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PROBLEMS PROPOSED IN THIS ISSUE 

H-490 Proposed by A. Stuparu9 Valcea, Romania 

Prove that the equation S(x) = p, where/? is a given prime number, has just 2P~2 solutions, 
all of them in between/? and/?!. [S(n) is the Smarandache Function: the smallest integer such 
that S(n)! is divisible by «.] 

H-491 Proposed by Paul S. Bruckman, Highwood, Illinois 

Prove the following identities: 

H-492 Proposed by H.-J. Seiffert, Berlin, Germany 

Define the Fibonacci polynomials by F0(x) = 0, Fl(x) = l, Fn{x) = xFn_x{x) + Fn_2{x), for 
n > 2. Show that, for all complex numbers x and y and all nonnegative integers n, 

[«/2] / x 

Z ?P^W^-2*(y) = ̂ ^ ( ^ / ^ (i) 
k=0 ^ ' 

where z = (x2 +y2 + 4)1/2. [ ] denotes the greatest integer function. 
As special cases of (1), obtain the following identities: 

j:(l)F2_2k=(T-(-2y)/5, (2) 
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i{n
2"ky2kF4k=5"-\4"-l) (4) 

S fc^W+.W = 5"(22n+1 +1), (5) 

[n/2] / \ 

Y.^)k\n
k)F2n.,kP„-2k=FM, (6) 

k=Q V / 

where i* = i^(2) is the j * Pell number, 
[n/2] / \ 
Z (-1)M^]("] = F„. (7) 

(5,«-2A:)=l 

The latter equation is the one given in H-444. 

SOLUTIONS 

Sum Problem 

H-477 Proposed by Paul S. Bruckntan, Edmonds, Washington 
(Vol 31, no. 2, May 1993) 

Let 

Fr(x) = zr-r£akzr-l-k, (1) 
k=0 

where r > 1, and the ak
%$ are integers. 

Suppose Fr has distinct zeros 0k, k = 1,2,..., r, and let 

r» = 2>*> /! = 0,1,2,.... (2) 
it=l 

Prove that, for all primes/?, 
J^sa^modp). (3) 

Solution byH.-J. Seiffert, Berlin, Germany 

From (1), it follows that 

(-l)*at= (-1)^(0,, ...,0r)= I VA+1> (4) 
l< / ,< - - -< / A + l<r 

for k = 0,..., r - 1 , is the (£ + l)th elementary symmetric polynomial. Let Sr denote the set of all 
permutations of {1,.,., r} . For the Muple (j\,..., j r ) , where 0 < jx < • • • < yr < /? and Ji + ~- + Jr = 
/>, we define an equivalence relation on Sr by n~ a if and only if (A(1)?...?A(r)) = (ja(i),---,icr(r))-
Let Al9..., 4w denote the equivalence classes with respect to this equivalence relation. For each 
n G {1,..., m), we choose a permutation ^ G ^ I - Then the polynomial 
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is symmetric. By the fundamental theorem on symmetric polynomials (see A. I. Kostrikin, Intro-
duction toAlgrbra [Springer-Verlag, 1982], pp. 281-84), there exists a polynomial Qjx,„.jr having 
integer coefficients such that [see (4)] 

ph,_Jr(Pi,..., er) = e,„ ...,,„(% •••> «,-i)- (5) 

The multinomial theorem gives 
f r Y 

\k=l 
Jl+-+Jr = P 

or, in view of (2) and after a little sorting, 

°S=Vp+ I {]* j)Ph J&>"'0r). (6) 
J\+---+jr=p 

Equations (5) and (6) show that Vp is indeed an integer. It is well known that 

G,',7>o(mt'<",) (7) 

for all primesp and r-tuples (Jl9..., jr) with 0<jh...,jr<p and jx + • *• + jr - p. (5), (6), and 
(7) imply Vp = a£ (mod/?). Using Fermat's little theorem, we obtain Vp = a0 (mod/?), the desired 
result. Finally, we note that the result remains true, if the zeros 0h...,0r of Fr are not distinct. 
In such cases, each zero of Fr must occur in the defini-tion of Vn respecting its multiplicity. 

Comment on H-477: Using the result of H-477 (including my final remark), it is very easy to 
solve the following problem (O. Such, Problem 10268, Amer. Math Monthly 99.10 [1992]:958). 

Define a sequence (Vn) by 

VQ = 3, Vx = 0, V2 = 2 , V„+3 = Vn+l +FM, for all n > 0. 

Ifp is a prime, show that p\V. 

According to the result of H-477, we only have to show that 

V„ = &l + F2+y3,neNQ, (8) 
where 

(z-0l)(z-O2)(z-e3) = 2?-z-l. (9) 

To do so., it suffices to show that (8) holds for n = 0,1,2. For n = 0, (8) is true, since V0 = 3. For 
n = 1, it follows from (9) and Vx = 0. From (9), we get 0X02 + 0203 + 030x = - 1 . Hence, 

0 = V2 = (0! + $2 + 03f = 0j + 05j + ^3 + 2(0!02 + $2$3 + ^ i ) = 0? +0£ +0? - 2 

implies F2 = 2 = 0l + 02
2 + 02

3. 

Also solved by A. G Dresel, F. J. Flamigan, L. Somer9 L. VanHamme, and the proposer, 
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String Along 
H-478 Proposed by Gino Taddei, Rome, Italy 

(Vol 31, no. 3, August 1993) 

Consider a string constituted by h labeled cells cx, c2,..., ch. Fill these cells with the natural 
numbers 1, 2, ..., h according to the following rule: 1 in cl9 2 in c2, 3 in c4, 4 in c7, 5 in c u , and 
so on. Obviously, whenever the subscript j of Cj exceeds h, it must be considered as reduced 
modulo h. In other words, the integer n (1 < n < h) enters the cell c^nh), where 

Y IA ln2-n + 2\ 

and the symbol (a)b denotes a if a < b, and the remainder of a divided by b if a > b. 
Determine the set of all values of h for which, at the end of the procedure, each cell has been 

entered by exactly one number. 

Solution by PaulS. Bruckntan, Highwood, Elinois 

Let U(h) = Uh„=l{j(n, h)} and V(h) = {1,2,..., h). We seek to characterize the set 

S = {heZ+:U(h) = V(h)}. 
Clearly, leS,2eS. 

First, we show that, if h eS, h>\, then h must be even. Suppose h> 1 is odd. Clearly, 
y(l, h) = 1 for all h. Also, j(h, h) = (h • y (h -1) + l)h -1, since j(h-l) is an integer. Since h > 1, 
• Cj and ĉ  are distinct cells; however, they are both occupied by the number 1, which shows that 
h &S if/*isoddand h>\. 

Suppose h = 2r (mod 22r+1), r = 0,1,2,... Then 

Also, 7(1, A) = 1. The only way for cells q and c r to be identical is for h = 2r; otherwise, h <£ S. 
In other words, all elements of S must be powers of 2. 

Define the ordered A-tuple W(h) = (y(l, h\ y(2, /i),..., 7'(A, /?)) = (1,2,4,...), which orders the 
elements of UQi) according to the cell numbers. We first show that, for all h, 

W(2h) ES (W(h)9 W*(h)) (mod h) where W*(h) denotes 
the transpose oiWQi) [W(h) in reversed order]. (1) 

Proof of (1): We first observe that, if 1 < n < h, 

j(n,2h) = j(n,h)(modh). (2) 

Also, j(2h + l-nah) = Q(2h + l-n)(2h-n) + l)2h = (2h2-2nh + h + ^ 
(±(n2 -n) + l + h)2h ^{±{n2-n) + \\ (mod/*), or 

j(2h +1 -n,2h) = 7(w?h) (modA), l<n<h. (3) 

We see that (1) is a consequence of (2) and (3). 
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Suppose now that h = 2r
yr>2. Then j(n + h, 2h) = (±(n + h)(n + h -1) + l)2h = <y (n2 -ri) + 

^/i(2/i--l) + | / i V l ) 2 ^ = (|(w2-w) + l+j( / i 2 - / i ) + /i/i>2^ If 7i Is even, then \{h2-h) + nh = 
±{h2-h) =2r-1(2 r- l )(mod2r + 1)^-2r-1^-i / i (mod2/i) ; if n is odd, then ±(h2 -h) + nh^ 
\(h2 + h) = 2r"1(2r +1) (mod 2r+1) = 2r~l = \h (mod 2h). In either case, we see that, if h = 2r, 
r > 2, then jf(w, 2/i) = j{n + h, 2h)+\h{-lf, so 

j(n,2h)*j(n + h,2h\ \<n<h. (4) 

We may now complete the proof of the desired result, namely, 

S = {1,2,22,23,...} = the set of all nonnegative powers of 2. (5) 

Our proof is by induction (on r). We suppose A = 2r, r > 0, and h GS. (Indeed, we already know 
that 1 GS,2 GS). Then the elements of W(h) are distinct (mod h) and, a fortiori, (mod 2h). 
Also, (1) holds. Therefore, the first (and also the last) h elements of W(2h) are distinct. More-
over, it follows from (4) that the elements of the first half of W(2h) are distinct from the elements 
of the second half of W(2h). We conclude that 2h GS as a consequence of h GS. Since W(4) = 
{1,2,4,3}, thus 4 G S. Then, by induction, (5) is established. 

Also solved by P. G Anderson, M Barile, P. Filipponi, J. Hendel, N. Jensen, and A. K 
ft Woord 

Close Ranks 
H-479 Proposed by Richard Andre- Jeannin, Longwy, France 

(Vol 31, no. 3, August 1993) 
Let {FJ be the sequence defined by V0 = 2,VX = P, and Vn = PVn_x = QVn_2 for n > 2, where 

P and Q are real or complex parameters. Find a closed form for the sum 

t(2nn-{l)pkQ"-%-

Solution by Paul S. Bruckman, Everett, Washington 

Let 

Sn = t(2nn-{l)pkQn~%> t = 1,2,.... (1) 

Replacing kby n-k yields 

^ = lf";l+*Vf cevn_f c . (2) 
We seek to prove the following: 

S„ = P2", /i = 1,2,.... (3) 
Toward this end, let 

i J ^ ^ - P 2 ^ , 11 = 1,2,.:.. (4) 

We may proceed to evaluate Dn in a straightforward manner, though not without some useful 
"tricks." Thus: 
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\^(n + k\ Dn+\-, n-l 

D„=l„ )pn+l-kQ%+i-k - 1 „ i i \p™-K<ivn_k 
n-l + k\pn+2-knkj. 

n+lf„ , y„ i \ n-l 

k=l 

fl + k ~ I) j^n+2-k^k-lr Z IYI -h K ~ 1 vn+2-knk-lT/ \^tn±K-l\ r>n+2-knkj/ 

n V Q V»+2-k-L[ n-l ) P VV»-* k=0 

Tl + k - 1 | nn+2-knikj 

= ( ? ) ^ e ^ i + ( 2 V ^ ' G " - ^ -pn+v„ 
+ V pw+2~fc0^-1 W + & - 1 

n 
n + k-l 

'n+2-k { n „ \ QVn-k 

+YdPn+2~kQ 2-kr\k-\ n + k~l\pVn+1_k-QV„_k)-(n+
n

k_-l\QVn_k 

In -1\ D4^»-i n-2 
i-i^i_pin.2^+xr7 PW+2-^V„_, n + k 

n-l 

-I 
£=0 

'n + k-l\ (n + k-l 
n r TI -1 

jn+2-k/^k, QX-k 

= (2 V*) p4en_1 - ^" + X+1 ("; *) P-^QX-K - 1 (" J *) pn+2-kQkvn 

= ni(n+
n

k)p"+2-kQkK-k - "i{n+
n

k)p"+2-kQkK-k = o. 

We have tacitly assumed that n > 2 in the above development; it is a trivial exercise to verify that 
Sl = P2, S2 = P4. Therefore, by an easy induction, since Dn = 0 for all n > 1, (3) is established. 

Also solved by P. Filipponi, N. Jensen, H.-J. Seiffert, A. Shannon, and the proposer. 
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