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1. INTRODUCTION 

The object of this pape r i s to invest igate the va lues of the r e s idues mod-
m ulo n of x , where 0 ^ x ^ (n - 1), and in pa r t i cu l a r for the ca se n = m. 

We shall define 

S(n;m) = { x m (mod n)| 0 ^ x ^ (n - 1)} 

and 

$(n;m) = {x (mod n) I 1 ^ x ^ (n - 1), (n,x) = l } 

Clear ly $(n;m) is a subset of 2(n ;m) . We shall use the symbol $(n;m) to d e -

note the number of dis t inct e lements of $(n;m). Also whenever t he r e i s no r i s k 

of confusion we shall omit the symbol (mod n). We shall prove ce r t a in theo-

r e m s which will enable the work of computing S(n;m) to be reduced cons ide r -

ably, and conclude with a table of S(n;n). 

2. PROPERTIES OF $(n;m) 

T h e o r e m 1. H(n;m) = {xy [ x E $(n;m), y |n} 
m Proof. Suppose z E 2(n;m)a Then z = d (mod n). Now let y = (n,d). 

m m 
Then d = cy, (n,c) = 1, y n. Hence s = xy , where x = c E#(n ;m) . 
This concludes the proof of the theorem. In view of it, and the fact that for 

s eve ra l r e a s o n s $(n;m) i s r a t h e r e a s i e r to deal with, we shall f i rs t cons ider 

the p r o p e r t i e s of cj>(n;m)„ 

In the f i rs t p lace , we shall define the in teger l(n) for n > 2, as follows 

r r—1 
(if if n = p , where p is an odd p r i m e and r > 1, then l(n) = p 

(p - 1) 
(ii) if n = 2 r , then l(n) = 2 r ~ 1 if r = 1,2 and l(n). = 2 r ~ 2 if r > 3. 
(iii) if 

305 
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N r < 

n = II P, * , 
i=i 

then 

l(n) = l . c . m . { l ( P i
r i ) } s t = 1 , 2 , - , N , 

Then we have 

T h e o r e m 2. If 

k = (m, l(n)), 

then if k f l (n) , 

$(n;m) = $(n;k) , 

whe reas if k = l(n) , then $(n;m) = {1}„ 

Proof. 

#(n; l ) = {x|(n,x) = 1} 

i s a mult ipl icat ive Abelian Group whose s t ruc tu re is known 

*(n; l ) =
C l ( P i r i ) X C l ( P 2

r 2 ) X , - X C l ( P n r n ) " 8 ^ 
C l ( P l

r i ) X C l ( p 2
r 2 ) X ' " X C l ( p n

r i 1 ) C2 if 8|n 

Now 

l(n) = l . c . m . { l (p i r i ) } 

and so 
$(n;l(n)) = {1} , 

and c lea r ly l(n) i s the l eas t in teger for which this i s t r u e . Thus we have 

x = 1 (mod n) 

if 
(n, x) = 1 . 

Now if 
k = l(n) = (m,l(n)), 

then 
l(n) |m , 
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and so whenever (.n,x) = 1, x m = 1 (mod n), i. e. , $(n;m) = { l } . 

Secondly, if (m, (n)) = k w h e r e 0 < k < l(n), then t h e r e exist in tegers 

a, b , c such that 

m = ak and k = bm - cl(n) . 

Hence if (n,x) = 1 we have 

and so 

Also, 

Thus 

m ak , a x k , , . 
x = x = (x ) (mod n) 

$(n;m) C $(n;k) 

k bm-cl(n) b m , , * 
x = x = x (mod n) 

xm = (x^) , (mod n) 

$(n;k) C #(n;m) , 

and so by our previous r e su l t 

#(n;k) = <i>(n;m) . 

Hence in cons ider ing $(n;m) we need only consider values of m which a r e 

d iv i so rs of l(n), 

T h e o r e m 3„ if 

and a)n, then 

Proof, Let 

Then 

38 PROPERTIES OF S(n;m) 

x = y (mod n) 

x = y (mod an) 

x = y + en , 

x - (y + en) 
a , a- i 

= y + acny + . , < , + 
+ a(cn) a _ 1 y + (cn)a 

y (mod an) s ince al n 
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This concludes the proof,, A s imple induction argument now shows that for any 

r , if x = y (mod n) and a|n then 

x a r = y a r ( m od a rn) 

and this gives immedia te ly 

T h e o r e m 4. 

2(a rn; a r m ) = { x a r ( m o d a r n) | x E 2(n;m)} 

w h e r e a is any factor of n. 

T h e o r e m 5. If n is squa re - f r ee , and if $(n;m) = <3?(n;l), then 2(n;m) 

= 2(n;l)* for by Theorem 1, 

S(n;m) = { x y m | x E *(n;m), y) n} 

= { x y m | (n»x) = i» ylnl 

Now cons ider any p r i m e factor p of n„ Since n is squa re f ree ( p m , n) = p 

and so the re exist in tegers a, b such that 

p • = ap + bn 
m = ap (mod n) and so (n, a) = 1 or p 

m Now if (n, a) = p then let af = a + n / p . Then (n, aT) = 1 and p = a'p (mod 

n)0 Hence p E 2(n;m), and so every p r i m e factor belongs to 2(n;m)0 Hence 

if m is any number between 1 and (n - 1) 

N s-
z = c n p . 1 

i ' 

where (c, n) = 1 and the p^ a r e p r i m e fac tors of n. Hence z = a (mod n). 

This concludes the proof, s ince c lea r ly 0 E 2(n;m)» 

Theorem 6, If k = (m, l(n)) then if 
N 

n = n P i r i 

i=i 
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N 1 ( P i r i ) 

— — - — unless 8 n and m is odd 
/ J j ( k , l ( P i

r i ) ) 
</)(n;m) = \ N l ( p . r i ) 

o rr ^ — ^ 8 l n a n d m i s °dd . 
2 l^ (k,l(v.Ti)) 

For , (n;m) = </>(n;k) and the r e su l t follows from the s t r u c t u r e of $ (n ; l ) , 
s ince when s n , k is odd if and only if m i s odd, 

4 . PROPERTIES OF 2(n;n) 

T h e o r e m 7. S(n;n) = {0, 1, 2,•• • • , (n - 1)} if and only if ( n, l(n)) = 1. 

Proof. (i) If 2(n;n) = {0, 1, 2, •• • , (n - 1)} then $(n;n) = $(n; l ) and 

so by T h e o r e m 6 ( n, l(n)) = 1. 

(ii) If ( n, l(n) ) = 1 then by Theorem 2 3>(n;n) = $(n;l) and so 

by Theo rem 5, 2(n;n) = 2(n; l ) s ince n mus t be s q u a r e - f r e e to make 

( n, l(n) ) = 1. 

T h e o r e m 8„ If l(n)|n, then 2(n;n) = {x |x |n} 6 This follows immedia te ly 

f rom T h e o r e m s 1 and 2, 
T h e o r e m 9, (i) if n = 2 r

5 then S(n;n) = {0 ,1} 

(ii) if n = 3 r , then 2(n;n) = { 0 , l , n - 1} 

; an odd p r i m e 
. t r , „ x l t 

r (iii) if n = p , where p is an odd p r i m e then 2(n;n) 

cons i s t s of the p different e lements 0, ±1, ±2 , • • • , ±{l(p - 1)} where 
r-i 

t = P o 

Proof, (i) if n = 2 , then s ince 2(2;2) = { 0 , l } , the resu l t follows 

by T h e o r e m 4. 
(ii) if n = 3 , then s ince 2 (3; 3) = { 0 , 1 , 2 } o r equivalently 

{ 0 , 1 , -1} it follows by T h e o r e m 4 that 2(n;n) = {0, 1, n - l } . 
r (iii) if n = p , then s ince l(p) = p - 1, (p, l(p)) = 1 and so by 

T h e o r e m 7, 2(p;p) = {0, 1, 2, ° ° ° , (p - 1)} or equivalently, {0, ±1, ±2, • • • , 

±2(p - 1)}. Hence by T h e o r e m 4, 

S(n;n) = { 0 , ± l > ± 2 t , - - - , ± { | ( p - l ) } t } t = p27"1 

r It m e r e l y r e m a i n s to show that all these p e lements a r e distinct., Now n = p , 
r—i r—l 

l(n) = p (p - 1), k = (n, l(n)) = p . Hence by Theo rem 6, 0(n;n) = p - 1. 
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Hence the e lements ±1, ±2 , • • • , ± ^(p - 1) a r e all dis t inct , and c l ea r ly they 

a r e all dis t inct f rom 0„ This concludes the proof. 

T h e o r e m 10. If n = 2p, p an odd p r i m e , then 

S(n;n) = { 0 , p , q, q + p| (q|p) = +1} 

Proof. l(n) = p - 1, and so k = (n, l(n)) = 2. Hence 

$(n;n) = <£>(n;2) = {x2|(z,x) = 1} , 

by Theorem 2. Hence by T h e o r e m 1, 

2(n;n) - ( a y n | s E *(n;2), y = 0 , 1 , 2 , p } 

Now y = 0 gives only the e lement 0, and s ince must always be odd, y = 

p gives only the e lement p. Also, 

2 P = 2 (mod 2) 

and 

2 P = 2 (modp) 

hence 

2 P = 2 (mod n) 

hence 

2 n = 4 (mod n) 

Thus 

2(n;n) = {0 ,p , z, 4z |z E «i>(n;2)} 
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Now 
Z = X 2 

where 
(n,x) = (p,x) = 1 

and 
4z = (2x)2 = y2 (mod n) 

where 
(yfn) = (2xs2p) = 2 . 

Hence 
2(h;h) = {09p/x2|(x,p) = 1} 

For each element of the form x2 there are now two possibilities,, 
(i) 0 < x2 (mod n) < p„ Then x2 = q where 0 < q < p, (q|p) = +1 

(ii) p < x2 (mod n) < 2pe 

Then 
(x + p)2 = x2 + 2px + p2 

= x2 - p (mod n) 

Hence 
x2 = p + q (mod n) 

where 
0 < q < p and (q|p) = +1 

This concludes the proof. 
r Theorem llfl If n = 2p where p is an odd prime* then 

S(n;n) = {O.p^q^p1* + q* | t = p1*"1, 0 < q < p, (q[p) = +l} 

Proofp For each p5 we shall prove the result by induction on r0 By the 
previous theorem, the result is true for r = 1. Now suppose that it is true 
for r = R, Thus 

2(2p ;2p ) = {0,p ,q ,q + p } where t = p 

Hence by Theorem 4, 
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S (2p R + 1 ;2 P
R + 1 ) = { X P | x G S ( 2 p R ; 2 p R ) } 

Now x = 0 gives x^ = 0 and x = p gives 

t . x = q gives 

t ^ R . x = q + p gives 

Also 

for if x is even, q is odd and vice-versa, 
Hence 

p T , R+i , , . 
x^ = q + p (mod n) . 

This concludes the proof, and gives, for example, 

2(2 - 3 r ; 2 - 3 r ) = { 0 , l , 3 r , 3 r + 1} 

2(2 • 5 r ; 2 • 5 r ) = {0, 1, 5 r - 1, 5 r , 5 r + 1, 2 • 5 r - 1} 

Theorem 12, If n = 4p, where p is an odd prime, then 

(i) if p = 3 (mod 4), 2(n;n) - {x2 j x = 0 , l , 2 , ° ° ° , p } 

xP - p p R 

= P ^ V 1 1 " 1 1 ' 1 -1) + PR+1 

= p (mod n) 

JP ft> T 1 . T3 4- R + 1 

xr = q = q where R = pt = p 

if = (q + p r 
T , t(p-i) R+l ^ tfp-2) 2R+1 = q + q ^ ; p + q w ' p 

, t R(p-i)+i ^ \ 
+ • » . + q p ^ ' + p P 

= q (mod p ) 

T , R+l , A R+i x 5 q + p (mod p ) 

p T ^ R+l , -. ox x^ = q + p (mod 2) 

( ^ 
\ 
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(ii) if p = 1 (mod 4), 

2(n;n) = {x2 | x = 0, p5 q where 0 < q < ps (qjp) = + l } 

Proof. By T h e o r e m 4S 

2(n;n) = {x2 | x E 2 ( 2 p ; 2 p ) } , 

and so by T h e o r e m 10, 

2(n;n) = {x21 x = 0S p5 q9 q + p , 

where 0 ^ q ^ p and (qlp) = +1} 

(i) if p = 3 (mod 4) then (-1 j p) = - 1 and so q takes exact ly half of 

the va lues 1, 2, • • • , (p - 1) and the o ther half a r e of the form p - q0 Now 

(q + p)2 - (p - q)2 = 4pq = 0 (mod n) 

Hence in this c a se 

S(n;n) = {x2 | x = 0 s l , 2 5
o c o

5 p } 

(ii) if p = 1 (mod 4) then (-lip) = +1 and so q takes half the va lues 

1, 2S • e ° , (p - 1), these s ame va lues being of the form (p - q) and again 

(q + p)2 = (p - q)2 (mod n) 

Hence 

2(n;n) = {x2 x = 0 s p s q , where 0 ^ q ^ p and (qjp) = + l } 

This concludes the proof, 

T h e o r e m 13B If l (n) |n and if n = r s where (r, s) = 1 and if R = r 
n (mod n) and S = s (mod n) a r e e lements of 2(n;n) then R + S = 1 (mod n). 

Proof, Since l (n) |n , i t follows from T h e o r e m 2 that <f>(n;n) = { l } . 
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Since n = r s and (r, s) = 1, (n, r + s) = 1 and so 

(r + s ) n = 1 (modn) . 

Now each of r and s i s a factor of (r + s) - r - s and so s ince r and s 

have no factor in common and n = r s , 

(r + s) = r + s (mod n) 

= R + s (mod n) 

Hence by the above r e m a r k , 

R + S = 1 (mod n) . 

5. TABLES OF 2(n;n) 

Our t heo rems enable us to compute tables of 2(n;n) fair ly eas i ly , a t 

l e a s t in the c a s e s that n can be factor ized into fai r ly smal l fac tors . By T h e o -

r e m 7, 2(n;n) cons i s t s of al l the r e s i d u e s when n i s a p r i m e , and so the re i s 

no need to calcula te the r e s idues in this case0 Also i t i s c l e a r that the e l ements 

0 and 1 always belong to 2(n;n)0 We give a table; giving 2(n;n) for al l va lues 

o ther than p r i m e s up to n = 100 and a lso for a few eas i ly calculable va lues 

between 100 and 1000. 

n 2(n;n) contains 0, 1, and 

4 no o the r s 

6 3 ,4 

_J3 no o the r s 

9 8 

10 4, 5, 6, 9 

12 4, 9 

14 2, 4, 7, 8, 9, 11 

15 al l r e s idues 

16 no o the r s 
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18 9,10 

20 5, 16 

21 6, 7, 8, 13, 14, 15, 20 

22 3, 45 5, 9, 11 , 12, 14, 15, 16, 20 

24 9, 16 

25 7, 18, 24 

26 3, 4, 9, 10, 12, 13, 14, 16, 17, 22, 23, 25 
27 26 

.28 4, 8, 9, 16, 21 , 25 

30 4, 6, 9, 10, 15, 16, 19, 21 , 24, 25 

32 no o the r s 

33 al l r e s idues 

34 2, 4, 8, 9, 13, 15, 16, 17, 18, 19, 2 1 , 2 5 , 2 6 , 3 0 , 3 2 , 3 3 

35 all r e s idues 

36 9, 28 

38 4, 5, 6, 7, 9 , 1 1 , 1 6 , 1 7 , 1 9 , 20, 23, 24, 25, 26, 28, 30# 35, 36 

39 5, 8 , 1 2 , 1 3 , 1 4 , 1 8 , 21 , 25, 26, 27, 3 1 , 34, 38 

40 16, 25 • 

42 7, 15, 21 , 22, 28, 36 

44 4, 5, 9, 12, 16, 25, 33, 36, 37 
45 8, 9, 10, 17, 18, 19, 26, 27, 28, 35, 37, 37, 44 

46 2, 3, 4, 6, 8, 9 , 1 2 , 1 3 , 1 6 , 1 8 , 23, 24, 25, 26, 27, 29, 31 , 32, 35, 
3 6 , 3 9 , 4 1 

48 16, 33 

49 18, 19, 30, 3 1 , 48 

50 24, 25, 26, 49 

51 al l r e s i d u e s 

52 9, 13, 16, 29, 40, 48 

54 27, 28 

55 10, 11 , 12, 21 , 22, 23, 32, 33, 34, 43 , 44, 45, 54 

|>6 8, 9, 16, 25, 32, 49 

57 7, 8 , 1 1 , 1 2 , 1 8 , 1 9 , 20, 26, 27, 30, 3 1 , 37, 38, 39, 45, 46, 49, 50, 
56 

58 4, 5, 6, 7, 9 , 13 ,16 , 20, 22, 23, 24, 25, 28, 29, 30, 33, 34, 35, 36, 
38, 42, 45, 49, 51 , 52, 53, 54, 57 

60 16, 21 , 25, 36, 40, 45 



31b ON m-TIC RESIDUES MODULO n |"NoVo 

62 2, 4, 5, 7, 8, 9, 10, 14, 16, 18, 19, 20, 25, 28, 31, 32, 33, 35, 36, 38, 39, 40, 4 1 , 45, 
4 7 , 4 9 , 5 0 , 5 1 , 5 6 , 5 9 

63 8, 27, 28, 35, 36, 55, 62 

64 no o the r s 

65 all r e s idues 
66 3, 4, 9, 12, 15, 16, 22, 25, 27, 31, 33, 34, 36, 37, 42, 45, 48, 49, 55, 58, 60, 64 

68 4, 13, 16, 17, 21 , 33, 52, 64 

69 all r e s idues 

70 4, 9, 11, 14, 15, 16, 21 , 25, 29, 30, 35, 36, 39, 44, 46, 49, 50, 51, 56, 60, 64, 65 

72 9, 64 

74 3, 4, 7, 9, 10, 11, 12, 16, 21 , 25, 26, 27, 28, 30, 33, 34, 36, 37, 38, 40, 4 1 , 44, 46 
47, 48, 49, 53, 58, 62, 63, 64, 65, 67, 705 71, 73 

75 7, 18, 24, 25, 26, 32, 43, 49, 50, 51, 68, 74 

76 4, 5, 9, 16, 17, 20, 24, 25, 28, 36, 44, 45, 49, 57, 61 , 64, 68, 73 

77 all r e s idues 

78 12, 13, 25, 27, 39, 40, 51, 52, 64, 66 

80 16, 65 

81 80 

82 2, 4, 5, 8, 10, 16, 18, 20, 21 , 23, 25, 31, 32, 33, 36, 37, 39, 40, 41 , 42, 43, 45, 46, 
49, 50, 51, 57, 59, 61, 62, 64, 66, 72, 73, 74, 77, 78, 80, 81 

84 2 1 , 2 8 , 3 6 , 4 9 , 5 7 , 6 4 

85 all r e s idues 

86 4, 6, 9, 10, 11, 13, 14, 15, 16, 17, 21 , 23, 24, 25, 31, 35, 36, 38, 40, 41 , 43, 44, 47, 
49, 52, 53, 54, 56, 57, 58, 59, 60, 64, 66, 67, 68, 74, 78, 79, 81, 83, 84 

87 all r e s idues 

88 9, 16, 25, 33, 48, 49, 56, 64, 80, 81 
90 9, 10, 19, 36, 45, 46, 54, 55, 64, 81 
91 all r e s idues 

92 4, 8, 9 ,12, 13, 16, 24, 25, 29, 32, 36, 41 , 48, 49, 52, 64, 69, 72, 73, 77, 81, 85 

93 2, 4, 8, 15, 16, 23, 27, 29, 30, 31, 32, 33, 35, 39, 46, 47, 54, 58, 60, 61 , 62, 63, 64 
6 6 , 7 0 , 7 7 , 7 8 , 85, 89 ,91 ,92 

94 2, 3, 4, 6, 7, 8, 9 , 1 2 , 1 4 , 1 6 , 17 ,18, 21 , 24, 25, 27, 28, 32=, 34, 36, 37, 42 ,48 , 49, 
50, 51, 53, 54, 55, 56, 59, 61 , 63, 64, 65, 68, 71, 72, 74, 75, 79, 81, 83, 84, 89 

95 all r e s idues 

96 33, 64 

98 3 2 , 4 4 , 4 9 , 6 7 , 7 9 , 8 6 
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99 8, 9, 10, 17, 18, 19, 26, 27, 28, 35, 36, 37, 44, 45, 53, 54, 55, 62, 63, 64, 71, 
72, 73, 80, 81, 82, 89, 90, 91, 98 

100 25, 76 

108 28, 81 

120 16, 25, 40, 81, 96, 105 

125 57, 68, 124 

128 no o the r s 

136 16, 17, 33, 120 

144 64, 81 

150 24, 25, 49, 51, 75, 76, 99, 100, 124, 126 

160 65, 96 

162 81, 82 

192 64, 129 

200 25, 176 

216 81, 136 

240 16, 81, 96, 145, 160, 225 

243 242 
250 124, 125, 126, 249 

256 no o thers 

272 17, 256 

288 64, 225 

300 25, 76, 100, 201, 225, 276 

320 65, 256 

324 81, 244 

360 81, 136, 145, 216, 225, 280 

384 129, 256 

400 176, 225 

432 81, 352 

480 96, 160, 225, 256, 321, 385 

486 243, 244 

500 125, 376 
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512 
544 

576 

600 

625 

640 

648 

720 

729 

768 

800 

864 

900 

960 

972 

1000 

no o the r s 

256, 289 

649 513 

25, 201, 225, 376, 400, 576 

182, 443, 624 

256, 385 

81, 568 

81, 145, 225, 496, 576, 640 

728 

256, 513 

225, 576 

352, 513 

100, 225, 325, 576, 676, 801 
256, 321, 3853 576ls 640, 705 

244, 729 

376, 625 
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