SUMS OF n—th POWERS OF ROOTS OF A GIVEN QUADRATIC EQUATION
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The quadratic equation whose roots are the sum or difference
of the n-th powers of the roots of a given quadratic equation is of
interest to the algorithmatist both for the number patterns to be seen
and for the implied connection between quadratic equations and the
factorabilityand primeness of numbers. In this paper, an elementary
approach which points out relationships which might otherwise be
missedis used toderive generalexpressions for the subject equation
and to show how Lucas and Fibonaccinumbersariseas special cases.

Sums of like powers of roots of a given equation have been
studied in detail. For afew examples, in this Quarterly S. L. Basin
[1] has used adevelopment of Waring's formula [2] for sums of like
powers of roots to write a generating function for Lucas numbers and
to write the kth Lucas number as a sum of binomial coefficients.
R. G. Buschman [3] has used a linear combination of like powers of
roots of a quadratic to study the difference equation u o = au + bun-l’
arrivingata result which expresses u in terms of a and b. Paul
F. Byrd [4], [5] has studied the coefficients in expansions of an-
alytic functions in polynomials associated with Fibonacci numbers.
A number of the results inthe foregoing references appear as special

cases of those of the present paper.

A. THE SUMS OF THE n-th POWERS

Given the primitive equation f(x) = x2 - px -q = 0, with roots

r. and r., the first problem considered here is to write the equa-

1 2’
tion
)™ = %% - (2P 4 rYx - (ror)t =0
1 2 172 ’
with roots rrl1 and rg.

Solving the primitive equation for Ty and r, by the quadratic

formula,

170



1966 SUMS OF n-th POWERS OF ROOTS OF A GIVEN 171

2 2
r1=(p+/p t4q)/2, r,=(p- \KD + 4q)/2
Since ry and r, satisfy the equation (x - rl)(x - rZ) =0,
2 2
x—(r1+r2)x+r1r2=x -px-q=0
identically, so T + T, =p and T, = -q. Next, write the equation
f(x)z, having roots r? and e Squaring roots,
2
2 2 2 2
r] = [(p+ \/p +4q)/2] = (2p° +4q +2p Vp~ +4q)/4 ,
2 [2 . B 2 [2
ry =[(p - Vvp" +4q)/2] = (2p” +4q - 2p Vp" +4q)/4
. 2 2 2 . . .
Adding, T + r,=p + 2q. The desired equation is then

£ = 5% - (pF F2qx i =0 .

Similarly, the coefficient of x for the equation f(x)3 = 0, by multi-

plying and adding, is r:l)) + rg = p3 + 3pq. Continuing in this manner,

the coefficients for x for the equations whose roots are higher powers

of T and r, can be tabulated as follows:
The sequence for rlf + 1‘121 ends when, for a given n, the last

term in the sequence becomes equal to zero. The penultimate term

(n-1)/2

assumes the form an 2 when n is evenand npq
odd.

when n is

Writing the numerical coefficients from Table 1 in the form of an
array of m colvumns and n rows and letting C(m,n) denote the co-
efficient in the mth column and nth row leads to Table 2. It is ob-
vious that the iterative operation in Table 2 to generate additional nu-

merical coefficients is
C(m,n) = C(m-1, n-2) + C(m, n-1) ,

which suggests a linear combination of binomial coefficients. By direct

expansion,

n({n-m)(n-m-1) ... (n-2m+3) _ 2 n+l-m n-m
(m-1)T - (m-l ) - (m—l)
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TABLE 1: r. +r

gt =P
2 2 2
Ty + r,=Pp + 2q
3 3 3
r +_r2 =p + 3pq
r4 + r4 = p4 + 4pzq + Zq2
1 2
r? + rg = p5 + 5p3q +5:qu
rf + r?': p6 + 6p4q + 9p2q2 + Zq3
rz + r; = p7 + 7p5q + l4p3q2 + 7pq?J
r? + rg = p8 + 8p6q + 20p4qZ + 16qu3 + 2q4
n n n n-2 n-3) n-42 n(n-4)n-5) n-63
r1+r2=p + np q+—2-,————n(' )p q +~.—3T._——_-( )_( )p q
nn-m)n-m-1)...(n-2m +3) n-2m+2 m-1
ot T 1) P q
TABLE 2: C(m, n)
n m 1 2 3 4 5 3. C(m, n)
1 1 0 1
2 1 A 3
3 1 3 0 4
4 1 4 2 7
5 1 5 5 0 11
6 1 6 9 2 18
7 1 7 14 7 0 29
8 1 8 20 16 2 47



k966 SUMS OF n-th POWERS OF ROOTS OF A GIVEN ‘ 173

From the above tables,

2
(A.1 n+n_[n/] 2n—i n-i-1 n-2i i
) ey s 3 [207) - eh] e
i=0

where [x:l is the greatest integer less than or equal to x, and (1'1;11)

is the binomial coefficient

1

m!
(m-n)! n!
Proof: By algebra,
k+1 k+l _ , k+tl k+1 k k k k
r + r, = (rl + r, + T, + rlrz) - (rlr2 + rlrz)
k k k-1 k-1
= (r1 + 1'2)(1‘1 + rz) - rlrz(r1 + T, )
k k k-1 k-1
= p(r1 + rZ) + q(rl + T, )

From Table 1, (A.1)holdsfor n=1,2,...,8. Toprove(A.l) by math-
ematical induction, assume that (A.1l) holds when n =k and n = k-1.

Using the result just given and the inductive hypothesis,

k+1 k+1 [k/2] k-1i k-i-1,7 k-2i i
rtr, =p 3 [2( R )Jp e
=0
[(k-1)/2] s s
+q s 2( 'i'l) - ';‘2)] pk—l—Ziqi
i=0 -

Multiplying as indicated and using the index substitution i-1 for i in

the second series yields

R
r1l<+1 +r12<+1 - s [2( -il) ) (k—;—l) ] pltl-2d i
.20
[(k+1)/2] . il
foox et - S PR

i=0
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Since the recursion formula for binomial coefficients is

Dy (T = (T

n n+l

( )

combining the series above will yield

k+l-1 k-1
for the coefficient of pkH—Zlql. Considering the series for k even
and for k odd leads to
1 [(kﬂ)/Z] k+1 k 1
k+l | k+l +1-1 -i k+1-2i i
A I R e N E
i=0

so that (A. 1) follows by mathematical induction. An expression eq-
uivalent to (A. 1) was given by Basin in [1]

Using formula (A. 1), we can write the desired equation

f0™ = %" - (P4 rhx + (-1) 7% = 0
Example: Given the equation xz - 5x + 6 = 0, write the equa-
tion whose roots arethe fourth powers of the roots of the given equa-
tion, without solvingthe given equation. In the given equation, p = 5,
= 6. From Table 1 or formula (A.1),

so f(x)4 = xZ_ - 97x + 64 = 0. Asacheck, byfactoring x2 -5x + 6 =0,

r = 2 and T, = 3, giving us f(x)4 = (x - 24)(x - 34) = x2 - 97x + 64.

Returning to Table 2, the summation of the coefficients by rows

yields the series 1, 3, 4, 7, 11, 18, 29, 47, ..., the successive
Lucas numbers defined b')rr1 Lln= 1, L2 =3, and Ln = Ln-l + Ln—Z'
The general equation for r, + r, reduces to the numerical values of

1 2
C(m, n) of Table2for p = q =1 inthe primitive equation x2 - px -q =

‘0, which becomes x2 -x-1=0 with roots a= (I +V5)/2 and
B =(1 - v’g)/Z. This yields an expression for the nth Lucas num-

. n n
ber, since Ln= a +p;
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(A.2) L =1l+n+ n(N-3)/2! + n(n-4)(n-5)/3! + n(n-5)(n-6)(n-7)/4!
[n/Z] . -
_ n-1 n-i-
= 3 20 - Y]
i=0 N

For example, L, =1+ 6+ 6(3)/2 +6(2)(1)/6 = 18.

Also, the equationwhose roots are the nth roots of XZ -x-1=0
is x2 - Lnx + (—1)rl = 0. (Essentially, equation (A.2), aswellas (A. 3),
(B.2), (B.3), appears in [3] by Buschman.)

An alternate expression for Ln is obtained by expressing

1 + rg in terms of p and A , where A = sz + rq. Now,

-n

L2}
1]

1 [(P+A)/2]n=2 (pn+npn A+—23——-‘P 3T

n-1 n(n-1) n-2 2 n(n-1)(n-2) n-3 3

=
"

which, for p=q=1, & = \/E, implies, on adding,

l-n

(A. 3) L =2'"%(1 - 5n(n-1)/2! + 5%a(n-1)(n-2)(n-3)/4! +...)

n
[n/Z] .
in
s 50
i=0

2‘n—l

B. THE DIFFERENCES OF THE nth POWERS

Now let us turn to the equation whose roots are r];1 and —rg,
where r. and r, are the roots of the primitive equation XZ -px -q = 0.

1
Since
2 /2 2
rl—r2=(p+/p +rq)/2 - (p-v/p" +4a)/2=/p’ +4a=a

the equation whose roots are T and -r, is x2 - \/p +rqx - T, = 0,
and f(x)A = xZ -Ax +q=0., Similarly,

, _
rf -1, = [(p+ \/pz + 461)/2]2 - [(p - \/p2 + ‘lq)/?-]'2 = pa

-1 n(n-1) n-2 2.+n(n—1)(n—2)pn—3 3+”

h -
2= -a)/2]" =27 - mp" T A + 25 pPTIAT P RS +o.
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Continuing in this manner, and assembling results, we have

TABLE 3: rrl’ - r;

n n
n 1‘1 - 1‘2
1 A
2 pA_Z
3 (P~ tqg)a
+ (p3 + 2pg)a
5 (p% + 3p2q + ¢%)a
6 (p> + 4p3q + 3pa®)a
7 (p® + 5piq + 6p2q? + >)a
n (pn-l + (n—Z)pn"3q + (n-32)§n-4) pn—5q2 b

+ (n—m—l)(n—m-lZ). .. (n-2m) pn-Zm-lqm) A

m.

The sequence for rlf - rg as given in Table 3 ends, for a given n,
on arriving at term zero.

Writing the numerical coefficients from Table 3 in the form of
an array of m columns and n rows, and letting CA(m,n) denote

the coefficient in the mth column and nth row,

TABLE 4: CA(m,n)

n\ m 1 2 3 4 5 6 2C, (m, n)
1 } 1 0 1
2 1 0 1
3 1 1 0 2
4 1 2 0 3
5 1 3 1 0 5
6 1 4 3 0 8
7 1 5 6 1 0 13
8 1 6 10 4 0 21
9 1 7 15 10 1 0 34
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It is obvious thatthe iterative process to generate additional numerical
coefficients rests on the relation

CA(m,n) = CA(m—l, n-2) + CA(m, n-1) ,

the same as for Table 2. The coefficients generated are also the co-

efficients appearing in the Fibonacci polynomials defined b.y

fn_H(x) = xfn(x) + fn—l(x)’ fl(x) =1, fz(x) = x

(For further references to Fibonacci polynomials, see Byrd, [4],

p.-17.)
Tables 3 and 4 lead to

i i1
(B.1) o o= Ay () Y

which is proved similarly to (A.1)

n and —rn, where r. and r
2 1 n 2 n n 1 n &
are the roots of x" - px-q=0, is f(x),=x - (r1 - rz)x +q =0.

We use (B.l) to solve the following: Given the equation x - 10x +

The equation whose roots are r

21 = 0 with unsolved roots r and T

whose roots are r';’ and —rg. From the given equation, p = 10, q = =21,

write the quadratic equation

Le——

/
and A = \/lO2 - 4(21) = 4. Using (B.1) or Table 3,

ol (pihq = (10° - 21)4 = 316 .
3 2 3
Hence f(x); = x - 316x + (-21)” = 0. Asacheck, the roots of the prob-
' 2
lem equationare r, = 7, r, = 3, so f(x)z =(x - 73)(x + 33) =x -3l6x -
3
217 = 0.

The summation of terms in the successive rows of Table 4 is seen

to yield the sequence of Fibonacci numbers, defined by F1 = F2 =1,
= + .
Fn Fn—l Fn—Z
p=g =1 in the general expression (B.1) and dividing by A = V5, for

the left hand member becomes the Binet form, Fn = (an - ﬁn)/ V5. In

This result can be demonstrated by substituting

general,
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(B.2) F =1+(n-2)+ (n-3)(n-4)/2! + (n-4)(n-5)(n-6)/3! +...
[»/2]
- n-j-
- 2 ( J ) >
=0

the sum of terms in rising diagonals of Pascal's triangle. Also, the
quadratic equation whose roots are o™ and -ﬁn, nth powers of the

roots of the quadratic equation x2 - x-1=0 with roots

a=(l+/5)/2 and B ={l - /B)/2, is XZ_‘/B'an_lzo_

Expressing rrl1 - rz,l interms ofonly p and A andassembling

terms as we did for rrl1 + rg in (A.3), we arrive at an alternate ex-

pression for the nth Fibonacci number,

(B.3) F_=2"""n + 5n(n-1)(n-2)/3! + 5%n(n-1)(n-2)(n-3)(n-4) /5! +..
[(n—l)/Z] _
=272 5" (2331) -
i=0
REFERENCES
1. S. L. Basin, '""A Note on Waring's Formula for Sums of Like

Powers of Roots'', Fibonacci Quarterly 2:2, April, 1964, pp.

119-122.

2. L. E. Dickson, First Course in the Theory of Equations, John
Wiley, 1922. T

3. R. G. Buschman, "Fibonacci Numbers, Chebyshev Polynom-
ials, Generalizations and Difference Equations', Fibonacci

Quarterly 1:4, Dec., 1963, pp. 1-8.

4, Paul F. Byrd, "Expansion of Analytic Functions in Polynom-
ials Associated with Fibonacci Numbers', Fibonacci Quarterly,
1:1, Feb. 1963, pp. 16-29.

5. Paul F. Byrd, '"Expansion of Analytic Functions in Terms In-
volving Lucas Numbers or Similar Number Sequences', Fib-

onacci Quarterly 3:2, April, 1965, pp. 101-114,

HOXXKXAKXKK KX KKK XX K



