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1. INTRODUCTION 

The first time most students meet the binomial coefficients is in the 
expansion 

(x + y)n = £ h) xn-y . n * o , 
j=o W . 

where 

w (l) ~ ("n1) + (ill) * ::0 < m < n 

Consistent with the above definition is 

(9\ n\ = n(n - 1) • •• 2 9 1 = nl 
{ } [ml m(m - 1) • • • 2 • 1 (n - m)(n - m - 1) • • • 2 • 1 ml (n - m)! 

where 

n! = n(n - 1) • • • 2 - 1 and 01 = 1 . 

Given the first lines of Pascal 's arithmetic triangle one can extend the table to 
the next line by using directly definition (2) or the recurrence relation (1). 
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We now can see just how the ordinary binomial coefficients I I are 
related to the sequence of integers 1, 2, 3, ° ° • , ks • • • . Let us generalize this 
observation using the Fibonacci sequence. 

IL THE FIBONOMIAL COEFFICIENTS 

Let the Fibonomial coefficients (which are a special case of the general-
ized binomial coefficients) be defined as 

F F ° °° FoFi n n-i L i 

(F F -•• FoFiMF F . • • • FoFT) 
m m m-l d l m-n m-n-1 L l 

, 0 < m ^ n , 

and 

= 1 , 

where F is the n Fibonacci number3 defined by 
n J 

F = F H + F S F 1 = F 2 - 1 . n n-i n-2 L * 

We next seek a convenient recurrence relation, like (1) for the ordinary bi-
nomial coefficients j to get the next line from the first few lines of the 
Fibonomial triangle3 the generalization of which will come shortly. 

To find two such recurrence relations we recall,the Q-matrix, 

Q 

for which it is easily established by mathematical induction that 
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/ F ^ F 
Q • [C r 

n - i / 

The Laws of Exponents hold for the Q-ma t r i x so that 

Q n = Q m Q n " m 

Thus 

n+l 
F F 

v n n - i / 

F ^ F 
m+l m 

F F ) / n -m+i n - m \ 
I F F J 
\ n - m n - m - i J 

F ^ F _ + F F F ^ HF + F F 
m+l n -m+i m n - m m+l n - m m n - m 

F F , + F F F F + F F 
, m n-m+i m - i n - m m n - m m - i n -

yielding, upon equating cor responding e lements , 

(A) F = F F + F F , (upper right) , 
n m+l n - m m n - m - i ^ b 

(B) F = F F , + F F (lower left) 
n m n-m+i m - i n - m 

T h e s e two identi t ies will be v e r y handy in what follows,, 

Define C so that 

m 

F F 4 n n - i F ? F 2 * 1 

(F F • • • F 2 F i ) ( F F 
m m - i * l n - m n - m - l 

"FP71 = Fn° 

With C defined above, then 



386 FIBONACCI NUMBERS AND [Nov. 

n - 1 
m = F C and 

n - m 

n -
m -

1 
1 = F C m 

Returning now to identity (A), 

F = F F + F F 
n m+i n - m m n - rn - i 

we may wr i t e for C f 0 

F C = F (F C) + F (F C) 
n m+l n - m n - m - i m 

but s ince 

= F C , n 
n - 1 

F C , and n - m 
n - 1 

m - 1 
= F C , m 

we have der ived 

(D) n 

m 
m+l 

"n - 1 

m 

+ F 

n - m - l 

n -

m -

1 

1 

Simi lar ly , us ing identi ty (B), one can es tabl i sh 

(E) n " 

m 
= F m - i 

n - 1" 

m 
+ F 

n-m+i 

n -

m -

1 

1 

It is thus now easy to es tab l i sh by mathemat ica l induction that if the 
n ^ Fibonomial coefficients I " I a r e in tegers for an in teger n (m = 0 , 1 , • • • , n), 

then they a r e in tegers for an in teger n + 1 (m = 0 , 1 , 2, • • • , n + 1). 

Recal l ing 
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L = F _ + F , , m m+i m - l 

then adding (D) and (E) yields 

(3) 
n - 1 

+ L 
n-mJ 

n - 1 

m - l 

w h e r e L is the m Lucas number , a r e su l t given in p rob lem H-5 , Fibonacci 

Qua r t e r l y Journa l , Feb„ , 1963, page 47„ F r o m (3) it i s h a r d e r to show that 

is an in teger . 

With a slight change in notation, le t us r e t u r n to ident i t ies (A) and (B), 

(A) F = F F + F F 
nf mf+i n f -m f mf n ? - m ? - l 

(B) F = F F + F F 
n? mT n ? -m f +i m ? - i nT-mT 

F o r k > 0, let nf = nk and mf = mk, then 

(A?) F = F F + F F 
v nk mk+l k(n-m) mk k(n-m)- i 

(B') nk mk k(n~m)+i m k - i k(n-m) 

Let u = F , . Then one can show, in a manner s i m i l a r to above, using n nk 
(Af) and (BT), that if 

U U • • • UpUi 
n n - l ^ L 

(U U _, • • • UoUi ) (U U J • ° °* UoUi ) 
m m - l * L n - m n - m - i * x 

, 0 < m < n , 
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1 . then 

m 
" km+i 

-Ik 

n - 1 
+ F k (n -m)- i 

n - 1 

m - 1 -Ik 

and 

" km-1 
Jk 

n - 1 

m 
+ F k(n-m)+l 

-Ik 

n - 1 

m - 1 

or , adding these two, 

n 

m 
= L, km 

n - 1 

m 
+ L, k(n-m) 

n - 1 

m - 1 -Ik 

a general iza t ion of (3). We note h e r e each u is divis ible by F, andweTd get 

the s a m e genera l ized binomial coefficients f rom 

u = F . / F . , n nk k 

IIL THE FIBONOMIAL TRIANGLE 

P a s c a l ' s a r i thmet ic t r i angle 
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1 
1 

1 2 

1 3 

1 4 6 

1 5 10 

(»)(") - Q 
r 

has been the subject of many studies and has always generated interest, We 
note here to get the next line we merely use the recurrence relation 

(n) = ln" V (n'x) 
\ ml \ m I \m- 1 / ' 

Here we point out two interpretations, one of which shows a direction for 
Fibonacci generalization. The usual first meeting with Pascal 's triangle lies 
in the binomial theorem expansion, 

(x + y)n = t 0) *n""V • 
j=o W 

However, of much interest to us is the difference equation interpretation. The 
difference equation satisfied by n° is 

(n + 1)° - n° = 0 f 

while the difference equation satisfied by n is 

(n + 2) - 2(n + 1) + n = 0 . 

1 

1 

3 1 

4 1 

10 5 1 

• • • ( . : . ) ( : ) 
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For n2 the difference equation is 

(n + 3)2 - 3(n + 2)2 + 3(n + I)2 ~ n2 - 0 . 

Certainly one notices the binomial coefficients with alternating signs appearing 
here, In fact, 

/ m + l \ 

( , ) ( -
£ <-DJ ( j (n + m + 1 - j ) m = 0 
j=o 

It is this connection with the difference equations for the powers of the integers 
that leads us naturally to the Fibonomial triangle. 

Similar to the difference equation coefficients array for the powers of the 
positive integers which results in Pascal 's arithmetic triangle with alternating 
signs, there is the Fibonomial triangle made up of the Fibonomial coefficients, 
with doubly alternated signs* We first write down the Fibonomial triangle for 
the first six levels, 

1 1 

1 1 1 

1 2 2 1 

1 3 6 3 1 

1 5 15 15 5 1 

1 8 40 60 40 8 1 

th The top line is the 0 row and the coefficients of the difference equation sat-
k st 

isfied by F are the numbers in the (k + 1) row. Of course, we can get 
the next line of Fibonomial coefficients by using our recurrence relation (D), 
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n 

m 
= F m+i 

"n - 1" 

m 
+ F 

n - m - l 

" n -

m -

1 

1 
, 0 < m < n 

We now r e w r i t e the Fibonomial t r i angle with appropr i a t e s igns so that the rows 

a r e p r o p e r l y signed to be the coefficients in the difference equations sat isf ied 

F o 
n 

F 1 
n 

n 
F 3 

n 

F 5 
n 

1 - 1 

1 - 1 - 1 

1 - 2 - 2 +1 

1 - 3 -6 +3 +1 

1 - 5 -15 +15 +5 - 1 

1 _8 -40 +60 +40 - 8 - 1 

Thus , f rom the above we may w r i t e 

F 2 - 2F 2 
n+3 n+2 2F* + F 2 

n+i n = 0 

and 

F 4 - 5F 4 - 15F4 + 15F4 + 5F 4 , - F 4 = 0 n+5 n+4 n+3 n+2 n+l n 

In J a r d e n f 1] and Hoggatt and Hil lman [ 2 ] i s given the auxi l ia ry polynomial 
m for the difference equation sat isf ied by F , 

m+i 

E 
h=o 

m + 1 

h 
(_1}h(h+l)/2 x m + i - h 
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which shows that the sign pattern of doubly alternating signs persists . For an 
interesting related problem, see [5] and [6], 

IV. THE GENERALIZED FIBONOMIAL TRIANGLE 

If, instead of the Fibonacci Sequence, we consider the sequence 

u = F . (k = 13 2 ,3 , -n nk 

there results another triangular array for each k > 0 which all have integer 
entries,, We illustrate with F^* The recurrence relation is 

= F 2m-1 
J 2 

"n - 1" 

m 
+ F2(m-n)+i 

0 

n -

m -

1" 

1 

and 

~n~ 
n 

2 

n 
0 - 1 

The first few lines, with signs, are given below: 

*2n : 

An'-
F2n : 

F 3
2 n : 

*2I1 • 1 

1 

1 

-55 

1 

- 2 1 

1 

- 8 

385 

- 3 

+56 

+1 

+b 

-21 +1 

-385 +55 -1 

We are saying that the difference equation satisfied by F^n is 
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F2n+ 1 0 - 5 5 F f n + 8 + 3 8 5 F 2 n + 6 " 3 8 5 F m + 4 + 5 5 F 2 n + 2 - F | n = 0 . 

The a lgebra ic s igns of each t r iangle (singly a l ternat ing or doubly al ternat ing) 

wil l be de te rmined by the second row by the auxi l iary polynomial of F, which 

is 

x2 ~ L.X + ( - i r . 

F o r the genera l s econd -o rde r r e c u r r e n c e re la t ion 

u I O = p u 1 + q u , q ^ 0 , 
n+2 ^ n+l ^ n Z1 

the auxi l iary polynomial i s given in [2 ] to be 

m-t-i 
E (-ir 
h=o 

m + 1 
(_ vh(h-i)/2xm+i-h 

whe re 

m + 1 

h 

is the genera l ized binomial coefficient which in our c a s e becomes 

m + 1 

h 

Thus for a l l genera l ized Fibonomial t r i ang les the genera l ized Fibonomial c o -

efficients with appropr ia te s igns p r e s e n t a r r a y s which a r e the coefficients of 
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^m the difference equations satisfied by the powers, F, , of the Fibonacci 
sequence. 

V. A GENERAL TECHNIQUE 

Three simple pieces of information can be used to directly obtain the 
auxiliary polynomials for F. 

Lemma. If sequence u is such that 

(E2 + pE + q)u = 0 

and sequence v is such that 

(E2 + pfE + qT)v s 0 , 

where 

x2 + px + q = 0 and x2 + p'x + qf = 0 

have no common roots, then the sequence 

w = Au + Bv n n n 

is such that 

(E2 + pE + q)(E2 + pfE + qT)w = 0 , 

for arbitrary constants A and B. See problem B-65, Fibonacci Quarterly 
Journal, April, 1965, page 153. 

The auxiliary polynomial for F , is 

x2 - Lkx + ( - l ) k . 

The Binet Form for 
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and 

F m = (am - pm)/(a - fi) 

L = a + B m 

w h e r e 

a = (1 + V 5 ) / 2 and £ = (1 - V g ) / 2 . 

Suppose we wish to find the auxi l iary polynomial assoc ia ted with3 say5 

T?3 
x 2n 

3 
6n _ ^4no2n + ^ n ^ & i _ am. 

I a - p ) 

'a2n _ pm\\ 

5(or - /5) 

1 I ™6n /Q6n 
= - | { — "• £— - 3 (^) 2 n 

( a = 0 
= 5" (F6n " 3 F 2 n ) • 

Now, the auxi l ia ry polynomial for •=• F 6 n is 

- 3 
and for -=- F 2 n i s 

Thus the auxi l ia ry polynomial assoc ia ted with F 3 i s 

(x2 - 18x + l)(x2 - 3x + 1) = x4 - 21x3 + 56x2 - 21x + 1 
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We i l l u s t r a t e the technique with F 5 

n 

"n \ « - p ) 

5n _ ^ n ^ n + -^sn^n __ xo^sn + 5 ^ 4 x 1 __ 5̂11 

25 (a - )8) 

= ^ ( F 5 n - 5(aj3)nF3 n + 10(a j8 )^F n ) . 

The auxi l ia ry polynomials a r e 

25 F5n ' x2 - L5x - 1 = x2 - l l x - 1 

i ( - l ) n F 3 n : x2 + L 3 x - 1 = x2 + 4x - 1 

^ F : x2 - L l X - 1 = x2 - x - 1 
25 n A 

so that the auxi l iary polynomial for F 5 is 

(x2 - l l x - l)(x2 + 4x - l)(x2 - x - 1) = x6 - 8x5 - 40x4 + 60x3 

+ 40x2 - 8x - 1 

which the r e a d e r should check with the a r r a y in Section IE with the Fibonomial 

Triangle* 
This technique can thus be used to find the factored form or r e c u r r e n c e 

m re la t ionship for the auxil iary polynomials for any F , (m = 0, 1, 2, • ° ° ) . See 

[ 1] and [ 3] and pa r t i cu l a r ly [ 4 ] , 

VL. THE GENERAL SECOND-ORDER RECURRENCE 

Consider the sequence u0 = 0 , m = 1, and u = pu + qu , for 

n ^ 0, Define the genera l ized binomial coefficient 
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U U • • • UoUi 

u2ui) 
i n t . n n - i L J i ^ ^ -• 
< > = — -_—— . _—_ i < ni < n - 1 

m (u u • • • UoUi) (u u - - - " " * m m - i L l n - m n - m - i 
with 

Start ing with 

then 

:n+i q g n \ 
I * n 

:n q g n - i / 
R n = 1 ""* " I . n > 1 , 

can be eas i ly es tabl ished by mathemat ica l induction. Thus we can eas i ly obtain3 

as in Section II, that 

g n g m+l g n - m q g m g n - m - 1 

g n ~ g m g n - m + l q g m - l g n - m 

Thus , we can immedia te ly w r i t e 

(F) in\ = g < n " H +qg | n " H 
v ' (m) &m+l ( m f H B n - m - i | m - 1) 

and 

in) ( n - l l ( n - 1 ) 
| m f H & m - l ( m / & n - m + l \ m - If 

We can now examine some specia l c a s e s . If p = 2 and q = - 1 , then g = n* 

The above ident i t ies become ord inary binomial coefficientsf 

U) --*-i> (VV*• - - •» S."-1. 
and adding yields 

\ mj \ m J \ m - 1/ 
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Thus we can conclude that the binomial coefficients a r e in tegers and that the 

product of any m consecut ive posi t ive in tegers i s divisible by m- fac to r i a l . 

Since the Fibonomial coefficients a r e i n t ege r s , then the product of any m con-

secut ive Fibonacci number s (with posi t ive subscr ip ts ) is exactly divisible by the 

product of the f i rs t m Fibonacci numbers 0 

If, on the o ther hand, p = x and q = 1, then g (x) = f (x), the F i b -

onacci polynomials , and the rows of the genera l ized binomial coefficients 

a r r a y a r e indeed the coefficients, with doubly a l te rna ted s igns , of the difference 

equations sat isf ied by the powers of the Fibonacci polynomials , which a r e 

f0(x) - 0, fife) = 1, and fn+2(x) = xfn+1(x) + y x ) , n ^ 0o The resu l t ing 

genera l ized binomial coefficients a r e m o n i c polynomials w i t h in tegra l 

coefficients„ 

V n . THE FIBONACCI POLYNOMIAL BINOMIAL COEFFICIENT TRIANGLE 

The f i r s t few Fibonacci polynomials a r e 

fi(x) = 1, f 2(x) = x, f3(x) = x2 + 1, f4(x) = x3 + 2x, f5(x) = x4 + 3x2 + 1, 

and the f i r s t few l ines of the Fibonacci polynomial t r iangle a r e 

1 

f° (x) : 1 - 1 
n 

f4(x) : 1 - x - 1 
n 

f^(x) : 1 -(x2 + 1) -(x2 + 1) +1 

f3 (x) : 1 -(x3 + 2x) -(x2 + l)(x2 + 2) +(x3 + 2x) +1 

{ o } { ? } 8 ° e { m } - • { n - l } { n } 3 
where the double s igns a r e to be at tached to the i ^ as r equ i red . 

We a r e saying 

£ + 4 ( x ) - (x3 + 2x)f3
i+3(x) - (x2 + l)(x2 + 2)^ + 2 (x) 

+ (x3 + 2x)f3 (x) + f3(x) = 0 n+i n 
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The next l ine can be obtained by us ing r e c u r r e n c e re la t ion (F), 

< F ) {m} = W^VK-nw^™:1!}' 
w h e r e 

M-H:} -
This t r i angu la r a r r a y co l lapses into the Fibonomial t r i ang le when x = L, F r o m 

(F) it is easy to es tabl i sh by induction that < ? a r e monic polynomials with 

in tegra l coefficients. F o r every in tegra l x we get an a r r a y of integers,, 

VHL THE CHEBYSHEV POLYNOMIALS OF THE SECOND KIND 

The Chebyshev polynomials of the second kind a r e 

EL0(X) = 1, ui(x) = 2x, and un + 2(x) = 2x un + 1(x) - un(x) . 

If 

gn(x) = u n - 1 W , 

then 

g0(x) = 05 gi(x) = 1 , 

and we have the conditions for our P a s c a l t r i ang le rows to have singly a l t e r -

nat ing signs to ref lect the difference equations for the powers of g (x). Since 

g (x/2) a lso sa t is f ies th i s , the Fibonacci polynomials and the Chebyshev 

polynomials yield al l poss ib le P a s c a l t r i ang les with in tegra l coefficients,, 

IX. THE FINAL DISCUSSION 

In [ l ] and [ 2 ] it is given that the auxi l iary polynomial assoc ia ted with 

the genera l s econd -o rde r r e c u r r e n c e 

y , - p y , + q y J Q f o , 
Jn+2 ^ J n + i H J n ^ 
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i s 

^ (_l)h ( _ q )
h < h - 1 ) / 2 x m + l - h 

h=o f > 

Thus , if the columns of P a s c a l ' s genera l ized binomial coefficient t r i angle is 

left justified with the f i r s t column on the left being the 0 column then m u l -

tiplying the h column by q yields a modified a r r a y whose coef-

ficients along each row (with singly a l ternat ing s igns if Chebyshev re l a t ed or 

doubly a l te rna t ing if Fibc 
T. 

equations sat isf ied by u 

doubly a l te rna t ing if Fibonacci re la ted) a r e the coefficients of the difference 
m 
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