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In 1972, Anaya & Crump [1] proved, for the Fibonacci numbers Fn, that 

akF„ + = Fn+k, n>k>\ (1) 

where a = (l + V5)/2 and [x] denotes the greatest integer < x. Carlitz [2] later proved, for the 
sequence of Lucas numbers Ln, that 

akL+4- = Ln+k, n>k+2,k>2. (2) 

Let P and Q be relatively prime integers with P > 0 and D - P2 - 4Q > 0. Let a and /?, 
a > J3, be the roots of x2 - Px + Q = 0; the Lucas sequences are defined, for n > 0, by 

Un = Un{P,Q) = ^-^~ and V„=V„(P,Q) = a"+fi". 
a-p 

In 1975, Everett [3] showed that, if Q = - 1 , then 

a*tf,+ P + l = Un+korU„+k+l, n>k>2, 

with the latter value obtaining when n and k are odd and 1 / (P 4-1) < \/3f Ut. 
The results of (1) and (2) can be extended to all Lucas sequences {U„} and {Vn} with 

Q - ±1, and, interestingly, in view of Everett's result, with no restrictions on n or k for n > k > 2. 
It seems, also, not to have been recognized, even for the case where P = 1, Q - -1 (i.e., for the 
sequences of Fibonacci and Lucas numbers), that the existence of the relations for a given pair, P, 
Q, for the sequence {Vn} implies the existence of the corresponding relations for the sequence 
{Un}. We show this dependence and obtain the extension of (1) and (2) to all Lucas sequences 
with Q = ±1 and n > k > 1. 

The proofs are straightforward. We recall that [b] - a iff 0 < b - a < 1. 

Lemma: Let k and n be integers, where n>k>\, and let t be a real number, 0< t < Jo 12. If 
iakVn+t]=Vn+k, thmlakUn + l/2] =Un+k. 

Proof: Let A = akVn - Vn+k and assume [akVn +1] = Vn+k. Then 0 < akVn +1 - Vn+k < 1; that 
is, -t<A<l-t. Now, 

A = akVn-Vn+k=ak(an+j3n)-(an+k+^n+k) = /]\ak~j3k) 
and 

akUn-U„+k=ak(an - (in)l' 41)'-(an+k - ()n+k)l JD = (]n{pk-ak)l 415. 
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Thus, akU„-Un+k = -A143, and - 1 < A < 1 - 1 implies 

(t-\)l4D<-Al4D<tl4D. (3) 
Noting that Z> = P 2 ± 4 > 5 , it follows from (3) that, if 0<t<415l2, then -\I2<-AI4D< 
1/2; hence, 0 < akU„ +1 / 2 - Un+k < 1, establishing the Lemma. 

In the following theorem, values of t are given such that [akVk +t] = Vn+k for all n>k>\. 
With one exception, (P, Q,k,ri) = (1, -1,1,1), we have 0 < t < -JD12; we observe, in particular, 
in(f), 7/5<-&/2<y[D/2 for g = -1 and P >2, and in (g), 1.1 < S 1 2 = 41)12 for Q = -1 and 
/» = 1. 

Theorem 1: 

(a) [akV„ +1 / 2] = V„+k if g = ±1, n > k + 2, k > 1, and (/», k, ri) * (1,1,3); 

(b) [akV„ + l/2] = V„+kifQ = \,n = k + l,k>l, 

(c) [akV„+l] = V„+kif 
fOP, k, ») = (!, 1,3), or 
[2 = - 1 , « = k +1, « odd, k>\; 

(d) [akV„] = Vn+k ifQ = -l,n = k + \,n even, k > 1; 
fg> [a"F„ ] = F2„ if Q = 1, or 0 = -1 and n is even; 
(0 [a"F„ + 7/5] = r 2 „ i fg = - land»isodd; 
(g) [a"V„ +1.1] = V2n if g = - 1 , P = 1, and «is odd, n > 1. 

/Voo/; Let g = +l. Since J°>0,JD>5, and 1/a = 2I(P + 415), we have 0 < l / a < 
2/(l+V5)<.62 for all P, and Ma<2/(2 + S)< 1/2 ifP>2. We show that the relation 
[b] - a holds in each case by showing that \b-a-\l2\<\!2. For any /, 

akV-V^+t n r n+k P\aK-pk) + t n+k\ Qn(\lan-Ic-Qc /a"+lc) + t (4) 

Casel. «>A: + 2,yt>l,/ = l/2,(P,A:,n)^(l,l,3). By(4), 

1 
«%-K+k+t- \Qn(\la"-k-(? /a"+k)\ <| l /a"- f c | + | l / a n+k 

If P>2, this sum is <( l /2) 2 + (l/2)3 < l / 2 , and if P = land«>4, the sum is <(.62)2 + 
(.62)5< 1/2; this proves (a). 

Case2. n = k + \,k>\. If Q = 1 and t = 1/2, (4) equals \1/a-l/a2"~l\. Since D = P2-4 
>0, P>3, implying that 0 < l / a < l / 2 ; hence, \\la-\la2n~l\= l/a-l/a2"'1 < \la<M2, 
proving (b). If (P, k, n) = (1,1,3), then 0 < P2 -4Q = 1 - AQ implies Q = -\, and 

akV„+\ = alLi + l = 4-(l + 45)l2 + \K 7.472; 

thus, [aLy +1] = 7 = V4. If g = - 1 , f = 1, n = k +1, £ > 1, and n is odd, (4) equals 
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-l/a + (-l)k/a2"-l+- \la-{-\fla 2n-\ 1 

Since n2*3, 0 < l / a ± l / a 2 " - 1 <.62 + (.62)5 <l, so \\la-{-\)kIa2n~l-H2\<\/2, proving (c). 
If g = - l , f = 0, and n is even, (4) equals | l /«-(-!)*/a2""1-1/2| . Since 0 < l / « ± l / a 2 n _ 1 < 
.62 + (.62)3 <1, \l/a-(-l)k/a2"'1 -l/2\<l/2, proving(d). 

Case 3. n = k. In this case, (4) is | 0"(1 - (0I a2)") +1 - 1 / 21. If 0 = 1 and t = 0, this equals 
| l / 2 - ( l / a 2 ) " | < l / 2 , proving (e) for 0 = 1; if 0 = - l , t = 0, and n is even, (4) has exactly the 
same value as for 0 = 1, t = 0, completing the proof of (e). If 0 = - 1 , t = 7/5, and n is odd, (4) 
equals 

-4~+— <(.62)2+.10<-, 
a2" 10 v ' 2 ' 

proving (f). If 0 = - 1 , P = 1, t = 1.1, and n > 1 is odd, then (4) equals 

(, 1 x 
- 1 + ^ 5 -

V a2\ 
\ 9 
+— ) 10 

- 1 + -
a 

In 
11 1 

_l 
10 2 ~ = -40 — 

a 2w = -4- + -40<(.62)6+.40<-, 
a 

establishing the last relation of the theorem. 

As noted in the paragraph preceding Theorem 1, the hypothesis of the Lemma is satisfied for 
n > k > 1, with one exception, yielding the following theorem. 

Theorem 2: If Q = ±1 and n > k > 1, then [akUn +1 / 2] = C/W+Jt with the single exception Un = Fn 

with n-k-\. 

It should perhaps be mentioned that the exception was properly excluded in (1) at the 
beginning of our paper, but that the case n - k = 1 was mistakenly included in [1]. In the interest 
of completeness, we observe that [aFx] = [(1 + V5) / 2] = 1 = F2. 

Example 1: Let P = 3, Q = - 1 , n = 5, k = 4. The first ten terms of {Un(3, -1)} (0 < n < 9) are 
0, 1, 3, 10, 33, 109, 360, 1189, 3927, 12970. Therefore, U9 = 12970. Since a2-Pa + Q = 0, 
a2 = 3a +1, and a4 = 9a2 + 6a +1 = 33a + 10. (It is easy to show, incidentally, that ar = Ura -
QUr_x for r > 0.) Hence, 

a4U,+~ = 33 
V 

109 + -»12970.58397, 
2 

showing that [a4C/5 +1 / 2] = U9. 

Example 2: Let P = 6,Q = l,n = k = 4. Using a2 = 6 a - 1 , we find that a4V4 = 1331714.99"1", 
implying Fg = 1331714, by Theorem 1(e). This agrees with the result obtained using the well-
known formula V2n = V2 -2(2", recursively, for n = 1,2, and 4. 
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The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for the first 
30 volumes of The Fibonacci Quarterly have been completed by Dr. Charles K. Cook. Publication of the 
completed indices is on a 3.5-inch, high density disk. The price for a copyrighted version of the disk will be 
$40.00 plus postage for non-subscribers, while subscribers to The Fibonacci Quarterly need only pay $20.00 
plus postage. For additional information, or to order a disk copy of the indices, write to: 

PROFESSOR CHARLES K. COOK 
DEPARTMENT OF MATHEMATICS 
UNIVERSITY OF SOUTH CAROLINA AT SUMTER 
1 LOUISE CIRCLE 
SUMTER, SC 29150 

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices for 
another wordprocessor or for a non-compatible IBM machine, please explain your situation to Dr. Cook 
when you place your order and he will try to accommodate you. D O N O T SEND PAYMENT W I T H 
YOUR ORDER. You will be billed for the indices and postage by Dr. Cook when he sends you the disk. 
A star is used in the indices to indicate unsolved problems. Furthermore, Dr. Cook is working on a 
SUBJECT index and will also be classifying all articles by use of the AMS Classification Scheme. Those who 
purchase the indices will be given one free update of all indices when the SUBJECT index and the AMS 
Classification of all articles published in The Fibonacci Quarterly axe completed. 
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