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1. INTRODUCTION

The following hold for all integers n and k:

Fn+k = Fan+1 * Fk—iFn ’
2 = 2 2 2
Fn+k (FkF k—j)F n+2 * (FkF k—z)Fn+1 (Fk—1Fk—z)Fn ’
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- 3
(Fiee FleaFiees /Z)Fn .

These identities suggest that there is a general expansion of the form

p
P _ p
(L.1) Foue = D% P Foy
=0

Here we show such an expansion does indeed exist, find an expression for the

coefficients aj (k,p), and generalize (1,1)to secondorder recurrent sequences,

2., A FIBONACCI POWER IDENTITY

m ]

Define the Fibonomial coefficients r _i by

m] _ FmFm—1°°°Fm'r+1 @ > 0); m| _ 4
B Fin"°Fr ? 0

Jarden [ 4] proved that the term-by-term product Z, of p sequences each

obeying the Fibonacci recurrence satisfies

274
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S LAY
j@+1)/2
(2.1) Z (-1) L ' Jzn_j

j=0 !

for integral n, In particular, z, = Fg obeys (2.1). Carlitz, [1, Section 1] has
shown that the determinant

P

Dp = i n+r+s

(r9s = 031,'qn9p)

has the value

P,

p -

D, = (-1)P O )/ H(J > EFE T F )+ 0
j=0 \

implying that the p+ 1 sequences {Fg}, {Fi +1},- oo, {Fﬁ +p} are linearg
independent over the reals. Since each of these sequences obeys the (p + 1)
order recurrence relation (2,1), they must span the space of solutions of (2.1).
Therefore an expansion of the form (1.1) exists.

To evaluate the coefficients aj (k,p) in (1.1) wefirst put k=0,1,°°°, p,
giving aj(k,p) = ajk for 0= j,k =p, where 6jk is the Kronecker delta de~
fined by éjk =0 if j#k, Opp = 1. Next we show that the sequence

{a;(kp)}he,

obeys (2.1) for j = 0,1,°°*,p. Indeed from (1.1) we find
pt+i -
0 = 3yt /2| ® e
r n+k-r
r=0

P pt+i

r(r+1)/2 p+1 D
DI M B U

j=0 { r=0

But the Fﬁ . G=0,1,°°¢,p) are linearly independent, so that

pti p+1
Z ('1)r(r+1)/2[ . :l aJ(k -r,p) =0 (5 = 0,1,°°°,p)

=0
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Now consider b.(k p) = (Fka_i--- Fk_p)/F (FJ j=i' FgF—i'“Fj—p) for
§=0,1,00 1 b (k,p) = [ 5], together with the conventionthat Fy/F, =1,
Clearly bJ(k,p) = 6 ik for 0 = j,k = p. Since {b, (k,p)}k is the term-by-
term product of p Flbonaccl sequences it must obey (2. 1) Thus {a, (k,p)}k_0
and {b, (k’p)}k—o obey the same (p + 1) order recurrence relation and have
their f1rst p+ 1 values equal (j = 0,1,°°-,p), so that aj(k,p) = bj(k,p).

Since F__ = (-1)“”Fn, it follows that

- vy (P-I)P-iH8)/2
Fgo Fip = Fpy o Fal-1)

‘so that for j = 0,1,.--,p -1, we have

(1)@= -5+3)/2 ( PPt Flepis ) ( FpFp-g " T )( Fk-p)
FF Ty (Fj' .. Fi)(Fp—j' Ty Fieg

1\ (p-i)p-j+3)/2 [k] [p]
(-1) oll; (Fk—p /Fk_j) )

which is also valid for j = p using the convention Fy/F, = 1. Then (1.1)

2, (k,p)

becomes

P . . kilp

=0

for all k, We remark that since consecutive pth powers of the natural num-

bers obey

pH

1v
E( 1)p'i'( )<n+3)" =0,

a development similar to the above leads to

L AN p\[k-p
(2.3) (n + kP =Z<—1>p‘3( )( )( )<n+1)p ,
pan p ifT \k -3,
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a result parallel to (2,2)

3. EXTENSION TO SECOND-ORDER RECURRENT SEQUENCES

We now generalize the result of Section 2, Consider the second-order
linear recurrence relation
8.1) Yotz = PVp4q ~ 9y, @ * 0) .
Let a and b be the roots of the auxiliary polynomial x% - px+q of (3.1),
Let W be any sequence satisfying (3.1), and define w by u = (a\L]rl - bn) /
(@-b) if a+ b, and u = na®?!if a = b, sothat u also satisfies (3.1).
Following [4], we define the u-generalized binomial coefficients [_I;IJ by

u

u u_ el
- -r+1
{T] = T @0 [‘3‘] =1 .
u 172 T u

Jarden [ 4] has shown that the product X, of p sequences each obeying (3.1)

satisfies the (p + 1)t order recurrence relation

p+i +1
i iG-n/2|P . =
(3.2) Z(-l) q [ J_ ]xn_j 0
=0

u
If all of these sequences are W then it follows that X, = Wﬁ obeys (3.2).
It is our aim to give the corresponding generalization of (1.1) for the

sequence W ; that is, to show there exists coefficients a].(k,p,u) = aj(k) such
that

n+j

p
(3.3) W = D ay) wh
=

and to give an explicit form for the aj (k). Carlitz [1, Section 3 ] proved that

DP(W) ='wfl+r+8| (r,s = 091,"'3p)
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is nonzero, showing that the p + 1 sequences
p cee
1 IR L LI A

are linearly independent, Reasoning as before, we see these sequences span
the space of solutions of (3.2), so that the expansion (3,3) indeed exists, Put-
ting k = 0,1,---,p in (3.3) gives aj(k) = 6jk for 0 =j,k= p. Italso fol-

lows as before that the sequence

1295y

satisfies (3.2). Now consider
bj (k,p,u) = bj(k) = wauy e uk—p /uk_j(ujuj_l- ceUgloge e uj—p)

k
for j = 0,1,-++,p-1, b_(k) =
or j=0,1,---,p p() [p

Then bj(k) = éjk
is the product of p sequences each of which obeys (3.1). Since {aj(k)}"l;o

, along with the convention u, /u; = 1,

u
for 0 <j,k <p. Also{bj(l‘:)}";;=0 obeys (3.2) because it

and {bj(k)}i:o (j=0,1,-+<,p) obey the same (p+ 1)th order recurrence
relation and agree in the first p + 1 values, we have aj(k) = b].(k). Now
ab = a. sothat u_ = @™ -bp™)/@a-b) = —qnun . Then
u .°°°“u = up_j,. .ui(_l)p—j q(p—j')(p~j‘+1)/2

and thus for j = 0,1,°°°,p -1 we see

(3.4)
o) = (<1)PTIg@DE-3/2[ felkes “k—w)( Jplpr ) ( "k-p
j upup_l. <o Uy (uj. .o ul)(up_j. . ui) uk—j
s k] |p
= ()PP J+1)/2[ ] [] ey /“k-j) ,
P u J u

which is also valid for j = p using the convention u, /u; = 1. Therefore (3.3)

becomes

. > -
P _ p-j _(p=j)(p-j+1)/2 P P
@)y = D e L)] [J] Ceop /g Ve

j=0 u u
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Carlitz has communicated and proved a further extension of this result.
Let

) -
X = W e o
n n+a; n+a, Wn+ap ?

where the aj are arbitrary but fixed nonnegative integers. Then we have

P

8 5 o (s k P

(3.6) Xrg?z{ = E (_1)p Jq(p P ]'H)/Z[ ] Ir} (uk_p /uk-J)XIgI—)F)J ,
. j=0 Ply L Jy

where u, /u, still applies. We note that putting a; = ay =+++ = a, = 0 re-
duces (3.6) to (3.5).
To prove (3.6) using previous techniques requires us to show that the

sequences

P 2

are linearly independent. To avoid this, we establish (3.6) by induction on k,
Now (3.6) is true for k = 0 and all n. Assume it is true for some k =0 and

all n, and replace n by n+ 1, giving

(k] & . . . p| u
® _\Pig @D =it/ k-p _(p)
Ftk -1 "a . u .Xn+j+1
Bl fn iy ki
k] . . [P ] u k
- (-1)P T+ =T+ (p-3+2)/2 kp @ | | (@
1] Wit n+j n+p+i
Bl j i pl,
It follows from (3.2) that
p+i + 1
() Z (1ylgd@=/2 | P Lo
n+p+i ' . n+p+1-j
j=t i1y
D e + 17
= Z(__l)p~1q(p—3)(p—3+1)/ 2 [p <P
. n-+j
=0 L
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Thus
k] 2 . . p <P}
® P (-3 (p-jt)/2 n+j
ntkt1 Z_,( D" . uu, .
u j=0 j-1 u § k=g
_ Pt
R A =
Since
u_. .u - qp_jﬂu u. = u,_, u
CUpt k-j+t k-pj k+1 p-j+1 °
we have
K] & e i :
®  _ ] < Pl - -r/e | P “p-jtt ()
X U, (-1)" “q X
n+k+1 k1) » Wy o nt

Juj=0 L -1l

p -
[k”} SRl e-s /e p} Ueptt 0)

. U, . n+j
p | R e 5

completing the induction step and the proof,

4, SPECIAL CASES

In this section we reduce (3.5) to a general Fibonacci power identity and
to an identity involving powers of terms of an arithmetic progression, First

if we let w_=TF where r and s are fixed integers with

, u =F |,
n ns+r’ n ns
s £ 0, then both W and u, satisfy

S —
(4.1) Vprp - Le¥per + 1y, = 0 .

The roots of the auxiliary polynomial of (4.1) are distinct for s # 0, so that
w, and u satisfy the conditions of the previous section, In this case the u-
generalized binomial coefficients [m] become the s-generalized Fibonacci
coefficients [“tl] defined by u

s
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[m] - FmSF(m*ﬂS“.F(m"t'l"ﬂs t > 0) [m] =1
S s

FtsFts—se ’ Fs 0

A recurrence relation for these coefficients is given in [3]. Now here

4= (1)°, so (_Dp—jq(p-j)(}?-jﬂ)/? _ (_1)(p-j)[s(p—j+1)+z]/2

Then (3.5) yields

o K
(4.3) F(n+k)s+r Ny

J_

_1)<p—j)[s<p~j+1)+2]/2ﬁ ﬁ leple g
pl L L Faeps S

Putting s = 1 and r = 0 gives equation (2.2),
On the other hand, if we let w, =us+r and w, =mn, where r and s

are fixed integers, then w, and u obey

Since the characteristic polynomial of (4.4) has the double root x = 1, both

W, and un satisfy the conditions for the validity of (3,5). In this case we have

qg =1 and [n?] = (Itn), the usual binomial coefficient, Then (3.5) becomes
u

b . fk\N/P\/k - p
4.5) ((n+ kJs + )P ZZ("DH( }(;,)(k ) ([n+js+n)P .
p/: -

=

This reduces to (2.3) by setting s = 1 and r = 0.
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