GENERALIZED BASES FOR THE REAL NUMBERS
J. A. Fridy, Rutgers—The State University, New Brunswick, New Jersey

Throughout this paper {ri}‘f will denote a non-increasing real number
sequence with limit zero; each of { kl}f and { ml}f denotes a non-negative

integer sequence
o
S = Zkiri and 8% = Z m, v,
1

(finite or infinite), We shall consider the possibility of expressing each num-

ber x in the interval (-S*S) in the form

)
x =) ar
.11

1

where each a is an integer satisfying -m; = 2, = ki’

In the classical n-scale number representation, each x in [0,1] can
be expressed in the above form, where n > 1, and r, = n_i, ki.= n-1,
and m; = 0 for each i. Previous generalizations ([6] and [8]) have con-
sidered only the expansion of positive numbers with certain restrictions onthe
coefficient bounds {k;}7.

In this note we shall extend the previous workto include negative number
representations as well as relaxing the restrictions on the coefficients {aI}‘;o
We shall also consider the question of uniqueness of such representations and
the expansion of real numbersvusing a base sequence {iri}‘f of both positive
and negative terms,

DEFINITION, The sequence {rj}7 is a {k,m}-base for the interval
(-S*,8) if for each x in (~8%*,8) tlhiere is an integer sequence {ai}:o such
that '

L] .
1 X = Za.r. and -m, =a, = k; i
(1) 3T 0 d m, : k1 for each i,
1
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Our main purpose isto develop an explicit characterization of a {k, m}—
base; to this end we first consider the case where m, = 0 for each ij i.e,,
a [k, 0}-base.

LEMMA, The sequence {ri}:o is a {k,0}-base for the interval (0,S)
if and only if

0
2) r, = Z kiri for each n.
n+1
Proof, If (2) does not hold and
r > X > kr, ,
it
n+i

for some n, it is easily seen that x cannot be expressed in the form (1).

Assume that (2) holds and let x be in (0,S), the conclusion being trivial

for x = 0. Let i(1) be the least positive integer such that ri(l) =x, and
choose 2y 1) to be the greatest integer such that 2y it = ki (1) and ay (1)ri (1)
= X,
i 2y (1)ri ) < x, we continue inductively:
Let i(n) be the least positive integer such that
n-1
(3) ri(n) =X - Zai(p)ri(p) and i(m) > i@ -1) ;
p=t
- 7 <
Choose a; () to be the greatest integer such that a; ) _ki () and
n-1
@ i = 2 i) i)
p=1

In case equality does not hold in (4) for any n, we assert that
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)
p=1

Suppose, to the contrary, that for some positive ¢

%)) ~

X

n
Zai(p)ri(p) = x - €, foreach n

p=1
If *in) < € it follows that
n~-i
©) @iy + Ve = X = 2 24T -
p=t
By the choice of ai(n) this implies that a; () = ki (n); furthermore, (6) also
yields
n
T+ - Yiw) T * 2. %oTip)
p=1
so that i(n+ 1) = i(n) + 1. Hence,
© n-i -
= . . kr = .
@ Yt = 2 te)ie pp = ¥
p=1 p=t p=i(n)
Applying (2) to (7) we see that
n-1
® Tt = X7 20t i) -

p=t
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By the choice of i(n), (8) implies that i(n) -1 = i(n - 1), so that (8) can be

written as
n-2
@inegy * Drygy = XD % o) ip)
p=t
whence a, Thus it is readily seen that for every n, i(n) =n

= Kk, .
i(n-1) i(n-1)
and 2 ) = kn’ which contradicts x < S; this establishes (5) and completes
the proof,

REMARK, From this Lemma the following is clear:

If {r;}7 isa {k,0}-base for [0,S) and N is apositive integer, then {ri}WN

isa {k, 0}§—base for the interval

)

Theorem 1, The sequence {r;j}7 isa {k,m}-base for (-S*,S) if and
only if

[ee]
-
9) r, = L (ki + mi)ri for each n .
i=n+1

Proof, If (9) does not hold and

[=e]
.+ m.)r.
r,> x> Z (k1 Inl)r1 ,
n+i

it follows easily from the Lemma that x - S* 1is in (-S*,S) but x - S* cannot
be expressed as in (1).
To show the sufficiency of (9) we first consider the case where S* isfin-

ite. Let x bein (-S*,S8). By the Lemma, (9) guarantees a sequence {aj}y
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such that

=]
* .
X+ 8 = Zairi, and 0 = ai = ki+mi for each i .
1
Letting bi =3 -m;, we have

0
= p— << < ]
b:4 Zbiri R and m, = bi = ki for each i,
1

The case in which S is finite is proved similarly. If both S*and S
are infinite it follows immediately from the Lemma that every non-negative x

can be expressed as

where 0 = a, = ki’ and every negative x can be so expressed with -m, = a;
=0,

We now wishto establish conditions under which the representations inthe
form (1) are unique., Since the common decimal expansion is not unique, and
this is the special case where r; = 10_1, m, = 0, and ki =9, we cannot
hope for total uniqueness in any non-trivial case, Therefore we adopt a con-
vention similar tothat used in identifying the decimal .0999--- with ,1000---,
viz, , we disallow a representation in which a; = ki for every i greaterthan
some n, Note that in the proof of the Lemma such representations were not
necessary. (This is also the reason that we did not consider the closed inter-
val [0,S] even when S was finite,

Theorem 2. The sequence {rj}; yieldsexactlyone {k,m}-base repre-

sentation of each x in (-S*,S) if and only if

]
(10) r, = Z (ki + mi)ri for each n,
i=n+1
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Proof, The sufficiency of (10) is fairly straightforward, Conversely, it

is easily seen that for unique representation it is necessary that S° (and S)
be finite, Suppose that S* is finite and {ri};o satisfies (9) but not (10), Then

there exists an integer n and a number X such that

0
r X (k1 ml)r1
n+i

Using the construction in the proof of the Lemma, we get a sequence { ai}:o

satisfying

i'i

and 0 = a; = ki + m,; moreover, since r, <% at least one of ay,°-- 2

is non-zero, Taking bi =a; -m;, we have

[ee]
(11) x -8 = Z:biri , where -m; = bi = ki s
1

and for some i = n, bi * -,
) . 0 .
On the other hand {ri}n ., isa {k+m,0} +,"base for the interval

[~ ]

[0,2 (& + mi)ri> ,

n+1

by the Remark followingthe Lemma, This yields a second {k, m}-base repre-
sentation: x - s =21 ar, , where d, = -m, for all i =n,

COROLLARY. The sequence {r;}; yields aunique {k, m}-base repre-
sentation of each x in (-S* S) if and only if
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r o= 8+ s*)/HiZ1 (L +k +m) foreach n,

Proof, This is straightforward induction using Theorem 2,

The foregoing theory canbe used to consider representations of real num-
bers in which the base sequence {ri}:o takes on both positive and negative
values, Let A and B be disjoint sets whose union is the setof positive inte-
gers, and let C A and CB denote their respective characteristic functions,
We shall use

C, (i)
. B
(i) r,
as the base sequence.
Theorem 3, If {ql}‘;o is a positive integer sequence, then
C,L@)
B
(-1) ry
1

is a {q, 0} -base for the interval

i€B icA

(‘ Z 9Ty » Z qiri)

if and only if

(12) r, = Z qiri for each n,
n+i

Proof, Let ki = C A(i)qi and m, = CB(i)qi’ so that ki +m, = q,
- - oF 1 .

Z; ATy = S, and Z pair; ST Thus by Theorem 1, (12) is equivalent
to {ri}‘f being a {k, m} -base for (-8*,8), If (12) holds and x is in (-S*,S),

then

[~e)
X = Z biri , Where —CB(i)qi = bi = CA(i)qi .
1
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Taking a; = (-1) bi’ we have
(2]
Ch) ]
B,
(13) Zai [(—1) ry and 0 = 2 = ¢ .
1

The converse is proved similarly.
REMARK, It is clear that the representations in (13) are unique if and
only if equality holds in (12) for each n.

A related problem is that of expressing a given number x in the form

fee]

(14) X = Zeiri s where € = 1 or -1 .,

1

The following solution is proved using Theorem 1,
PROPOSITION, If

(=] o0
r, = E T for each n, and |x| s§ r;,
n+i 1

then x can be expressed in the form (14),

The special case of Theorem 1 in which ki =1 and nii = 0, forall i,
is apparently an old result first proved by Kakeya [7] (cf. [2]). Generalizations
of the n-scale (radix n) representation of positive integers which are anal-
ogous to the theory presented here have béen developed by Alder [1] and Brown
[3-5]
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