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1. INTRODUCTION 

The Hermite polynomials belong to the system of classical orthogonal polynomials [7, 10] 
and they are defined by means of the following relation [1, 7]: 

oxp(2st-t2) = J^HL($)tL/L\. (1) 
L=0 

All the zeros of the Hermite polynomials are real, distinct, and are located in the open interval 
(-oo, oo) [7, 10]. The Hermite polynomials of even degree have no zero at the origin, while each 
Hermite polynomial of odd degree has a simple zero at the origin [7]. The purpose of this article 
is to present an elementary proof that all the nonzero zeros of the Hermite polynomials are 
necessarily irrational. 

2, BASIS OF THE PROOF 

Our proof of the irrationality of the nonzero zeros of the Hermite polynomial Hn(s) is based 
on the following facts: 

(a) All the coefficients of the Hermite polynomials [1] are integers. 
(b) A factor 2m$r can be pulled out of H„(s), n > 1, such that the remaining factor R$(s) is 

an even polynomial in s of degree 2k, still containing only integers as coefficients. The non-
negative integers rn, r, and k are given by 

ai = [(w + l)/2], r = n-2[n/2l k = [n/2], (2) 

where [t] is the greatest integer < t. Note that nt = r + k, and that r is zero (unity) when n is even 
(odd). 

(c) The constant term of B$(s) is (-if (2k + 2r -1)!!, where 

(2/i-l)!! = l-3-5"-(2w-l), n>\. (3) 

We follow the convention that (-1)!! = 1. All the factors of the constant term of B$(s) are odd. 
(d) The leading coefficient (i.e., the coefficient of the highest power of s) in E$(s) is 2k, 

whose factors are of the form 2\ 0<c<k,c being a nonnegative integer. 
(e) The constant term of ^(s) is odd, while all the other coefficients are even and nonzero. 
(f) The zeros of ^(s) are just the zeros of Hn(s), n > 1, when n is even. If n is odd, the 

nontrivial zeros of Hn(s) are simply the zeros of ^(s), the trivial zero being the one located at 
the origin. The last result follows from the fact that HL(s) has a definite parity [10], 
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(5) 

(6) 

HL(-s) = (-\)LHL{s), L>0, (4) 

so that H2M+l(s), M > 0, is an odd polynomial in s and, hence, is zero at the origin. 
(g) For all p,qGZ, 2p±(2q + l) = 2(p±q)±l*0. 
Thus (see [6], p. 81), for example, 

H6(s) = 64s6 - 480/ + 720s2 -120 
= 8(8/-60s4+90$*-15), 

and 
H9(s) = 5l2s9 -9216/ + 48384/ -80640/ + 302405 

= 325(16/ - 28856 +151254 - 2520/ + 945). 

Using the power series expansion of the Hermite polynomials [1], 

= y ( 1) Ll{2s) ( ? ) 

g=o Q\(L-20)\ J 

and the relation 

(2M)\ = 2MM\(2M-l)\\, -M= 0,1,2, 3,..., (8) 

we can prove the results (a)-(e) given above. In Section 5, we prove these results for the case in 
which n is even. Using similar arguments, one can easily establish the results for odd values ofn 
also. 

3. ZEROS CANNOT BE NONZERO INTEGERS 

An immediate and interesting consequence of the result (e) of Section 2 is the fact that no 
nonzero integer (positive or negative) can be a zero of Hn(s), since 

fi$ (integer) = even # ± odd # = odd # * 0 

(see result (g) of Section 2). Thus, Hn(s), n>\, is nonzero whenever s is an integer ^ 0. Hence, 
the zeros of Hn(s) are neither positive nor negative integers. 

4. NO RATIONAL ZEROS 

If BID, where B and D are integers, is a rational zero of a polynomial whose coefficients are 
all integers, and if BID is in its lowest terms, then B must be a factor of the constant term and D 
must be a factor of the leading coefficient (see [5], Theorem 9-14, p. 303). Thus, a nontrivial 
rational zero of the Hermite polynomial, being a rational zero of R$(s), whose coefficients are all 
integers, would be of the form BID, where B = odd # and D = 2C, where c = 0, 1, 2, ..., k. 
(Remember results (c) and (d) of Section 2.) The case c = 0 corresponds to an integer as a pos-
sible zero and, hence, can be ruled out (see Section 3). Using (7), it can be shown that 

2w(c-1)#ll(odd #I2C) = odd #* 0, n > 1, c > 1. (9) 

For a proof, see Section 6. Since 2"(c_1) * 0, s = odd #12° cannot be a zero of Hn(s). We con-
clude that the Hermite polynomial Hn{s), n > 1, has no nonzero rational zeros. 
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5. PROOF OF CERTAIN RESULTS FROM SECTION 2 

We now prove some of the statements given in Section 2 for the case in which n = even #. If 
the coefficient of s2N~2Q in H2N(s), N > 1, is A2N_2Q, then, from (7) with L = IN, 

A2N-2Q = H)Q(2N)\22N-2e/{QK2N-2Q)\}. (10) 

Now, when K is a positive integer, (2K)! = (2K)(2K - l)(2K - 2)(2K - 3) • • • 4 • 3 • 2 • 1, and since 
(-1)!! = 1 (see result (c) of Section 2), we have 

(2M)\ = 2UM\(2M-\)\\, M = 0,1,2,3,.... (8) 

It follows from (8) and (10) that 

A2N_2Q = 2N{-\f[^2N-Q{{2N~\)\\l{2N-2Q-l)\\}. (11) 

In (11), the binomial coefficient (*£\ is necessarily a positive integer; the expression within the 
braces {• • •} is essentially an odd positive integer, since Q<N, and both Q andNare nonnegative 
integers. The phase factor (-l)Q is an odd integer (= ±1). The factor 2N~Q is even as long as 
Q * jV; for the constant term of H2N($), this quantity is just unity and, hence, odd (as Q = N). 
The leading coefficient of H2N(s) is A2N = 22N (since 2 = 0). It is now clear from (11) that all 
the coefficients of H2N(s), N>1, are integers. Moreover, a factor 2N can be pulled out from all 
the coefficients of H2N(s), but still the coefficients of B^is) are all integers. The constant term 
of B$(s) is odd, the leading coefficient is 2N (= even #) and all the other coefficients are even 
numbers. Incidentally, 

H2N(0) = A, = (-l)N2N(2N-l)\\*0, (12) 

and, hence, H2N(s) can never be zero at the origin. It follows from (12) that the constant term of 
B$(s) is just (-l)N(2N-1)!! = odd #* 0. 

6, PROOF OF RELATION (9) 

Let us now present the proof of (9) when n = even #. The proof is similar for the case when 
n = odd #. 

Using (7) and (11), we have, with c > 1, N>1, 

2mc-DH2N(odd #/2c) = Y,(-l)Q(n)2Q(2c~l)(oM #)2N~2Q 

2=o \¥J (13) 
x {(2N-l)\\/(2N-2Q-l)\\}. 

In the right-hand side of (13), the first term in the summation (i.e., 2 = 0 term) is odd. For all the 
other terms, Q>\ Q(2c- l )> l , and, hence, 2Q{2c~l) - even#>2. Therefore, except for the 
first term, all the remaining terms are definitely even. Hence, H2N(odd #/2c) ^ 0 and s = odd #/2c 

cannot be a zero of H2N(s). 
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7. CONCLUSION 

Zeros of the Hermite polynomials, if nonzero, are irrational. Using a computer program, we 
verified statements (b)-(e) of Section 2 and the results presented in Sections 3 and 4 for n < 12. 
Readers familiar with Gaussian quadrature are practically aware that the nonzero zeros of Hn(s), 
2<n<20 (say), are irrational [3,4]. 

Recently, in connection with our work [9], we have been informed by the Editor of The 
Journal of Number Theory that the collected works of Professor I Schur [8] contain a proof that 
the zeros of the Hermite and Laguerre polynomials are irrational. However, we are unable to 
access this material, independent of which our work was done, for verification. In fact, we 
learned about Schur's work [8] and Gow's work [2] only after [9] had already been accepted for 
publication and was subsequently rejected. The proof due to Professor Schur [8] should he 
delightful and, hopefully, distinct from ours! 
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