
PHI, THE GOLDEN RATIO (to 4599 Decimal Places), AND FIBONACCI NUMBERS 
Murray Berg 

Oakland, Cal i f . 

The golden ra t io can be obtained by the division of a line seg-
ment into two p a r t s such that the ra t io of the total line to the l a r g e r 
segment is the same as the l a r g e r segment to the s m a l l e r segment . 
This ra t io was given the name, phi, by the U. S. mathemat ic ian , 
Mark B a r r , over 50 y e a r s ago [l~j» 

If B were the l a r g e r segment and A the sma l l e r segment , then 

(1) 

Letting A = 

A + B B 
B " A 

unity, we have 

1 + B 

~w~ -B 

and the posit ive root, B is the number , phi: 

_ 1 +JE B z 

If we let B equal unity, then the r e su l t would be one less than phi. 
Phi is the only number whose r e c i p r o c a l is obtained by subt rac t ing 
one from itself. 

Phi is an i r r a t i ona l number , and i ts de te rmina t ion depends on 

the calculat ion oft/5 . It can a l so be calculated from the Fibonacci 
s e r i e s [ l ] and [ 2 ] . 

The Fibonacci number s a r e an infinite s e r i e s , w h e r e each e l e -
ment in the s e r i e s is the sum of the preceding two e lement s , and the 
f i r s t two a r e equal to 1. 

Thus Tl = F 2 = 1 

and for i > 2 F . = F . . + F . . , 
i i - l i - 2 

where F . = the ith number in the Fibonacci s e r i e s . I 
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A p r o g r a m was wr i t t en for the IBM 1401 which produced F i b -
onacci number s up to 4000 digits in length. A pai r of consecut ive num-
b e r s were pr in ted out at each 100 digit level . 

F . 7 / i s the f i r s t 100 digit Fibonacci number . For each succed-
ing 100 digit level, t h e F n u m b e r i n c r e a s e d by 478 and 479 a l te rna te ly , 
i . e. , F Q . , is the f i r s t Fibonacci number with 200 digi ts , F , .~~ n a s 

300, F has 400, up to F 3 with 4000 digits0 Table 1 l i s t s the 
Fibonacci n u m b e r s F , l n n o and E, i n n 4 « 

It is evident from equation (1) that phi i s the ra t io between two 
consecut ive m e m b e r s of the Fibonacci s e r i e s . Theoret ica l ly , we can 
obtain the ra t io to any number of dec imal p laces by per forming one di -
vision with Fibonacci number s that a r e far out in the s e r i e s . How-
ever , this mus t have p rac t i ca l l im i t s . 

A sepa ra te p r o g r a m pe r fo rmed such a division for F , i n n o and 
F , , nn / t> both 2300 digits in length. The division ins t ruc t ion took 21 
minutes 0 This was repea ted with the n u m e r a t o r and denominator r e -
v e r s e d . The ra t ios coincided to 4598 dec imal p l ace s . 

E m p i r i c a l observa t ion of m e m b e r s ea r ly in the s e r i e s show that 
the t rue ra t io l ies somewhere between the ra t ios obtained by the two 
d iv is ions . In fact, it is approx imate ly one fourth the dis tance between 
the f i r s t two non-coinciding digits of the two div is ions . These two 
digits for the f i r s t division were 42 and for the second division, 10. 
The t rue f i r s t digit of the two would be 3. This i s the 4599th digit of 
phi. Table 2 l i s t s the fract ional digits of phi. 
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^ Ĥ 
00 
LO 

r-
o 
0s-

o 
rg 
Is-
F̂ 
o 
00 
LO 

o 
rg 
oo 
r-rg 
rg 
go 
r-
co 
CO 
00 

gD 

o 
co 
r-
o 
00 
gD 

o 
0s-
rg 

Is-
gD 
LO 
LO 

o 
LO 
00 
go 

^ gD 

Is-

^ CO 

o 
LO 
rg 
o 
o 
0s-
gD 

o 
gD 
rg 
gD 

r-
o go 
rg 
LO 
rg 

-* 
0s-
gD 
rg 
rg 
r-H 

LO 
O 
Ĥ 
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