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1. INTRODUCTION

In a recent article [4], the author defined two sets of polynomials, #,(x) and v,(x), by the
relations:

u,(x) = (x + pu,_(x) — qu,_,(x), n=2, (1.12)

with
Uy(x) =1, ul(x)=x+p—ﬁ, (1.1b)

and
v, (%) = (x + P, (¥) = qv,_5(x), nz2, (1.22)

with
V() =1, vl(x)=x+p+JZ]_, (1.2b)

where g>0, and showed that they are very closely related to two other sets of polynomials
U,(x) and V, (x) defined by André-Jeannin (see [1] and [2]) by the relations

Ux)=x+pU,_(x)-qU,_(x), nz2, (1.3a)
ith
Wit Uy(x)=0, Uy(x) =1, (1.3b)
and
Vi(x)=(x+pWV, 1(x)—qV, ,(x), nz2, (1.4a)
with
Vo(x)=2, Vi(x)=x+p. (1.4b)

In the same article, the author derived a few of the properties of the polynomials #,(x) and v,(x),
as well as some interesting interrelationships. The purpose of this article is to derive further
properties of these polynomials and their interrelationships. Since the modified Morgan-Voyce
polynomials B,(x), l?,,(x), €,(x), and C(x) defined in [4] result when g =1, we thus derive a
number of interesting properties of these modified Morgan-Voyce polynomials.

Since the polynomials U,(x) and V,(x) were defined and a number of their properties were
studied for the first time by André-Jeannin, it is appropriate to refer to them as the André-Jeannin
polynomials of the first and second kind. The polynomials #,(x) and v,(x), which are closely
related to the André-Jeannin polynomials, and which exist as real distinct polynomials only when
g >0, will be referred to as the companion André-Jeannin polynomials of the first and second
kind. We will now list a number of important properties of the polynomials U ,(x), u,(x), v,(x),
and V,(x) that are either known or easily derivable from the known properties, since these will be
required in establishing the results of the remaining sections.

Simple Interrelations:
1, (%) = Uy (0) ~ J2U, (), from [4]. (1.5)
v, (%) =U,,(x) +/qU,(x), from [4]. (1.6)
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V() = Upy () ~ qU, 1), from [2], (1.7)
V(%) = u,(x) +fqu, (%), from [4]. (1.8)
V,(x)=v,(x)- ﬁv (%), from [4]. (1.9)
(x+p- 2Jq_ W, (x) =u,(x) - Jq—u _;(¥), by induction. (1.10)
(x+p=24Jq)v,(x) =u,,,(x)~qu,_,(x), from (1.6) and (1.10). (1.11)
(x+ p—2,Jq)v,(x) =V, ()~ JgV,(x), by induction. (1.12)

Simson Formulas:
UpaU, () =Ug(¥)=~-¢"",  from[1], (1.132)
Uy (V04,1 (%) ~u3(x) = ¢" %A, from [4], (1.13b)
Va1 (Vg () = Vi (x) = —¢"2A,,  from [4], (1.13¢)
VGV () -V20) = ¢"A A, from [2], (1.13d)

where

A,=x+p-2q, (1.14a)
A, =x+p+2q. (1.14b)

Binet's Formulas:
U (x) = “;:g', from [1], (1.152)
u,(x)= %, from (1.5) and (1.15a), (1.15b)

Q™
vn(x)=W, from (1.6) and (1.15a), (1.15¢)
V.(x)=a"+p", from [2], (1.15d)
where

a+f=x+p, afi=q, (1.16a)
a-f=JA, A=AA, =(x+p)?-4q. (1.16b)

2. NEW INTERRELATIONSHIPS

In this section, we will give a number of interesting relations between the André-Jeannin
polynomials U, (x), V,(x), and their companions #,(x), v,(x). In order to present the results in a
compact form, we will denote by A4,(x) any one of the polynomials U,(x), u,(x), v,(x), or
V. (x). We will first establish the following Lemma concerning 4,(x) that is extremely useful in
establishing certain relations needed to derive the results given in Section 4.

Lemma I: 4,00, 2(9) = AV (0 =42 4y, (). @1
Proof: We confine ourselves to establishing the result when 4,(x)=U,(x). Using (1.15a),
we have
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U, (U, _p12(x) = U, (X)U,_p4,(x)

3 an_ﬂn . ar—h+2 _ﬂr—-h+2 _ a’ _ﬂr an-h+2 _ﬂn—h+2

a-p a-pf a-f a-p

- _(aﬂ)r—h+2 [{an—r+h—2 +/3}1—r+h—-2} _ {an—rﬂh—Z + ﬁn—rah—Z}]

(a-p)

_(aﬂ)r-—h+2 . a

2 _ pgh2 gner_ g
a-pf a-p
g U, _,(x)U,_,(x), using (1.16a) and (1.15a).
In a similar manner, Lemma 1 can be established when 4,(x) =u,(x), v,(x), and V, (x) by using
(1.15a) along with (1.15b), (1.15c¢), and (1.15d), respectively.
By letting r =n—h+1 and h=n-r+1in (2.1), we get the following result:
AW,y () = A (U, 1 () =24, (U1 (%). (2.2)

Now, by equating the right-side expressions in (2.1) and (2.2) and rearranging, we get the
determinantal relation

~r

Upn(®) Uppia(x) Upi(x) U, (x)
A(x) A p(x) Ay (x) Ay, (%)

Now, letting ¥ =m, h=m—r+2, and n=m+n+1-r in (2.3), we get the interesting relation

— or—h+2

. 2.3)

Um+l(x) Un+l(x) — Um+l—r(x) Un+1—r(x) (2 4)
4,(x)  4,(x) A (¥) A, (0) | '
Now letting h=2, n=n+1, and ¥ =nin (2.1), we have
U1 (¥) 4,(x) = 4,,()U, (x) = 4" 4y (%) 25)
Also, letting m=r =n-1in (2.4), we get
U1 () 4y (0) = U, (¥) 4,(x) = g7 [(x + p) A (x) = A4(x)]. (2.6)

It is observed that when 4,(x) = U,(x), (2.6) reduces to (1.13a). Now, by letting n=m+n+1,
h=n+2,and r =n+1in (2.1), we have the relation

Apinin(X) = Uy (0) 4,1 (%) — qU,,(x) 4,(x). (2.7)
Hence,

Appir(¥) = U1 () 4,10 (x) = qU,,(¥) 4,(x) (2.8)

and
4,,(x) = U, (x)4,,,(x) - qU,_(x) 4,(x) = 4,()U,,,1(x) - g4, (x)U,,(x). (2.9)

We may derive a number of other interesting relations. However, we present only a few of
these relations that will be useful in deriving the results of Section 4:

1,y (X)) = 4, (), 1 (¥) = 22, (2.10a)
(W, () =, (oW, (¥) = —q" A, (2.10b)
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Vet (W, (0) = v, (W4 (%) = =¢"'4A, . (2.10¢)
34" gy (2) = Ayt (s (), (@.112)
=0

347 A (%) = 4, () (), @.11b)

r=0

3477 Ay (6) = Uy () Ay (). 2.110)
r=1

In passing, it may be mentioned that, if we let p=2, ¢=1, and x =1, we have

U,() =By, 4,() = By v, (D = Ly, V,(1) = Ly, (212)

Using identities (2.1)-(2.11), we may derive a number of interesting identities for Fibonacci and
Lucas numbers. One such identity is the following, which may be obtained by letting 4,(1) =V, (1)
in (2.5):

FyniyLon= FanLogneny = 2. (2.13)

3. DERIVATIVES AND DIFFERENTIAL EQUATIONS

We now derive formulas for the derivatives of U,,(x), u,(x), v,(x), and V,(x) with respect to
X. :

Theorem 1: U (x)= nz_fU,(x)U,,_,(x)_ 3.1
r=1

Proof: We establish the theorem by induction. The result is easily verified to be true for
n=12, and 3. Now, assuming the theorem to be true for » and n+1, we have

Unia(x) = (x+ P, (¥) = qU;(x) + U, (x), using (1.32)

n n-1
= (¢ + P2 U, (W1 () = 42 U, (U, (%) + Uy ()
r=1 r=1

n-1

= 2 U, + PYya1(¥) — qU,,_, (9] + (¢ + PU, (), (%) + Uy (x)

r=1

n-1 n+l

= 2 U, ()0, () + U, (U (%) + U,y (x) = Z:l U, ()Up43-,(¥).

r=1

Hence the theorem.

Corollary 1: u(x) = Z”: U,(x)u,_,(x). 3.2)
r=1
Proof:

uy(x) =Up, (%) JqU; (%), using (1.5),

n n-1
= Z U.(x)U, . (x) - Jq_ Z U,(x)U,_,(x), from Theorem 1,
r=1 r=1
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n-1

= Un(x)Ul(x) + Z Ur(x)[UnH—r(x) - \/EUn—r (x)]
r=1

— U, (o) + S U, (Y, (6), from (1.5,

r=1

DAY

Corollary 2: V(%)= Zn: Uy, (x). 3.3)
r=1

This corollary can be proved along the same lines as Corollary 1, using relation (1.6) and
Theorem 1.

Corollary 3: Vi(x)= zn: U,&W,_,(x)-U,(x). 3.4
r=1

This corollary can be established using (1.9) and Corollary 2.
It is also known that (see [2])
V(x) = nU,(x). 3.5)

By induction, we may derive the following similar results for the derivatives of #,(x) and v,(x) in
terms of U, (x).

Theorem 2: (x+ p+2q)u(x) = nU,,,(x) +Jg(n+1)U,(x). (3.6)
Theorem 3: (x+p- 2\/(_]_ Wwi(x) =nU,,,(x)- JE (n+1)U,(x). 3.7

In passing, it may be observed that, from (3.4) and (3.5), we have the following interesting
relation:

> Uy, () = (4 DU, (). (3.8)

André-Jeannin [3] has shown that U,(x) and U,(x) satisfy, respectively, the differential
equations
U, (x): A" +3(x+p)y —(n*-1)y=0 (3.9
and
V.(x): Ay +(x+p)y —-n*y=0, (3.10)

where A is given by (1.16b). We now establish similar differential equations satisfied by u,(x)
and v,(x).

Theorem 4: The polynomial u,(x) satisfies the differential equation
Ay” +2(x+p—ﬁ)y’ —-n(n+1)y=0.
Proof: Since U, (x) satisfies the differential equation given by (3.9), we have
AU (%) + 302+ Py (0) (1 +2)U, 4 (x) = 0 @3.11)
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and
AUXx) +3(x + p)UL(x) — (n* = YU (x) = 0. (3.12)

Multiplying (3.12) by /g, then subtracting it from (3.11) and making use of relation (1.5) in the
resulting equation, we get

Auyl(x) +3(x + pYu,(x) —n(n+ Du,(x) - [nU,,,(x) + (@ + I)Jq_Un(x)] =0. (3.13)
Use of Theorem 2 reduces (3.13) to
Aul(x)+2(x+p— \/_q_)u,’, (x)—n(n+1Du,(x)=0. (3.14)

Hence the theorem.
Similarly, by using (1.6), (3.9), and Theorem 3, we can prove the following result regarding
v, (x).
Theorem 5: The polynomial v,(x) satisfies the differential equation
AY" +2(x+ p+4Jq)y —n(n+1)y =0. (3.15)
André-Jeannin [3] has further shown that U®(x) and V¥(x), k=0,1,2,..., where the
superscript (k) stands for the k™ derivative with respect to x, satisfies the following differential
equations:
UB(x): Ay" + 2k +3)(x + p)y’ +{(k+1)? —n*}y =0, (3.16a)
VE(x): Ay” + 2k +1)(x+ p)y’ +(k*-n?)y =0. (3.16b)
Using a similar procedure, and using Theorems 4 and 5, we may also establish that #{(x) and
v®(x) satisfy the following differential equations:

u®(x): Ay" +2(k +D)(x+p—,Jq)y + {k(k+1)—n(n+1)}y =0, (3.16¢)
v(x): Ay +2(k +1)(x+p+.4[q)y' +{k(k +1)—n(n+1)}y =0. (3.16d)

It may be pointed out that the above two differential equations are, respectively, the generaliza-
tions of the corresponding ones for the modified Morgan-Voyce polynomials b, (x) and &,(x)
given in [4].

4. INTEGRAL PROPERTIES

From (3.5), we have the result

[U, () = 5;(11‘2+K. (4.1)

e [, () = Vf;;f’lc) - J7 Vnix) +K, from (1.5) and (4.1), (4.2)
[y, ey e = Vn’rf’l‘) 7 Vn’(j‘) +X, from (1.6) and (4.1), (43)

" [V, = VJf’l‘) —q Vn—’lf") +K, from (1.7) and (4.1). (4.4)
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Let us denote
a= —p—Z\[—, b= —p+2ﬁ.
Then we can establish by induction that
Vi@ =(-D"2q", V,()=2q4"".
Using (4.6) in (4.1), (4.2), (3.3), and (4.4), we have the following results:

JZUZ,,(x)abc:o,

b
_[2 UZ'H-I(x)dx - 2 + l q"+l/2

b b
[t == [ty () = g™,
b b
[ vanyee = [ vy (¥ =
b _ 8 a2
J.alén(X)dx——‘lnz—lq * >
b
[ Va0 =0.

n+1
q

2n+1

Letting 4,(x) = U,(x) in (2.11b) and using (4.7a), we see that
U@ U e =o0.
Also, by letting 4, (x) = U,(x) in (2.11a) and using (4.7b), we have

[[U2()a = Zq"-

+l/2 n 4qn+1/2
2r+1 o2r+l’

Hence,

2 n-1/2
jU(x)dx 4q 22 T

Now, integrating (1.13a) and using (4.11b), we have

[ Upa(® U, (x)de = 4q"“"222,+1

(4.5)

(4.6)

(4.7a)

(4.7b)
(4.8)
(4.9)

(4.10a)

(4.10b)

(4.11a)

(4.11b)

(4.11¢)

Similarly, by successively letting 4, (x)=u,(x), v,(x), and ¥, (x) in (2.11c), (2.11a), and

(2.11b) and using (4.8), (4.9), (4.10a), and (4.10b), we can derive the following relations:

j u, () U,(x)dx = JV,,H(x)U (x)dx = 4qn+1/222 -
.[ (U, (x)dx = -—mqnﬂu’

ju(x)U(x)dx —jv(x)U(x)dx —4q2

LV,,(x) U,(x)dx=0,

2r+l

120

(4.12a)
(4.12b)
(4.13a)

(4.13b)
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[ 0O a6 e = [ 3, (0) Uy ) = 4q"+”222 . (4.142)
jV(x) (¥ die = 8;:’1:?q"+"2. (4.14b)

Corresponding to the relations (4.11a), (4.11b), and (4.11¢) for U,(x), we may derive rela-
tions for the polynomials u,(x), v,(x), and V (x). Substituting (1.5) and (1.6), respectively, for
u,(x) and v,(x) in the expressions u,,,(x)u,(x) and v, (x)v,(x), and utilizing the relations
(4.12a) and (4.13a), we have

[ s (0,01 = = ¥y (v, () = 4™ [1+2Z (4.153)

2r+1]

Substituting (1.5) and (1.6) in the expressions #2(x) and v2(x) and using (4.11a) and (4.11b), we
get

b b " 1 SR
[ (yde = [ Vi(x)de = 4gm™1" [2n+l 2y o +1]‘ (4.15b)
r=0

Now, integrating both sides of (1.13b) and (1.13¢) and using (4.15b), we derive

j U, (), () dc = j v, (v, (%) dx = 4q”+1/2[ 1+1+22 2rl+ J. (4.15¢)

The corresponding expressions involving V,(x) may be derived using (1.8), (1.9), (1.13d),
(4.15a), (4.15b), and (4.15¢). These are:

[V, () =0, (4.162)

brra - 16(2”2—1) n+1/2
[ Vioyds = e (4.16b)
V(s (r e = - 136(%11;)4”“’2 (4.16¢)

In a similar manner, we can derive relations regarding integrals involving u,(x) and v,(x), #,(x)
and V,(x), and v,(x) and V,(x). These correspond to relations (4.12a), (4.12b), and (4.12¢c)
which, respectively, involve #,(x) and U,(x), v,(x) and U,(x), and V,(x) and U,(x). These are:

[t (Va0 i = = v, (0t () e = 4™, (4.17a)

j u, (o), (¥) b = Hq"H/Z, (4.17b)

j’ u ()Y, (x)dx = — j v (), (x)dx = 2 o " g, (4.18a)
[V, = [, () = EED g (4.18b)

Lt GV ()b = [ 3,01 0) V() e = BED gt (4.18¢)
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EXEXE 4

NEW PROBLEM WEB SITE

Readers of The Fibonacci Quarterly will be pleased to know that many of its problems can now
be searched electronically (at no charge) on the World Wide Web at

http://problems.math.umr.edu

Over 20,000 problems from 38 journals and 21 contests are referenced by the site, which was
developed by Stanley Rabinowitz's MathPro Press. Ample hosting space for the site was gener-
ously provided by the Department of Mathematics and Statistics at the University of Missouri-
Rolla, through Leon M. Hall, Chair.

Problem statements are included in most cases, along with proposers, solvers (whose solutions
were published), and other relevant bibliographic information. Difficulty and subject matter vary
widely; almost any mathematical topic can be found.

The site is being operated on a volunteer basis. Anyone who can donate journal issues or their
time is encouraged to do so. For further information, write to:

Mr. Mark Bowron

Director of Operations, MathPro Press
P.O.Box 713

Westford, MA 01886 USA
bowron@my-deja.com
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