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1. INTRODUCTION

A Diophantine triplet is a set of three positive integers (a,b,c¢) such that a<b <c and
ab=1, bc+1, and ac+1 are integer squares. Examples of such triplets are (1,3,8), (2,4,12),
and (2990, 22428, 41796).

The following four families of Diophantine triplets are well known:

F, = {(F2n, Fonsa> Fanea) 1021},

F, ={(Fans Fapear SFypin) 1n 21},

Py = {(£, 2B, Bpyo) i1 215,

P, ={(B, Bons2, 2Bipi2) i1 21}
We refer readers to [2], [3], and [4] for these families. Here, F, and B, denote the k™ element of
the Fibonacci sequence and the Pell sequence, respectively. In [1], the first author posed the
problem of finding infinitely many such Diophantine triplets.

The aim of this paper is to construct several different infinite families of Diophantine triplets

using elements of the Pell sequence. We then formulate and prove a general result which gives

formulas for a doubly infinite family of Diophantine triples. We conclude with a result on Dio-
phantine quadruplets.
2. THE PELL SEQUENCE

Although the Pell sequence is quite well known, we describe it here for the sake of complete-
ness. The Pell sequence is the sequence {F,}, where =1, B, =2, and P, =2P, ,+ P, for
n>1. That is, the Pell sequence is the sequence {l1,2,5,12,29, 70,169,408, ...}. (We note that
this is the sequence of denominators for the successive convergents to the continued fraction
expansion of +/2.) The following two properties of the Pell sequence are used in this paper:

Property 1: P, is evenif n is even.

Property 2: Foralln>1, 2P% +1= (&:2@,;2_)2'

3. SOME FAMILIES OF DIOPHANTINE TRIPLETS

For convenience, we shall use the following notation. FP(k) denotes the k™ family obtained
by using the Pell sequence. The n™ element of FP(k) is a triple denoted by T (k), whose ele-
ments in turn are denoted by 4, ,, B, ;, and C, ;. That is,

FP(k)={T,(k):n=1,2, .}, and T,(k)=(4, ., B, 1, Cps).
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Theorem 1: Let 4, | = %, B, =4h,,and C,, =2 B, -PF, ,. Then
FP()={T,():n=12,..}={(4,,,B,..C, 1) :n=12,.}
is a family of Diophantine triplets.

Proof: For each n>1, using the definition of the Pell sequence and Property 2 leads to the
equations

- 2
A71,1Bn,1+1=21322n+1=(_3i2_1)2_ni) ,

B, (15
4,,C, +1= ; (71)2n_1)2n—-2)+l
B, (15 3B,-PB,, V
= ; (-2_13271_P2n—2)+( 2 2 2 2) _2PZZn
2 2
—4P: 2B B, + 2 fop faa |
2n 2n* 2n-2 4 2n 2

and

Bn, lCn,l +1= 4P2n(%P2n - P2n—2) +1

_ 2
—an, (L, - (S ] ary

121 11
=2 pr__-
4 " 9

11 P,V
=|—=pP - 2n-2 .
(2 2n 2 )

By Property 1, since B, and P,,_, are even, each of the above squared expressions is an integer
square, and the result follows.

We list a few elements of FP(1):

n Triple
T()=(,815)
T,(1) = (6,48, 88)
(1) = (35,280,513)
7,(1) = (204, 1632, 2990)

2
Ponbona + By

DWW N =

Theorem 2: Let A,,=2P,, B, ,=15P, 2P, ,, and C, ,=28P,-3F, ,. Then FP(2)=
{T(2):n=12,..} ={(A, 2, B, 2 C,2):n=12,..} is a family of Diophantine triplets.
Proof: Noting that 4, ,B, , = B, |C, ,, we see from Theorem 1 that
11, Bu.,)
Ay oBy, 1= (‘2_})2,, '—22_2) :
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Using algebraic techniques similar to those used in the proof of Theorem 1, we also obtain

15 2 41 5 2
An,zcn,2+1=(“2‘1)2n“1)2n-2) and Bn,zcn,2+1:(?P2n_§PZn-2)-

Again, since the subscripts are even, these squares are integer squares, and the result follows.

A few triples in the family FP(2) are listed here:

n Triple

1 T,(2)=(4,30,56)

2 7,(2) =(24,176,330)

3 T(2)=(140,1026,1924)
4 7,(2) = (816,5980,11214)

Theorem 3: Let A, ;=¥ P, -P, ,, B,3=56P,—6P, ,, and C, ;=22 P, —12PF, ,. Then
FPR)={T,3):n=12,..} ={(4,3,B,3,C,3):n=1,2,...} is a family of Diophantine triplets.

Proof: Noting that 4, 3B, 3 = B, ,C, ,, we see from Theorem 2 that

41 5 2
Aobori=(2n,-20,, ).

Using algebraic techniques similar to those used in the proof of Theorem 1, we also obtain

4 Cont1=(s88,- 10, ] and B, 01=(20,- T, L)
As before, since the subscripts are even, these squares are integer squares, and the result follows.
Here are a few triples in the family FP(3):
Triple
T,(3) =(15,112,209)
7,(3) = (88, 660,1230)
TL,(3)=(513,3848,7171)
T,(3) = (2990, 22428, 41796)

H W N =N

4. A DOUBLY INFINITE FAMILY OF DIOPHANTINE TRIPLETS

It is apparent from the previous section that the families FP(1), FP(2), and FP(3) fit into an
infinite family of such families. In this section we will derive formulas for such a double infinite
family.

First, we define the auxiliary sequences {G,:n>1}, {H,:n>1}, and {S, :n>1} by

G =1,G,=4, and G,,,=4G,,, -G, forn>1;
H =H,=0,andH,,=4H, ,-H,-2(-1)" forn>1],
$,=4,5,=14,and S,,, =4S,,, - S, forn>1

n n
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Thus, (G,)=(1,4,15,56,209,780,2911, ..), (H,)=(0
(4,14,52,194, 724, ..).
Our main result is the following.

0,2,6,24,88,330,1230,...), and (S,)=

2 2

Theorem 4: Let n and k be positive integers, and let
GkP2n — HkPZn—Z
> :
Then (E(n, k), 2E(n, k +1), E(n, k +2)) is a Diophantine triplet.
If we now define FP(k)={(E(n, k),2E(n, k+1), E(n,k+2)):n=1,2,...}, then the cases
k=12, and 3 agree with our previous definitions. Hence, this is the doubly infinite family we
seek.

Proof of Theorem 4 uses the properties of the G,, H,, and S, contained in Propositions G,
H, and S; their proofs use only induction and some tedious but straightforward algebra.

Define the algebraic integers ¥ and 8 by y =2++/3 and § =2—+/3.

E(m k)=

Proposition G: For n a positive integer:

—}/I’I_é’n
(1) Gn— }/_5)

(2) Gn+ZGn +1= an+l’
(3) 2G}’1Gﬂ+l +1= (Gn+1 - Gn)2’
(4) Gn+3 + Gn = 3(Gr1+1 + Gn+2) -

Proposition H: For n a positive integer:

_A+By-(B-De (=)
(1) H,= 3 3
(2) Hn+2Hn + 1 = (Hn+l + (_ 1)n+1)2’
) H,+H,,=2G,,,

(4) Hn+3 + Hn = 3(Hn+1 +Hn+2)'

Proposition S: For n a positive integer:

1) S,=r"+d",

(2) S,+(-1)" is divisible by 3,

B) Spuz+8,=3(Sm1 +Sm2),

() Gy =G, =S,

Remark: The reader will note that (G,) and (S,) are related in the same way as the Fibonacci

and Lucas sequences are ielated.

The following lemmas are quite useful in deriving the main result. We give the proof of
Lemma 1 here; proofs of Lemmas 2 and 3 are similar but longer, and we have relegated them to
the appendix.

o e . S,,_|+(—l)"_1 2
Lemma 1: For every positive integer n, 2H H, , +1= (—3———) .
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Lemma 2: For every positive integer n, G,H,,, +G,,H, +6=2G,(H,,, +(-1)").
Lemma 3: For every positive integer n, G,H, ,, +G,,\H,+3=1(G,,, - G,) (S, +(-1)"*).
Proof of Lemma 1: Using Proposition H(1), we see that
n-2 _ _ n-2 _1yn—2
2H,H,y +1= z(wiw (305" ]

y ((l+ﬁ)y"*l ~(B3-15"" (—1)”“2)“
6 2

= Z A+ (B2 -2y +8) -2 41
2 (@B - ) -(B-DEE- D)1,

since y5=1. Now we know that y —1=+3+1, §-1=1-3, y +6=4, (1+/3)* =2y, and
(~/3-1)? =25. Hence,

2n-2 2n—2 n—2 n-1 n—1
Y A S S SR U )’ ¢ it S
2HH ,+1= 5 + 59 9+1 5

B (7n+1 +5n+1)2 -2 __6_ 2(_1);1—1(},71—1 +5n—1)
B 9 g Tt 9

(et )Y (St DY
- 3 3 ) 3 ’

as claimed.

We note that defining £, = 0 is consistent with the Pell sequence recurrence and allows the
proofs to go through in the case n=1.

Proof of the Main Result: For n, k positive integers, it suffices to show that

En k)E(n k+2)+1 and 2E(m k)E(m k+1)+1
are integer squares. The proof breaks into two parts: First, we expand E(n, k)E(n, k +2)+1 and
find that
1
E(n’ k)E(n: k+ 2) +1= Z(GkPZn - HkPZn—-Z)(Gk+2[5n - Hk+2])2n—2) +1

1
=7 (GG, P+ H Hy o P o - PonBon sy (GeHy g + Gy L)) +1.

Now, by Property 2,

2
2P22n+1___(3gn_P2n——2)

2
ie,
PL P, 6
1= %*——2_4—2_2})2!1%?1—2'

Using Propositions G(2) and H(2), we find that in the expansion of E(n, k)E(n, k +2)+1 the

: 2 2
coefficients of Py and F;,_, are
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GI?H and (Hk+1_(_1)k+l)
4 4 ’

respectively. By Lemma 2, we find that the coefficient of £, P, _, is

Hk+1 + (_ l)k+1

—"2Gk+1 4

Hence,
Em B)E@m k+2)+1= %(Gknpin —(Hyyy + (—Dkﬂ)Pzn—z)z >

which—since the Pell sequence subscripts are even—is an integer square, as desired. Next, we
expand E(n, k)E(n, k +1)+1 and find that

1
E(n: ‘k)E(na k + 1) +1= E(ZGI\?‘PZ] - Hk‘Pin—2)(Gk+lipin - Hk+1P2n—2) +1
1 . .
=7 (2G, G, P, +2H H, (P, ~2P, B, (G H,  + GeH ) +1

As before, recall that

PL PL, 6
R WY

Using Proposition G(3) and Lemma 1, we find that in the expansion of 22, £)E@, A+ 1) +1 the
coefficients of P2, and P2, are

Gen =G g 1 Gea+ DY
4 4 3 ’

respectively. By Lemma 3, we find that the coefficient of 5, F,,_, is

2 (G = G XSy +(=D*
4 3 )

Hence,

) i, - Sy (=D ¥
2E(m B)E@m E+D+1= Zt({’mi -G)&, “Aé—)' sz}

which—by Proposition S(2) and the fact that the Pell sequence subscripts are even—is an integer
square, as desired.

Diophantine Quadruples: Let us recall that a Diophantine quadruple is an ordered quadruple
(a,b,c,d) of positive integers such that ab+1, ac+1, ad+1, be+1, bd +1, and cd +1 are all
integer squares. A recent result on Diophantine quadruples is the following (see [2]).

Theorem 5: If (a, b, ¢) is a Diophantine triplet for which ab=1=x?, ac+1=y* bc+1=2%, and
d=a+b+c+2abc+2xyz, then {(a, b, ¢, d) is a Diophantine quadruple.
This result and our Theorem 4 produce an infinite family of Diophantine quadruples, namely,

a=E(n, k), b=2E(nk+1),
c=Emk+2), d=a+b+c+2abc+2xyz,
where
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2
1 _ —

X = Z((Gkﬂ -Gb, ““—Pzn—z) >
1

y= Z(GkHPZn - (Hk+1 + (_ 1)k+1)])2n—2)2’

1 S, + (=1 :
#=1(Gua=GuP Sl T

For example, if we let n=4 and k = 3, we obtain the Diophantine quadruple
(2990, 22428, 41796,11211312362908);

the six relevant squares are p?, g% r2, 5%, 1%, and u?, where (p, q, 7, 5,1, u) is the sextuple
(8189,11179,30617,183089661, 501445225, 684534886).

APPENDIX
In this appendix, we give proofs of Lemmas 2 and 3.
Lemma 2: For every positive integer n, G,H,,,+G,,,H,+6=2G,(H,,, +(-1)"").

Proof: Let us abbreviate G, H,,, +G,,,H,+6 by LHS. From Propositions G and H, we see
that

Lis = 2" =8 By =(F-18"_ (1)
3

y—90 6

yn+2 __5n+2 (1+J§)7n—2 _
y—-0 6

Using the facts that 38 =1, (1++/3)8* + (/3 - 1)y* =823, y —6 =23, and a little algebra, we

find that

+

(ﬁ_ 1)5n—2 B (_1?),n-2 L6

1

LHS = = (20+3)y " +2(3 - 1)62" - 243 - 8(=1)"y "™ +8(~1)"5"* —824/3) + 6
_20+V3)y" +2(3-15*" 8 1y -1
& —9) g m
On the other hand, abbreviating 2G,,,(H,,, +(~1)"*") by RHS, we similarly see that
2 }/n+1 __5n+1
RHS = £ 75_((1 +B)y"™ = (3 -D& - 2(-)") +2(-)"'G,,,
2+ + (W3-8 - (1+/3)6* - (W3 -Dy?) (4 "

But 2((1++/3)6% + (/3 = )y?) = 6(y — 6) = 12/3 and (-1)" = —(-1)"*!, so

2(1+3)y ¥ +2(+3-1)5>"
6(y - 9)
Hence, LHS = RHS and the lemma is proved.

RHS = 1—%(—1)"G,,+1.

Lemma 3: For every positive integer n, G H,,, +G,,H, +3=3(G,,, - G,) (S, +(-1)").

1248 [JUNE-JULY



DIOPHANTINE TRIPLETS AND THE PELL SEQUENCE

Proof: Let us abbreviate G,H,,, +G,,,H, +3 by LHS. Using Propositions G and H and the
equalities cited in the proof of Lemma 2, we see that

Lus = V=8 By - (B -5 -2
y=0 6
N },n+l _ 5n+1 (l +‘/'3_)},n—2 _ (ﬁ_ 1)6"_2 _ 2(_1)n—2
+3.
y—90 6
A little more algebra leads to the equation:
LHS = (71_ 55 20+ 263 - D5 - (Y3 - by’

— (VB+D482+2(-1)"(r"(y - ) -8"(5 - 1)) +3.

We use the facts that (v/3 —1)4y2 +(+/3 +1)46? = 24+/3 and 6(y — 6) = 12+/3 and arrive at
1
6(y —9)
On the other hand, abbreviating 1(G,,, - G,) (S,-; + (- )™ !) by RHS, we similarly see by Propo-

sition S that

LHS = CA+By 7 +2(3 - +2(-)"(A+3)y" + (3 -1)5") +1.

1
3(y-9)
__ 1
3(y -9)
+(W3=DF+ ()" (" (1+3) +6"(W3 - 1)).

Since y —1=1+4/3, §-1=-(/3-1), and (1+3)y +(/3-1)8 = 64/3, we find that

RHS = (7n+l _5n+l _},n +5n)(},n-l +5n—l +(_l)n—l)

(' A+ 3+ B -D+ (1 +B)y

RHS = 501 (43 + (3= D8+ () (3" + (3 -D87) +1.

Hence, LHS = RHS and this proves Lemma 3.
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