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1. INTRODUCTION

In this paper we introduce the numbers

[s2a] ( 2]
un(p,q,8) = P

o i q

u() = u()(psq’s) =1

=]
il

(1.1) ) 1,2,

where n, p, g, s are positive integers and [ x] is the largest integer in x.
The characteristic equation and a generating function are developed and the
relation to a generalized Pascal's tridngle is exhibited in Section 2, An inter-
esting feature is the repetition of each term g times where g = (p,s). Cer-
tain sums and some properties relating to congruence are established in
Sections 3 and 4,

The numbers corresponding to the case s = 1 are developedin our pre-

vious paper [2]. Thus the Fibonacci numbers are those for p = q = s = 1,

The numbers in Dickinson [1] are the special case p = a, q =1, s = ¢ - a,

By multiplying the binomial coefficients
"n - ip
S
i q

Lk
by al'9%ld pefore summing, the numbers could be generalized further.

*A more appropriate choice of exponents, suggested by Dr. David Zeitlin,
appears in a paper by him which will follow,
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2. THE CHARACTERISTIC EQUATION AND GENERATING FUMCTION

We note that

[n + 8 - ig] l:n - ip] [n - ip]
s - S = S
i q i q iq -1

or zero, from properties of binomial coefficients, Hence, if Ef(x) = f(x + 1)
we have (ES - u, is a sum of binomial coefficients with first coefficient in-

volving iq - 1. After repeating q times there results

(ES - 1)qun(psqss) = U.n..p (p’qys); n-p 2 0
or

q q

g+1
= - toeost (= +
n+p+qs (1)un+p+ (q-1)s (2) u1a+p+(q-—2)s -1)" "

2.1) u wp

Hence the characteristic equation is
2.2) LS -nl-1=0
with initial conditions

(2.3) uo = u.1 = ecoe = = 1

up+qs -1

It may be remarked that up +qs = 2
Suppose the arithmetic triangle to be written but with each row repeated

s times, Then one sees that un(p,q, s) isthe sum of theterm inthe first col-
umn and n h row (counting the top row as the zeroth row) and the terms
obtained by starting from this term and taking steps p,q — thatis, p units

up and q units to the right.

When (p,s) = g > 1 the sequences {ung}, {ung+1}’“' ’{ung+(g—1)}
are the same since each sequence is determined by the same recursionformula
and the same initial conditions,
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Let f(x) = x*(x° - )T - 1 so that £1(x) = """ x* - )% [(p + qs)x® - p].
The roots of f'(x) = 0 are the roots of

Xx =0, x =1 and X = P .

None of the roots of f'(x) = 0 is a root of f(x) = 0 and f(x) has no multiple

root, If the p + sq roots of f(x) are =Xy, Xy,Xg,«-- ’xp+sq then the determin-
ant of the coefficients c¢y,cq,°¢°,cC in
e p+as
ptgs
n+t o _ . _
& Ci%; = n = 0,1, ,p+s8q -1

is different from zero, The system can be solved by Cramer's rule using
. s s
Vandermondians, It results that c; = (x5 - 1)/ [(xi -1){[p+ sq]x; - p}] and

hence

p+sq 5 - 1):)5;*I
(2.4) u = , n=20,1,2-""

=1 (x5 - D[P + sq)x§ - p]

To obtain a generating function, write

0 .
S =2 uix1
i=0

Then by multiplying S by each of
(-1) ((i{) XS, (_1)2 (g>x2s, cee (—l)q (g)xqs and _XP+C1$

and adding, one finds
5,4 _ _p+sq s Jfq) kst
[@-x)"-x ]S = E(-l)(.)x

Note we have used uy = uy =+*+ = Upigg-;y = 1 and (2.1), Hence
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E unx = S W A
(3 -« 2

gy _ P54

The numerator is equal to

S—-1 -1 /
PIES i (0 et
1=0 k=0 k

i

s-1
Yl - xedl
i=0

a-x9Ya - x

i

Hence

S0 _ (1 -x9Ya - x)
22 Zunx ) a - x93 - xPFsd

As an example, for p = 2, q = 2, s = 3, this gives

0

Y u (2,2,3) %" =
bd 11
n=0

1+x+x2-x -x%-x°

1-2x3 + xb - X8

This gives the sequence

[Oct.

{o @.2,3} = 1,1,1,1,1,1,1,1,2,2,2,4,4,4,7,7,8,12,12,16,21,21,31,37," * -

3. SUMS

n -1 ;
_ ifg-1
(3.1) ;ui = g{(“l) < i ) [un+p+s(q—i) *

Untprs(g-i)-1 T Unaprs(q-i)-s+ ]

where 0jj is Kronecker's 6.
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This is seen to be true for g = 1 and all n by summing u,

—3 u —
pts
up; 1.11 = up+s+1 —up+1;-o.; un = up+S+n - up+n. Slnce uo = ui = eee =
up+sq—1 = 1, this gives
n n+pt+s n+p
IUED I RS T
]'_:.0 i=0 i:o
which is the result. Also this is true for n = 0 and all q, We have to show
q-1
— - i q- 1 4 ees
o E 1) < i ) [up+s(CI—i) i up+s(¢1—i)-(s—1)]’
i=g
But u = 2 so that by separating the term corresponding to i = 0 we get

ptsq
1+s(1-1)%1=1=uy,.

It remains to show the result in general, Assume (3,1) to be true for
q =2 and n = k; then

k+1 k q )
- - i q)

PILEEED DR P (i [tpt(g-i)s+1 T
i=0 i=0 i=0

q-1

_nifa-1
Z( 1)( i >[uk+p+s(q—1'.) * uk+p+s(q—i)—1 *
i=0

* Yktpts(g-i)-s+i ]

By combining terms
u L = u .
k+1+pt+s(g-i) k+pt+s(q-i)+1
using
q q-1 q-1
. - . = . ’
j j-1 i

the result follows and the theorem is proved,
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q n+p+s{g-k) e f 9
> > (_1)n+p+s(q k-1 u, , s even
n k=0  i=n+t k
n-i
(-1)" "u; = - .
; ' 1 d PSR ppes (g [
=0 L ey 1) 4
1 - <P kS0 iSm k
0 p=q=1 (mod 2)
nti g-1 _
+4 (-1) 2 p=qg=0 (mod 2) | s odd
(3.2) -1)* 297" pEq (mod 2) |

Proof: Solve (2.1) for u_ and write (-1 u for i=mn,n-1,-++,0. The

sum of the (k+ 1)st column formed by the expansions is

B il w+p*s (A-K) @etoteief 1)
+i _ n+prs{g-k)~i+k
Z('l) <k> Yntprs(g-k)-i Z -1) (k /? Y

i=o0 i=0

q E
- ('1)k+n+1<k)[l -1 4+ eee + (__]_)p"'s(‘l"k)—-i-}

since the terms added to obfainthe sum on the right have u, = 1 in each case,

Hence this gives
n+p+s(g-k)

n
[ 4a {4
k+i _ n+p+s(q-k)+k-i
Z (-1) (k )un+p+s(Q--k)--i B Z (-1) (k) Y
i=0

i=0
+ (_1)n+k<q)_ €
k

where € = 0, p+ s(g-k) = 0 (mod 2) and = 1 otherwise,

Summing for k = 0,1,--+,q gives
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n q ntp+s(g-k) g
§ (-1)n—i 2 Z {M.E.}KT"”?TS€Ci"i'~i}‘3*k"‘i( ) u,
) i
i=¢ i=n+1 K
q n
TN, pprs(a-kivk-
P@E( b k/UT
=0 1=
{ a n
E‘ (-1 k)e(k) , P+ 8(g - k)% 0(mod 2)
k=0
0 , P+ s(@ - k)= 0(mod 2)
But
g'ﬁ %““ _ n+p+q(q k)+k-1< >ui =
k
\:—u F—-ﬂ
0, s = 0 (mod 2)

n
(-1)Pr5929 Z(—l)’“‘i u, s =1 (mod 2)

i=0

, soddp=dq=0 (mod 2)
-1)% 29" sodd p#q (mod2)

0 , otherwise

Combining these results gives the theorem,

It may be remarked that
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n n
é usi and E Ugjtq
i=0

i=0
can be obtained from (3.1) and (3.2).

4. DIVISIBILITY PROPERTIES

Using methods similar to those of our previous paper, one can show the
following: Any p + sq consecutive terms are relatively prime, The least
nonnegative residues modulo any positive integer m of u'n(p,q, s) are periodic
with a period P not exceeding mP*®9, There is no preperiod and each period
begins with p + sq terms all unity, Any prime divides infinitely many

un(p, q,8) since

a
_ Z Lifd _
qup = (-1) <1> uP+s(q—i) = 0 (mod m),
i=0
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REQUEST

The Fibonacci Bibliographical Research Center desires that any reader
finding a Fibonacci reference send a card giving the reference and a -brief
description of the contents, Please forward all such information to:

Fibonacei Bibliographical Research Center,
Mathematics Department
San Jose State College

San Jose, California
ok odd A



