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1. INTRODUCTION AND PREPARATORY RESULTS

Let P,,n=0,1,2,..., be a sequence of integers that is defined by its exponential generating
function f{x) as

ian” Inl= £(%). ®

That is f{x) is a Hurwitz series in x.

As regards Bell numbers [ f(x) = exp{exp{x} —1}], Lunnon, Pleasants, & Stephens [4] and
Gessel [1] showed that, for each positive integer », there exist integers a,, g, ..., a,_; such that, for
alm=0,n=0,

P ta, 1 Poyny +-+ayF, =0 (modn!). )

Also, as regards tangent numbers [ f(x) = tanx], Ira Gessel [1] showed that, for each posi-

tive integer n, there exist integers b, b,, ..., b,_, such that, forall m>0,n>1,
+b, 4 Ppiney ++b Py =0 (mod (n—1)!n!).

m+n

In the same paper, congruences similar to the above are obtained concerning the derangement
num-bers and the numbers defined by f(x)=(2—exp{x})™" and f(x) = exp{x+x>/2}. In the
same area of research, Kyriakoussis [3] proved the congruence (2) in the case in which

J(0) = exp{g(x)}, for g(x)=Y ¢,/ /),
Jj=1
where the ¢;, j=1,2, ..., are integers.In [1], Gessel obtained the above congruence by introducing

the following method:
Using Taylor's theorem and (1), we have

fe+y)= Zf(k)(x)y Ik, f®E =4 L 3)

Setting y =S5(z) in (3), where the function S(z) is a Hurwitz series in z with S(0)=0 and
S7(0) =1 and multiplying both sides by some Hurwitz series H(z) with H(0) =1, we get

H2)f(x+S(z)) = ; FOH(Z)(S)F k.

If the functions H(z) and S(z) are chosen appropriately, the coefficients of Z>-z" on the left will be
integral. Then the coefficients of £-2- on the right is divisible by n!.
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In other words, Gessel's method can be applied to a given Hurwitz series f{x) if and only if
there exist Hurwitz series S(z) and H(z) with §(0) =0, $(0)=1, and H(0) =1, such that, for all
integers m and n, the coefficients of £-z" in H(z) f(x+S(z)) is an integer. That is,

H@) f(x+S8(2) = ZO Z;)Q(m, ")%Z”, “)
where the numbers (Q(m, n) are integers for all m and n.

In this paper we establish a necessary and sufficient condition on the function f{x), given by
(1), for Gessel's method to be applied, and we show the corresponding congruence concerning the
numbers P, n=0,1, 2,... . Moreover, we consider a wide class of functions f{x) to which Gessel's
method can be applied.

It is well known that Hurwitz series are closed under multiplication and that, if f(x) and g(x)
are Hurwitz series with g(0) =0, then the composition (f o g)(x) is also a Hurwitz series. In
particular, (g(x))* / k! is a Hurwitz series for any nonnegative integer .

Hurwitz series in two variables are of the form

where the numbers a,,, are integers. The properties of these series we will need follow from those
for Hurwitz series in one variable.
We also need the following results:

a. Let s7'(x) be the inverse function of the Hurwitz series s(x) with s(0)=0. Then s7'(x) is
also a Hurwitz series with s7(0) = 0, if £s(x)|_ =s'(0)=1
b. Let h(x) be a Hurwitz series. Then the function h_(IFS = (h(x))™" is a Hurwitz series if and only
if h(0)=1
2. THE MAIN RESULTS

A necessary and sufficient condition for Gessel's method to be applied is given by the follow-
ing theorem.

Theorem 1: Let f(x) be the exponential generating function of the integers P,,n=0,1,2,..., as

3 Ty &

given by (1). Then Gessel's method can be applied to the Hurwitz series f(x) if and only if there
exist Hurwitz series s(y) and A(y) with s(0) =0, s’(0) =1, and A(0) = 1, such that

f<x+y>=hcy)[<;Gn(x)<s<y))"} 5)

where the functions G,(x),n=0, 1,2, ..., are Hurwitz series in x.

- Proof: From relation (4) we can easily obtain relation (5), setting z = s(y) where s is the
inverse function of S, [H(s(y))]™" =A(y) and = O(m, n)x" /m! =G, (x)
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From our comments in section 1, we can easily see that s(y) and /#()) are Hurwitz series in y
with 5(0) =0, s'(0) =1, and 2(0) =1. Conversely, from relation (5) we obtain, in the same way,
relation (4).

Example 1: f(x)=tanx and we have
S (x+y)=tanx+(secx)? ) (tanx)"(tany)".
n=1

Consequently, A(y) =1, Gy(x) = tanx, G,(x) = sec? x(tanx)"!, n=12, ..., s(y)=tany, s'(z)=
arctan z, and Theorem 1 can be applied.

Now we show the corresponding congruence concerning the numbers P,,n=0,1,2, ....

From relations (1) and (3), we obtain

© ® k
f(x+y) mz_oI;)Pch m! k| (6)
Comparing relations (5) and (6), we obtain
> iPM?'",F—h(y)[ZG (x)(s(y))"] ™)
m=0 k=0

Setting y = s7'(z) in (7) and multiplying both sides by (4(s7'(z)))~}, we obtain

5 3 Bk s @)y O _ 56, 002"
m=0 k=0 =0 (8)

0 0

=Y S nommI i

m=0 n=0
where the integers O(m, n) are given by the relation
> O(m,m)x™ I m! =G, (x). )
m=0
From our comments in section 1, we can define the integers D(n, k), k=0,1,...,n, n=0,1,2, ...,

by
ZD(n k)2 It = (s~ @) EE (Z)) . (10)

n=k
Substituting (10) into (8) we get, on using the relation D(0,0) =1,

i i(ZD(n k) m+k)—"fz—! i in!Q(m,n)x;!—%.

m=0 n=0 m=0 n=0

Equating coefficients of £~ we get

m! nw

ZD(?’I k) m+k"n!Q(m’n)' (11)
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Now we consider a wide class of Hurwitz series f{x) to which Gessel's method can be applied,
by the following theorems.

Theorem 2: Gessel's method can be applied to the Hurwitz series f{(x), if

S (x)=(1+pg(x)%e”, (12)
where the constants «, §, and ¥ are integers and the function g(x) is a Hurwitz series such that
glx+y)= Y H,(x)(s(»))", Hy(0) =0, (13)
n=0

where the function s(y) is a Hurwitz series in y with s'(0) =1, s(0) =0, and the functions H,(x),
n=0,12, ..., are Hurwitz series in x.

Proof: From relation (12) we have, on using (13) and some well-known rules of multiplica-

tion of series

S =1 gl e {1 + By (<) + 3 H, (x)(S(Y))"} e
n=1
= [1 + i H, (x)(S(y))"} [1+ BH, (x)]" &’ &,
n=1

where H, (x) = H,(x)/[1+ H,y(x)] or

S e+2) =L+ By ()] Z(j‘)[z H:(xxs(y»"]

Jj=0 n=1

=[1+ pH, (x)]“e”””{l +i(j‘){i ()" S Hy () H, () Hy, (X)H’

m=j

where the inner sum is extended over all ordered j-tuples (n,,n,,...,n;) of positive integers such
that m +n, +---+n; =m or

fe =1+ p, (x)]“e’“{l I Z{Z ()2 @, (x)}(s(y))’"}

m=1] j=1
or

S+ ) =h0)S. G ()N, (14)

m=0

where h(y) =e”,G,(x) =[1+ BH,(x)]* €™ and

G, (x)=[1 +,BH0(x)]ae’“I:i (;x) YH,(x)-H, (x)}, m=12, ..,

(the inner sum is extended as before).
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Since G,,(x), m=0,1,2,..., are Hurwitz series in x and s(y), #(y) are Hurwitz series in y with
s(0)=0, s'(0)=1, and #(0) =1, we have, on using relation (14) and Theorem 1, that Gessel's
method can be applied.

Example 2: f(x)=(+ ftanx)”, a aninteger. We have y =0, g(x)=tanx, and
g(x+y) = tanx + (1+ tan’ x)y (tanx)"(tany)".
n=1
Consequently, s(y) = tany, H,(x) = tanx, H,(x) = (1+tan® x)(tanx)"! n=1,2, .., and Theorem
2 can be applied.

Example 3: f(x)=e"(1-pB(e*-1))"%, where a, B,y are integers. We have g(x)=-(e*-1)
and g(x+y)=—(e*—1)—e*(e” 1) Hence, s(y)=e’ -1, Hy(x)=—(e"-1), H(x)=—e", and
Theorem 2 can be applied.

Note that the above function f(x) is the exponential generating function for the moments for
the Meixner polynomials.

Theorem 3: Gessel's method can be applied to the Hurwitz series f(x) if

S () = exp{F(x)}, (15)
where F(x) is a Hurwitz series in x such that
F(x+y) =L(X)+iR,-(y)(r(X))"/j!, (16)
j=0

where L(x) is a Hurwitz series in x with L(0) =0, R,(y) is a Hurwitz series in y with R;(0) =0,
R{- (»),j=12,..., are power series in s(y)‘ with integer coefficients, s(y) is a Hurwitz series in y
with $(0) =0, s'(0) =1, and r(x) is a Hurwitz series in x with 7(0) = 0.

Proof: Introducing the exponential Bell polyomials B, = B, (b, b,,...,b,),n=0,1,2, ..., that
may be defined by their exponential generating function as

> B,t" I nl=exp{p(t)}
n=0
where ¢(t) =27, b,/ / j!, we get

J=177

exp{i R ()’ /J!} = S BRO) s RO /11, (17)

n=0

Explicit expressions for B, = B, (b,, b,, ..., b,) as functions of b, b,, ..., b, are given in Kendall
& Stuart ([2], p. 69).

Since R;(y), j=1,2,..., are power series in s(y), we have that B, ,n=1,2, .., are also power
series in s(y). Therefore,

BB, s ROD= Xy GOV, n=12,.., (18)

where the numbers «,, ;,i =0,1,2, ..., are integers.

n,is
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From relation (15) we have, on using relations (18), (17), and (16),

flx+y)= h(y)i G, (x)(s()', (19)
where h(y) = exp[Ry(¥)] and G, (x) = {exp[ L(x)]} X, «,, ;(r(x))" /n!, i=0,1,2,... . Since

R, (0) = L(0) = r(0) = 0, we have that A(y) is a Hurwitz series in y with 2(0) =1 and G;(x),i =0, 1,
2, ..., are Hurwitz series in x. We also have s(0) =0 and s'(0) =1. Consequently, using Theorem
1, we conclude that Gessel's method can be applied.

Example 4: f(x)= exp{Z}”:l cx'/ i}, ¢,i=1,2,..., integers. We have F(x)=3%72, ¢,x' /i and

F(x+y)= ic,-(x+y)" li= i(c,. /i)zl:(z.)xfyi'j
i=1 i=1 =0

0 i-1 /. © )
= FO)+FO)+ 36 D ([} = F+ FO)+ L RO )1

i=2 j=1 j=1

where
— - & i+ j—-1), . i
Rj(y): z G (._—.)|‘y ! :Z[ci+j(l+{ )(]—1)!]_)1 , J=L2 ...
i=j+1 ()] i=1

Thus, L(x)=F(x), Ry(»)=F(),R;(»),j=12,..., are power series in y with integer coeffi-
cients, s(y) = y,r(x) = x, and Theorem 3 can be applied.

Note that, for ¢; =0,i =3, 4, ..., the above f(x) is the exponential generating function for the
moments for the Hermite polynomials.

Example 5: f(x)=exp{a(e*-1)—-fx},aand S integers. We have F(x)=a(e* -1)+ fx and
F(x+y)=aE@ =)+ pB(x+y)=F(x)+F(y)+(e’ —Da(e* —1). Consequently, L(x)=F(x),
R =F©O),R(»)=¢"-1s(y)=¢e”-1,r(x) =a(e” —1), and Theorem 3 can be applied.

Note that, for f#=0, the above f(x) is the generating function for the moments for the

Charlier polynomials.
ACKNOWLEDGMENT

The author wishes to thank the referee for helpful suggestions.

REFERENCES

1. TIra Gessel. "Congruences for Bell and Tangent Numbers." The Fibonacci Quarterly 19.2
(1981):137-44.

2. M. G Kendall & A. Stuart. The Advanced Theory of Statistics. Vol. 1. Distribution Theory.
London: Griffin, 1969.

3. A Kyriakoussis. "A Congruence for a Class of Exponential Numbers." 7he Fibonacci
Quarterly 23.1 (1985):45-48.

4. W.F. Lunnon, P. A B. Pleasants, & N. M. Stephens. "Arithmetic Properties of Bell Num-
bers to a Composite Modulus 1." Acta Arith. 35 (1979):1-16.

AMS Classification Numbers: 11A07, 05A15

%0 % o2
EXT X T X

84 [FEB.



