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A composite number n is called a pseudoprime if n\2n -2. Until 1950 only odd pseudo-
primes were known. So far, little is known about even pseudoprimes. D. H. Lehmer (see Erdos 
[5]) found the first even pseudoprime: 161038 = 2-73-1103. In 1951 Beeger [2] showed the 
existence of infinitely many even pseudoprimes and found the following three even pseudoprimes: 
2-23-31-151, 2-23-31-1801, and 2-23-31-100801. Later Maci^g (see Sierpiiiski [9], p. 131) 
found the following two other even pseudoprimes: 

2-73-1103-2089 and 2 ( 2 ~l)i2 ~l) =2-2334103-2089-178481. 
47 

The first-named author in his book [8] put forward the following problems: Does there exist 
a pseudoprime of the form 2"-2? (problem #22) and: Do there exist infinitely many even 
pseudoprime numbers which are the products of three primes? (problem #51). 

In 1989 McDaniel [4] gave an example of a pseudoprime which is itself of the form T -2-
2(2**-1) by showing that 2 ^ - 2 is a pseudoprime if M = 465794 = 2 • 74 • 97, p = 37, and 
0 = 12589. 

In connection with the second problem, McDaniel [4] found the following even pseudo-
primes: 2-178481-154565233 and 2-1087-164511353. 

In 1965 (see [7], [6]) the first-named author proved the following two theorems: 

1. The number pq, where/? and q are different primes is a pseudoprime if and only if the number 
(2P -1)(2* -1) is a pseudoprime. 

2, For every prime number p (7 < p ^ 13), there exists a prime q such that (2P - V)(2q -1) is a 
pseudoprime. For p = 2, 3, 5, 7, and 13, there is no prime q for which (2p - V)(2q -1) is a 
pseudoprime. 

If the number 2(2^ -1), where p is a prime, is a pseudoprime, then 2P - l\22P+l~3 - 1 ; hence, 
2p+l = 3 (mod p), which is impossible. McDaniel [4] showed that, if n satisfies the congruence 
2n+l = 3 (modw), then 2(2" -1) is an even pseudoprime for n - pxp2 if 2Pl+1 = 3 (mod p2) and 
2P2+l = 3 (mod Pi). Here we shall prove the following theorem. 

Theorem: Let p and q be primes and d be a divisor of (2P - T)(2q -1). If d is coprime to p and q 
and not divisible by either 2P -1 or 2q -1, then 2(2 ~]f2 -1) is an even pseudoprime if and only if 
2(2^-1) • i * 

-^~2—- is an even pseudoprime. 
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Proof: Let M = (2P - l)(2gr -1) , N = 2pq -1, where/? and q are distinct primes. Suppose dis 
a divisor of M that is coprime to pq and which is divisible by neither 2P -\ nor 2q - 1 . First note 
that M = N {modpq). Indeed, M = 2q-l = N (mod/?) and, similarly, M = -N (mod g), so that 
the assertion follows. Next let l{rn) denote the exponent to which 2 belongs modulo the odd 
natural number m, so that 2m is an even pseudoprime if and only if l(m) \2m-l. Now it is easy to 
see that, if d has the stated properties, then £(^f) = l(^j) = pq. Thus, ?jf- is an even pseudoprime 
if and only if pq \2jf- - 1 if and only if pq \~- - [since M = N (mod pq) and (pq, d) = 1] if and 
only if 2j- is an even pseudoprime. Q.E.D. 

0 2 3 ^ 0 2 9 

47 
rem, we get the pseudoprime 
Example: Since 47 is coprime to 23-29, from Maci^g's pseudoprime ——|P——, by the Theo-
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For d= 1, we get the following corollary from the Theorem. 

Corollary: The number 2(2^ - l)(2g -1) is a pseudoprime if and only if the number 2(2 M -1 ) is a 
pseudoprime. 

Example: By the Corollary, from McDaniel's [4] pseudoprime 2(237'12589 - 1 ) , we get the pseudo-
prime 2(237 -1)(212589 - 1 ) . 

Using the method presented in the paper of McDaniel [4] and the tables in [3], we found the 
following 24 even pseudoprimes with 3, 4, 5, 6, 7, and 8 prime factors: 

2-311-79903, 2-1319-288313, 2-4721-459463, 2-7-359-601, 2-23-271-631, 
2-31-233-631, 2-127-199-3191, 2-127-599-1289, 2-73-631-3191, 2-7-191-153649, 
2-47-311-68449, 2-7-79-7555991, 2-151-383-201961, 2-73-271-2940521, 
2-89-337-11492353, 2*23-31-151-991, 2-73-631-991-3191, 
2-233-1103-2089-12007-178481, 2-233-1103-2089-178481-458897, 
2-233-1103-2089-178481-88039999, 2-233-1103-2089-12007-178481-458897, 
2-233-1103-2089-12007-178481-88039999, 2-233-1103-2089-178481-458897-88039999, 
2-233-1103-2089-12007-178481-458897-88039999. 

Beeger's [2] proof of the existence of an infinite number of even pseudoprimes has been 
based on the fact that, for every even pseudoprime ax = 2n, there exists a prime p such that 
a2 - pax is also a pseudoprime. We shall repeat it shortly. By a theorem of Bang [1], it follows 
that there exists a prime/? (called a primitive prime factor of 22n~l - 1 ) for which holds 22""1 = 1 
(mod/?), 2X # 1 (mod/?), 1 < x < 2n-1, and/? = 1 (mod 2(2n-1)), which leads to the fact that pax 

is a pseudoprime. We can take instead of a primitive prime factor of 22n~l - 1 any other factor of 
the same number that is =1 (mod 2(2« -1)) and coprime with % if it exists. So the infinite 
sequence a^a^ . . . , has the property 2 <al\(ai,aJ) for i^j. Thus, the following problem arises: 

1. Does there exist an infinite sequence % a 2 , . . . of even pseudoprimes such that (a^cij) = 
2 for every / * jl 
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It is easy to see that if the problem #51 mentioned at the beginning of the present paper has 
an affirmative answer then there is a positive answer to problem 1, but problem 1 seems to be 
easier. 

We also do not know the answer to the following question: 

2. Does there exist an integer n such that n and n + 1 are pseudoprimes? 
It would be of interest to investigate the case of n even or odd separately. 
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