FIBONACCI AND EUCLID
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For many centuries number addicts have had much fun with the

numbers generated by the Pythagorean identity

(Z.rnn)2 + (mZ_n2)2 = (mz+nz)2

Candido's identity viz.

[m2+n2+(m+n)2] 2: 2 [m4+n4+(m+n)4]

mavyhave its moments too, especially for Fibonacci fans. It is easily
verified by expanding both sides and obviously holds for all integral
values of m and n. Therefore it holds when m and n are con-
secutive Fibonaccior Lucas numbers. It has its application to geom-
etry as illustrated by the following problem.

"Divide a given straight line into three segments so that the

square on the whole line is twice the sum of the squares on the

three segments. '
Solution: Constructa squareon line AB. Let AB (andthe remain-
ing sides) be divided into three segments which are measured by the
second powers of any three consécutive Fibonacci numbers, e.g.,

22, 32, 52 or 4, 9, 25.

A 4 9 25 B
16 4 Then the cross lines joining. the
) points of divisiondivide the square
8l 9  into nine rectangles — three are
squares and six are non-squares.
Thus we see that the great square
625 25 istwice the sum of the three small-
er squares, i.e.,
382 =2 [16 +81 +625] = 1444.

Furthermore the six non-squares are equal in pairs and therefore

represent the six faces of a cuboid. The area and diagonal of the
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large square are equal respectively to twice the area and diagonal of
the cuboid. This identity can be applied to the areas of circles and
spheres on the line andits ségments or to any similar polygons drawn
on the same.
Problemists may find many applications to geometry, e.g.,
""From the corners-of anequilateral triangle cut off similar tri-

angles so that half the area remains. "
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(Continued from page 164.)
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Now if D 2=l (b=1%3) ,

| o

equation (6) has the solutions

L(s) = cos s
cosh s
Therefore
cos s cos s
(7)  F(s) = 2 } +§=z { +1§3
cosh s cosh s
Equation (5) now gives
k., 1x3
(8) u = 2 cosh A2™ + >

for the hyperbolic cosine alternative in equation (6). Now if A is
n

chosen to be Arccosh _2.9 where n, is an odd integer, it is easily

0
shown that the first term of the right number of equation (8) is always

an oddinteger and hencethat u, is notdivisible by 2 with the choice

k
of the positive sign. A similar result holds for n, even with the
negative sign., Therefore by the theorem, the sequence (b) is rela-
tively prime. The cosine alternative inequation(7) leads to a bounded

sequence of integers and therefore is not very interesting.
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