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1. INTRODUCTION

In this paper we shall be concerned with Chebyshev polynomials of the first kind, defined by
(see [2], [7])
Cpun(6) = XC, (1) = C, 4 () (1.1
with
C(x)=2, C(x)=x. (1.2)
Upto n=5, we have
Go(x) =2,
Gi(x)=x,
C(x)=x*-2,
G(x) = x* - 3x,
C,(x)=x*-4x* +2,
Cs(x) =x* — 5% +5x.

Generalized Chebyshev polynomials of the first and second kind (in the quasiperiodic sense)
were obtained by Dotera [5] and by Suzuki and Dotera [12] in a study of a second-order Fibo-
nacci chain. They obtained self-similar polynomials that contain a parameter » which gives the
intensity of quasiperiodicity. When r =1 (a periodic crystal), the polynomials coincide with
Chebyshev's polynomials whose degrees are the Fibonacci numbers (1, 2, 3, 5, 8, 13, 21, ..).
Another work by Clark and Suryanarayan [4] considered Chebyshev polynomials of the second
kind associated with quasiperiodic tilings of the plane. Here we consider the divisibility by primes
of coefficients of Chebyshev polynomials of the first kind.

In the proofs, we shall make use of binomial coefficients. Divisibility of binomial coefficients
by primes has been considered elsewhere (e.g., [1], [6]-[12], [14]-[16]). We also prove that, if
the degree of the Chebyshev polynomials is an odd number, then the coefficient of the second-
degree term is a perfect square.

2. COEFFICIENTS OF THE CHEBYSHEV POLYNOMIALS

If we consider equation (1.1) with initial condition Cy(x)=a, a € Z, and C,(x) = x, we have

the following array for the coefficients of Chebyshev polynomials 4,;, n>1:
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Cx) 1

Ckx)y 1 a

Gx) 1 a+1

Cix) 1 a+2 a

Ci(x) 1 a+3 2a+l

Cs(x) 1 a+4 3a+3 a

Cx) 1 a+5 4a+6 Ja+1

G(x) 1 a+6 <5a+10 6a+4> a

Co(x) 1 a+7 \6a+15 10a+10/ 4a+1 @1

Co(x) 1 a+8 7Ta+21 10a+5 a

Chi(x) 1 a+9 8a+28 21a+35 20a+15 Sa+1
1

C,(x) a+10 %9a+36 28a+56 35a+21 15%a+6 a

In the array (2.1), if we define a 2 x2 matrix as indicated, the sum of elements of the main
diagonal gives an element of the next row of the array, that is,

Aij = A‘i-—Z, j1t A‘i—l,j' (2.2)
For example, for the indicated matrix, we have
(5a+10) +(10a+10) = 15a + 20.

Consider the Pascal triangle:

Chi(x)

6 1

7 135] 21 7 1
1 (28] s6 70 56 28 8 1
36 84 126 126 84 36 9 1

Diagonals as indicated above are named ascendant diagonals of the Pascal triangle. The sum of
the elements of ascendant diagonals are the Fibonacci numbers (1,2, 3,5,8,13,21,...) (see [13]).
Here we are interested in two adjacent ascendant diagonals. If we compare the row of C,(x) of
the array (2.1) with the two indicated ascendant diagonals of the Pascal triangle (inside of a box),
we see that each element of the array (2.1) is equal to the sum of pairs of elements of the Pascal
triangle (inside of boxes) with the first one multiplied by a (a =2).

3. DIVISIBILITY BY PRIMES OF THE COEFFICIENTS OF CHEBYSHEV
POLYNOMIALS OF THE FIRST KIND

We establish the following facts about the coefficients of the Chebyshev polynomials of the
first kind.
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(a) If n N is a prime number, then » divides all the coefficients of C,(x) except the first one.

(b) Ifn is an even number, then the coefficient of the term of power 2 is a perfect square and its
square root is 7/2.

(c) If n= pq, where p and q are prime numbers (p > g > 2), then

[C (x)- ZCAP } Aodd. G.D
(d) If n=2p, where p is a prime, then
plC,(x)-x"£2]. 3.2)

4. PROOFS OF THE RESULTS

We will prove "closed formulas" that generate the polynomials we are studying in terms of
binomial coefficients. These formulas are useful in order to calculate the coefficients without
using a recursive method which is very slow.

Lemma 1: We have the following For n>1, the polynomials C,(x) with Cy(x)=a, aeZ",
Ci(x) =x, and C,,,(x) = xC,(x) - C,_,(x) can be expressed by the formulas:

(= (= e

C(x)=x +z [( ) +(’;{ 'I{):Ixnﬂ(k—l)(_l)k—l,

Proof: For n=1 and n=2, it is obvious since C,(x)=x and C,(x)=x*~a. Suppose that
the expression is true for all X <» and n is even. Let us show that it will also be true for +1. In

view of C,,,(x) = xC,(x) - C,_,(x), we have

Co(x) =xx" + Z [( k- 2)a +( ] x”‘z(k—l)ﬂ(___l)k—l
)

g [( n-1- (n 1- k)] P T\

if nis odd; and

if » is even.

_e1e Y [(’]Z - ’;)a N (n-I; 1~—i k)} R 2DH_pyEel

241

where
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a=| (328 (28)) e m=(320)-G4)

Can=xs 35 |(E 07 Yo (D7 K] eraerapn

k=3

So

by the Stiefel formula.
Hence, the expression is true for 7+1. In the same way, we prove for » odd. Therefore, by
induction, we obtain the result. O

Note: In the above lemma, it is clear that we have considered the convention (=¥)=0 when
k=%2+1.

We now state a theorem about divisibility of the coefficients of the polynomials
n
Cix) =2 G,
i=0

where Cy(x) =2, Ci(x) =x, and C,,,(x) = xC,(x)-C,_,(x).
By Lemma 1, we see that: for n even, C. =0 for all i odd and C? =+2; for n odd, C. =0 for
all 7 even.

Theorem 1: If s|n and ged(s, i) =1, then s|C,.
Proof: By Lemma 1, we have that
i_(n—k n—k)_ n(n—-k)!
C"“(k—Z)“(k—l)‘(k—1)!(n—2k+2)9

for some k. Since the case when i = 0 is trivial, we will deal withi=1,2,...,n. Thus,

oo ) _ wGE) | srGar

" n-2k+2 n-2k+2 i
since s|n and i =n—2k+2. But, by hypothesis, s and 7 are relatively prime, and this implies that
s|CL 0

Corollary 1: If n eN is prime, then n|C), i=0,1,...,n—1.

Corollary 2: If n €N and p is a prime such that p|» and p/i, then p|C} foralli=0,1,...,n.
Corollary 3: If nis of the form n=2p, where p is a prime, then p|C,,i=1,2,...,n—1.
Corollary 4: Tf n is of the form n =7, then ¢|C}..

Corollary 5: If n €N is even, then C? = (n/2)’.

Proof: Since C} = 2(}2%), where k =2, we have that
n 2
:_np oo (_np n_(n
G 2(g—1) 2772 (2) H
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