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Let x be an irrational number. In 1891, Hurwitz [3] proved that there are infinitely many
rational numbers p/ g such that p and g are coprime integers and |x — p/q| <1/ (+/5¢%). Hurwitz'
theorem has been extensively investigated (see [6]).

In 1948, following Davenport's suggestion, Prasad [4] initiated the study of finite Diophan-
tine approximation. He proved that, for any given irrational number x, and any given positive
integer m, there is a constant C, such that the inequality |x—p/q|<1/(C,g?) has at least m
rational solutions p/q. In [4], the structure of C,, has been mentioned, and C, = (3 + J5)/2 has
been calculated, but the values of C,, as a function of m is still unknown.

In this note we will use the Fibonacci sequence to prove that
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Theorem 1: Let x be an irrational number. If m is a given positive integer, then there are at least
m rational numbers p /g such that p and g are coprime integers and |x— p/q|<1/(C,q*), where
C,, is as shown in formula (1). The constants C,, cannot be replaced by a smaller number.

Proof: Let x=[ay;a,,a,,...,a,,...] be the expansion of x in a simple continued fraction. Let
p.!q,=[a ay,...,a,] be the n™ convergent, then p, and g, are coprime integers. It is well
known that (see [5])

lx=p,/4,1=1/ (M,q),

where M, =a,,, +[0,a,,,,4a,,5,...1+[0,a,,4a,_,,...,a,].

By Legendre's theorem [5], |[x—p/q|<1/(2¢*) implies that p/q must be a convergent
p,/q, for some n. Thus, we need only discuss the rational solutions of |x—p/q|<1/(C,q*)
among the convergents p,/q,.

We discuss the following possible cases on the partial quotients a,. It is easily seen that
C,<C <8/3<3.

Suppose there are infinitely many a, >3, then M,_, >a,>3>C,, for all positive integer m.
Hence, we need only consider the case in which there are only finitely many a, >3. That is to
say, there is a positive integer N, such that n > N, implies a, <2. We consider two cases.

Case 1. There are infinitely many a, such that a, =2. Then, for these n, n> N, +2 implies
M, , 22+[0;2,1]+[0; 2,1]=8/3 > C,, for all positive integers m.

n-1=

Case 2. There are finitely many a, =2. Thus, there is a positive integer N, > N, such that
n= N, implies a, =1.
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Let N = max{n,a,#1}. Then ay =2, ay,, =ay,, =:-=1. Therefore, if we use [0; (1),] to
denote [0; 1, ..., 1] with & consecutive 1's, the following inequalities are true because a,,,; = ay,, =
-+ =ay,om-1 = 1; there are 2m —1 consecutive 1's.

MN+2m—-l = aN+2m +[O; _1_]+[O: 15 ceey la N, AN_15---5 al]

T @
21+[0; 1]+[0; (D),,,_,]-

Similarly, we have

My samet = Ayazmea T[0, 1140, 1, ., L ay, ay_y, ..., @]
21+[0; 1]1+[0; (Dy,ni1],

ceey

My ames = Ay ramey [0, 11+[0, 1, ., Lay, ay_y, ..., a]
> 1+[0; 1]+[0; (D),,,5].

It is easily seen that My, | < My g < < My 4m3. Denoting C, = My ,,,.;, then the
inequality |x— p/q|<1/(C,g*) has at least m rational solutions p, /q,.

Now we calculate C,, with the help of the Fibonacci sequence.

Let =1, F=1F,=F,  +F,_, be the Fibonacci sequence. We are going to find a formula
for [0; (1),,,—;] by mathematical induction.

It is easily seen that [0; (1),]=[0;1]=1/1= F/ F,. Suppose [0; (1)y;_;]1= F_,/ F;;, then we
have [0; (Dg4sny1]=[0 L1 Dy ] =1/ A+ (A + Fypy / Fyy)) = Fop / Fopya- - Thus, [0 (D, 4]=
Fynr | By

By Binet's formula for the Fibonacci sequence [1], i.e., F, = ((1++/5)" - (1-+/5)")/(2"V5),
we can find F,,_,/F,, as follows:

By _ 245 - (15" JS(A+V5)+ (-5 1
B Q45" -(1-45" 2A+V5)"-(1-V5)) 2

_BA+GS-3)/2" 15 1+ 2A(5-3)/2" ) 1
20-(5-3)/2" 2 2 1-((5-3)/ 2"

2

= ﬁ 1 + 2 —_ l
2 (@B+5)/2)-1) 2
Notice that because [0; 1] = (v/5 —1)/ 2 we have, by formula (2), that
Cn= My gy =1+ (51124 Fyppy | By,

which gives formula (1).
The constants C, cannot be replaced by smaller numbers since, for x =[0; 1], we have
exactly C,, = M,,,_, =1+[0; 1]+[0; (1),,,_,]. O

Corollary 1: C,=(3++/5)/2=26180,
C, = (7+35)/6=22847,
C; = (9+4/5)/8=22430.
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Corollary 2: lim C, =/5=22361.

m—»0
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Author and Title Index

The AUTHOR, TITLE, KEY-WORD, ELEMENTARY PROBLEMS, and ADVANCED PROBLEMS indices for the
first 30 volumes of The Fibonacci Quarterly have been completed by Dr. Charles K. Cook.
Publication of the completed indices is on a 3.5-inch, high density disk. The price for a copyrighted
version of the disk will be $40.00 plus postage for non-subscribers, while subscribers to The Fibonacci
Quarterly need only pay $20.00 plus postage. For additional information, or to order a disk copy of
the indices, write to:

PROFESSOR CHARLES K. COOK

DEPARTMENT OF MATHEMATICS

UNIVERSITY OF SOUTH CAROLINA AT SUMTER
1 LOUISE CIRCLE

SUMTER, SC 29150

The indices have been compiled using WORDPERFECT. Should you wish to order a copy of the indices
for another wordprocessor or for a non-compatible 1BM machine, please explain your situation to Dr.
Cook when you place your order and he will try to accommodate you. DO NOT SEND PAYMENT
WITH YOUR ORDER. You will be billed for the indices and postage by Dr. Cook when he sends
you the disk. A star is used in the indices to indicate unsolved problems. Furthermore, Dr. Cook is
working on a SUBJECT index and will also be classifying all articles by use of the AMS Classification
Scheme. Those who purchase the indices will be given one free update of all indices when the SUBJECT
index and the AMS Classification of all articles published in The Fibonacci Quarterly are completed.

1997]

31



