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1. INTRODUCTION

Let us consider the generalized Fibonacci polynomials U,(p,q; x) and the generalized Lucas
polynomials V,(p,q; x) (or simply U, and V, if there is no danger of confusion) defined by
U,=(x+pU,,—qU,, U,=0,U, =1, 1.1
and
Vio=(x+pW,=qV, o, h=2V1=x+p). (1.2)

The parameters p and g as well as the variable x are arbitrary real numbers and we denote by
a =a(x) and f= f(x) the numbers such that ¢+ f=x+p and aff=q. The polynomials U,
and V, can be expressed by means of the Binet forms

U,,:“L;fn, for A %0, (1.3)
and
V.=a"+p", (1.4)
where
A=A(x)=(x+p)*-4q. (1.5)
Recall that
a=((x+p)+A?) /2, p=((x+p)-A"%)/2. (1.6)

Notice that A > 0 for every x if ¢ <0 for all x sufficiently large if ¢ > 0.

Particular cases of U,(p,q;x) and V,(p,q; x) are the Fibonacci and Lucas polynomials
(F,(x) and L,(x)), the Pell and Pell-Lucas polynomials [6] (F,(x) and O,(x)), the first and the
second Fermat polynomials [7] (®,(x) and ®,(x)), the Morgan—Voyce polynomials [1, 2, 5, 8, 9,
10] (B,(x) and C,(x)), and the Chebyschev polynomials (S, (x) and 7,(x)) given by

U,0-L0)=F®,  V0-Lx)="L,x
U 0-520)=B(x),  V,(0,-1,2x) = 0,(x)

U,02509=0,0,  V,02%1)=0,x) (1.7
Upa@L0)=B,(),  V,21Lx0)=Cx)
U,0520)=S,0,  V,(0,5,2x)=27,(x).

In earlier papers [1, 2] the author has discussed the combinatorial properties of the coeffi-
cients of U, and V,. Here, we shall investigate the differential properties satisfied by these poly-
nomials, such as differential equations and Rodrigues' formulas.
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Let us define the sequence {c, ; },>120 by

n!
C o=2——, n20 1.8
n, 0 (2n) l > > ( )
and
nl n (n+k)!
c, ., =2 , n2k>1. 1.9
mET T o) ntk (n—k)! (1.9)
Notice that
Cornr = =K2)C, ,, n2k+121. (1.10)
Our main results are the following theorems.
Theorem 1: For every real number x, the polynomial
k-1
k-1 _ d
U¥kD = o U, k=1,
and the polynomial
k
po-4y ko,
dx
satisfy the differential equation £, ,:
Az +QRk+1D)(x+p)z' +(k*—n*)z=0. (1.11)
Theorem 2: For every x such that A >0, we have
dn—l
U,=nc, A" —=AK"? nx1, (1.12)
dx
and
V.=c, OA"ZS“'—nA"‘l’Z, n>0, (1.13)
’ dx
where ¢, , is defined by (1.8).
More generally, we also have Rodrigues' formulas for U*) and V¥, namely,
Theorem 3: For every x such that A >0 and every k£ >0, we have
212 n—k-1
U(k):(n _k)C kA—k-l/Z d - 1An-—l/2 n>k+1 (1 14)
n n n, dxn_ — > = Py .
and
dn—k
Vv =c, N2 —2 N7V >k, (1.15)

where c, , is defined by (1.9).

Notice that Theorem 3 reduces to Theorem 2 for £ =0 and that (1.14) can be written, by
(1.10),

B _ Sk ke A
Ur(,):“"“‘*A__ Zx—n—:ic—:l‘An— R nzk. (116)
n
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2. PROOF OF THEOREM 1
It is readily proven [3, 4] by (1.5) and (1.6) that, for every x such that A >0,

o' =N
ﬁr — _ﬂA—l/Z (21)
and thus that
(an), — nanA-l/Z’
{(ﬁn)/ — —n,B"A’m. 2.2)
By this, (1.3), and (1.4), we see [3, 4] that
V)=nU, 2.3)
and therefore that
V® =pU*D | k>1. (2.4)

Notice that these identities are valid for every value of x, and not only when A > 0, since the two
members are polynomials. By (2.2), we also deduce that " and ", whence V, = " + " satis-
fies the differential equation

gx—(Allzy’) =*A"y, forA>0, 2.5)
which is equivalent, for A >0, to the equation E, , [see (1.11)], namely,
A" +(x+p)y' -n’y =0. (2.6)

Notice that V,, satisfies E, , for every value of x, since, in that case, the first member of (2.6) is a
polynomial.

Differentiating (2.6) & times and using Leibniz' rule, we see that z = y* satisfies the differ-
ential equation E, , (1.11). Hence, E, , is satisfied by V), k>0, and U¥™D =1p® k=1
This concludes the proof.

For instance, the Morgan—Voyce polynomial B,(x)=U,(2,1; x) satisfies the differential

equation £, |

x(x+4)z" +3(x+2)z' —n(n+2)z=0.

This result was first noticed by Swamy [10].

Remark: When A > 0, it is easy to verify that £, , can be written as
d

E[Akﬂ/zz,] = (n? = k) A2z, 2.7

which is a generalization of (2.5).

We now give another (nonpolynomial) solution of £, ;.

Proposition 1: Let n and & be two integers such that n+k —1>0. Then, for A >0, the function
dn+k—l n—-1/2
dxn+k—l A

is a solution of £, .
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Proof: 1t is easy to verify that, for A >0, A" is a solution of the differential equation
Ay"—-(2n-3)(x+p)y'-(2n-1)y=0. (2.8)
Differentiating (2.8) (7 +k —1) times and putting z = y"**™) we obtain

Az"+2(n+{(_1)(x+p)z'+2(n+§_1)2—(2n—3)[(x+p)z’+("+{c-1)z] -—(2n—1jz =0.

After some rearrangement, one can see that this equation is identical to £, ,

Remark: Using the formulation (2.7) of £, ; and putting z = d{‘*" : A”'“ 2 one can write
d k+1/ d n—1/2 2\ Ak-1/ d n—1/2
dx[A mdx"”‘ AT = (7 - kA Izdx""" IA : (2.9)

Changing k to (—k —1) in (2.9), where n—k > 2, we obtain a formula that we shall need later:

d| ko d 0] R
dx[A k-1/2 ‘ixn—k - A 1/2 ( (k +1)2)A k-3/2 o -— A 1/2 (210)
In particular, changing » to (n+1), and putting £ = -1, we get
d d n+1/ ] -1/ dn n
dx[A‘” danA"”_ =n+1)*A ’2EA“’2, n=0. 2.11)

3. PROOF OF THEOREM 2

In the proof of Theorem 2, we shall need the following well-known and readily proven result:
Vi = [(x+p)V +AU,]. (.1)

By (1.8), formula (1.12) (resp. (1.13)) is clear if n=1 (resp. n=0 or n=1). Supposing that
(1.12) and (1.13) are true for n>1, we get by (3.1) that

_ nl AV2 V2 a7 n
Vn+l_'(—5;l_6 [( +P) A dxnlA ] (32)

On the other hand, one can notice by (1.5) that

dn+ n
An+1/2 n [(2n+ 1)(x +p)An—l/2]

afxt"“
_ (3.3)
n—1

=@2n+ l)l:(x + p) A"‘m ;‘; — A""“].
From (3.2) and (3.3), we see that
_onloan 1d™ s D!y, d™ A2
+1 7, n+l - n+l (34)
(2n!) 2n+1 dx 2n+2)! dx

which is the needed formula for V, .
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Now we see, by (2.3) and (3.4), that

1 p n! d |:A1/2 damt An+l/2i|

Uy =——
n+l n+1 el = (2n+2)| dx dxn+l
(2 +2)’(n+1)2A'”2§x A2 by (2.11), (3.5)

n+Di i d .,
=2(n+l)(§ 2))'A1/2dx A2,

This completes the proof of Theorem 2.

4. PROOF OF THEOREM 3

We proceed by induction on £. By Theorem 2, statement (1.14) clearly holds for £ =0 and
every n > 1. Supposing that (1.14) holds for £ > 0 and every n> k +1 we get, by (1.16),

gk — 4 U(k) Cnkt1 d AE-12 da*! A2
7 dx no de " ’

and, by (2.10), we have at once that

S, - d” n—
U(k+1) rllc+1[2_(k+1) ]Ak mdxnkZA 1/2’ n>k+2,

which is the nieeded formula for U{**9.
On the other hand, statement (1.15) holds for £ =0, by Theorem 2. When £ >1 we get, by
(2.4) and (1.14) that

VO —pUD = Ak d’ n"_ AV psk
’ dx
This completes the proof of Theorem 3.
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