx = xc(Ax ) and gx = 

Now, from section 2, property 1, we have 

CA, = (c(^Vc(^)).(T-^,*) = (T 

\-sx-{X + S)xfl 

1 
l-ac-(Z + S)x2c(Jbc2)' 

c(Ax2) 
.2\T2 6xc(/?x )-<5[xc(/fo: )] 

,xc(Ax2) 

But 
1 c</lx2) 

^2 / ^ _ 2 2 \ i 2 l-8X-(A + S)xzc(Axz) l-axc(Axz)-Sxz[c(Axz)] 
o> 1 - sxc(Ax2) - 8x2[c{hc2)]2 - c(Ax2)-zxc(Ax2)-(A + S)x2[c(Ax2)]2 

ol-c(x2) + Ax2[c(Ax2)f=0. 
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5. RECURRENCE RELATIONS AND ASYMPTOTICS 

We have proved that when L = (/(x), g{x)) is Riordan and SL is tridiagonal with the form 

sL = 

h 
A, 
0 
0 
0 

1 
b 
X 
0 
0 

1 
b 1 
X b \ 
0 X b 1 . 

then 

and 

/(*) = Jlfxn = 1~fa~^2"4^x2"2fa + 1 

w=0 2/bc 

1 

„=0 , -v-v/w 
Using the J.C. P. Miller formula (see Henrici [3]), we obtain for fn the three-term recurrence 

(#i + 2)/„+1 = (2n + l)Z>/„ + (1 - »)(ft2 - 42)/„_1, 

and for gn the five-term recurrence 

nAg„ = [{In-3)bA-nB]g^ + [(In-3)bB + (3-n)(b2 -AX)A-nC]gn_2 

+ [(2n-3)bC + (3-n)(b2 -4X)B]gn_3 +[(3-n)(b2 -AX)C]g„_4 

where A-X-Xx, B- Xxb + Xx\ -2Xb0, C = X[ -XxbbQ + Xb^. For the asymptotics, we use the 
methods described in Wilf [4, Ch. 5]. For large n, we obtain 

fn 
where b2 > AX > 0. 

(n + \yV2(b+24l) 
IX^^n 

n+1/2 

Because there are too many cases to consider, we do not attempt to provide a general for-
mula for the asymptotic value of gn. However, the examples in section 6 illustrate the techniques 
involved. 

6. EXAMPLES 

Example 1—Big Schroder Numbers: If we take X - 2, b - 3, Xx = X + 8- 2, and b0 - b + s - 2, 
then 

j . l - 3 x - v x 2 -6x + l , l - x - v x 2 - 6 x + l 
f= and g = . 

4x 2x 
g is the generating function for the Big Schroder numbers [1]. 
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and 

L = (g,f)with SL 

2 
2 
0 
0 
0 

1 
3 
2 
0 
0 

1 
3 
2 
0 

0 
1 
3 1 
2 3 1 . 

L--p%FW--[^,T^-y{^),^)),[TL-,x) 
1 
3 
9 
27 
81 

1 
2 
6 
22 
90 

1 
6 
27 
108 

1 
5 
23 
107 

1 
9 
54 

1 
8 
49 

o : 
i 
12 1 . 

0 1 
1 
11 1 . 

[1 
0 
2 
0 
8 

1 
0 
4 
0 

o ;] 
i 
0 1 
6 0 1 . 

-1 1 
1 -1 

-1 1 
1 -1 

1 
-1 
1 

0 

1 
-1 1 . 

Recurrence Relations: Here A = 0, B = 2, C = 0, (n + 2)/„+1 = 3(2» +1)/„ + (1 - «)/„_! for n > 1. 
/ 0 = 0 , / 1 = l. ng„_l = 3(2n-3)gn_2+(3-n)gn_3, (n + l)g„ = 3(2n-l)g„_1 + (2-n)g„_2, for 

Asymptotics: 

fn = [*"]/'(*)' 
(n + \y3'2 (b+2VI)"+1/2 _ (» +1)"3/2 (3 + 2>/2 ) n+1/2 

2A3/4V^ 2 - 2 3 / 4 - ^ 

„ . „ l - x - V x 2 - 6 x + l 
2x 

For large «, 

&-It^K*'-«r + l)».2/ .-f iL+ 1>'"P + 2 j 5 ' 
«+l/2 

23/4V^ 

Example 2—Le2endre Polynomials: We require 

*oo= 1 

We take 
r 2 - l 

4x2 -2tx + l 

t2-l 
X = , b = t, Xy =X + S 

4 l 2 
and bn=.b + e = t. 
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Triple Factorization: 

L = 1 2 ( l - f t -Vx 2 -2 f t + l) 
V*2-2ft + l ' (f2-\)y ( f 2 - l ) /4 0 , ( f 2 - l ) /4 ' 

sL = 

t'-i 

o s-i 1 
0 0 £=l t 1 
0 0 0 ^ / 1 

Recurrence Relations: Here A = ±g-,B= '-^-, C = ±£-. (n + 2)/„+1 = (2#i +1)//„+(1 - »)/„_!, 
for «>1. / 0 = 0, / , = l. »g-„-(4»-3)rg-„_1 + (3-2») ( l+2r 2 )^_ 2 +(4»-9)^_3+(3-»)^_ 4 , for 
«>4 . g0 = l,g1 = t,g2=^t1-^,g3=^-^. 

Asymptotics: We assume that 72 > 1, so that the roots of x2 - 2tx +1 = 0 are real. Denote these 
roots by f and r with | f \ < \ r\. We obtain 

vl/2 [*"]/(*) = -p—^lix2 -2ft +1) 

- 2 ^ | 1 (H + l ) " 3 7 2 ^ _ ^ 1 / 2 

/2-lJ(r)"+1 -2V^ I f 
1 Vr)" l(r)2-l 

r - w n + lV «#" 

[x"]g(x) = [x"](xi-2ft + l> \ - l /2 <r)' W+l 

V^((r)2-1) 
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