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1. INTRODUCTION

The first time most students meet the binomial coefficients is in the

expansion

where

(?n) =0 for m~=n, <§)=<g): 1, and
n) _[n-1 n -1 < m <
" () - (a2) - (372)- oo ms

Consistent with the above definition is

@) n\ _ nn - 1) cce 2° 1 _ n!
m|] mMMm-1)¢:c 2 Iim-mMh-m-1) +°° 2° 1 m! @ - m)! °’

where

nl = n - 1)ees 21 and 0@ =1 .,

Given the first lines of Pascal's arithmetic triangle one can extend the tableto

the next line by using directly definition (2) or the recurrence relation (1).
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We now can see just how the ordinary binomial coefficients (II; are
related to the sequence of integers 1,2,3,°°<,k,-++ . Let us generalize this

observation using the Fibonacci sequence.

IL. THE FIBONOMIAL COEFFICIENTS

Let the Fibonomial coefficients (which are a special case of the general-

ized binomial coefficients) be defined as

n F F__+o FyFy
= o oot 0 ~m=<n

e 0 °ec ? . ’
m o F ot szFi)(Fm-nFm—n—i Fy¥)

and

where Fn is the nth Fibonacci number, defined by

F =F ,+F ,, Fr="7=1.

We next seek a convenient recurrence relation, like (1) for the ordinary bi-
nomial coefficients, to get the next line from the first few lines of the
Fibonomial triangle, the generalization of which will come shortly.

To find two such recurrence relations we recall.the Q-matrix,

for which it is easily established by mathematical induction that
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Ql’l - FD‘H Fn =0
¥ F » 2= .
n n-1

The Laws of Exponents hold for the Q-matrix so that

Thus

e~
!
B B
i_
ol
?5
"
|

_ Fm+1 Fm Fn-m+1 Fn—m
F F F F
m m-1 n-m n-m-1
<Fm+1Fn—m+1 * Fan—m Frn+1Fn—m * Fan—m—i )
F

F + F F F F + F F
m n-m+i m-1 n-m m n-m m-1 n-m-1

yielding, upon equating corresponding elements,

(A) Fn = Fm+1Fn—m + Fan-m-i (upper right) ,

(B)

=
i

F F + F F (lower left)
n m n-m-+i m-1" n-m

These two identities will be very handy in what follows.
Define C so that

F_F__ o TP (F__ T T Toky) n~

n] FF_ o0 FyFy
_ n n-i - FC
n-m n-m-i

With C defined above, then
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n-1 ‘ n- 1
= F C and = F _C .
m n-m m-1 m
Returning now to identity (A),
n = FmeFn-m T FmFoom-1°

we may write for C # 0 ,

but since

we have derived

nj| _ n-1 n-1
o) LJ = Fm_‘_l[ - }*Fn-m_i [m_ 1] .

Similarly, using identity (B), one can establish

I -1 fm-1
I e
m m m-1

It is thus now easy to establish by mathematical induction that if the
Fibonomial coefficients 11;1 are integers for an integer n (m = 0,1,¢--,n),
then they are integers for an integer n+1 (m = 0,1,2,°°°,n + 1).

Recalling
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Lm - Fm+1 * Fm—i ’

then adding (D) and (E) yields

n n-1 fn-1]
3) 2 = Lm + L s
m m e IO |

where Lm is the mth Lucas number, a result given in problem H-5, Fibonacci

Quarterly Journal, Feb., 1963, page 47. From (3) it is harder to show that

[n is an integer.
m

With a slight change in notation, let us return to identities (A) and (B),

(4) an - Fm'+1Fn'—m' * Fm'Fn'-m'—i i

(B) Fn' - Fm'Fn'—m'H * Fm'—iFn'—m'

For k =0, let n' = nk and m' = mk, then

(Aan Fnk - ka+1Fk(n—m) * kaFk(n—m)~1 ’

(B") Fnk - kaFk(n—-m)H * ka-iFk(n—m)

Let un = Fnkn Then one can show, in a manner similar to above, using
(A") and (B'), that if

=
[~

n WU cee Uglly
n n-i
= Tv e Wup) a0 T 0 <m <n ,
N m m-1 21 My m n-m-1 241
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and

and

n n-1 n-1
m - Fk:m-i * Fk(n—m)+1 mao1 ’
k mo g -k

a generalization of (3). We note here each w, is divisible by Fk and we'd get

the same generalized binomial coefficients from
u, = F / Feo

III. THE FIBONOMIAL TRIANGLE

Pascal's arithmetic triangle
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1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1

r [N

0 0 () () ¢

has been the subject of many studies and has always generated interest. We

note here to get the next line we merely use the recurrence relation

o) - -60)

= + s

m m m- 1

Here we point out two interpretations, one of which shows a direction for

Fibonacci generalization, The usual first meeting with Pascal's triangle lies

in the binomial theorem expansion,

n P
e = B (5)

J=0

However, of much interest to us is the difference equation interpretation. The

difference equation satisfied by n is

m+1%-n"=0,

while the difference equation satisfied by n is

m+2 -20+1) +n=20,



390 FIBONACCI NUMBERS AND [Nov.

For n? the difference equation is
m+3?%-3m+2?%+30+1)%-n% = 0.

Certainly one notices the binomial coefficients with alternating signs appearing

here. In fact,

m+1 . fm + 1
Y 1 m+m+1-j)"=0.
j=0 j

It isthis connection with the difference equations for the powers of the integers
that leads us naturally to the Fibonomial triangle.

Similar tothe difference equation coefficients array for the powers of the
positive integers which results in Pascal's arithmetic triangle with alternating
signs, there is the Fibonomial triangle made up of the Fibonomial coefficients,
with ‘doubly alternated signs. We first write down the Fibonomial triangle for

the first six levels.

th row and the coefficients of the difference equation sat-

The top line is the 0
isfied by Fi are the numbers in the (k + 1)St row. Of course, we can get

the next line of Fibonomial coefficients by using our recurrence relation (D),
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n n‘—l n-1
- Fm+1 +Fn—m—1 » 0=m =n.
m m m-1}

We now rewrite the Fibonomial triangle with appropriate signs sothat the rows

are properly signed to be the coefficients in the difference equations satisfied
by Fk .
n

1
Fo ¢ 1 -1
Fl. 1 -1 -1
n
F2 . 1 -2 -2 +1
n
3. 1 -3 -6 +3 +1
n .
Ff;l: 1 -5 -15 +15 +5 -1
F; : 1 -8 -40 +60 +40 -8 -1
Thus, from the above we may write
2 _ 2 _ 2 2
F2 . - 2F2 - 2F  + F 0
and
4 4 _ 4 4 4 _Ft = o .
F4, - 5FL, - 16Fp, + 15F]  + 5Fp Fl

In Jarden[ 1] and Hoggatt and Hillman [2] is given the auxiliary polynomial

for the difference equation satisfied by FIII: ,

nifi M hE/2 me-h
h=9 h



392 FIBONACCI NUMBERS AND [Nov,

which shows that the sign pattern of doubly alternating signs persists. For an

interesting related problem, see [5] and [6 ].

IV. THE GENERALIZED FIBONOMIAL TRIANGLE
If, instead of the Fibonacci Sequence, we consider the sequence

u = F

n nk (k: 1:2’?),050) b

there results another triangular array for each k = 0 which all have integer

entries. We illustrate with F,,. The recurrence relation is

n n-1 n - 17]
= Fom-1 * Fa(m-n)+

m m -~ 1
2

and

L
Fin : 1 -1

Fin 1 -3 +1

Fin 1 -8 +8 -1

Fon 1 -21 +56 -21 +1
iy 1 -55 385 -385 +55 -1

We are saying that the difference equation satisfied by Fh is
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4 4 4 ~d i i
FZH'HO - 55 Fypag + 380 Fopepe ~ 385 Fypaq 55F%n+_2 - Iﬂzin = 0.

The algebraic signs of each triangle (singly alternating or doubly alternating)

will be determined bythe second rowby the auxiliary polynomial of F,  which

kn
is

x% - ka + (—1)k .

For the general second-order recurrence relation

Uy, = PU . Fdu . qF 0,

the auxiliary polynomial is given in [2] to be

m+i

L

h=0

H

m + 1
h(h-1 +1e
(__q) ( )/me h
b
where
m+1
h
is the generalized binomial coefficient which in our case becomes
{m + 1}
h k

Thus for all generalized Fibonomial triangles the generalized Fibonomial co-

efficients with appropriate signs present arrays which are the coefficients of
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the difference equations satisfied by the powers, FE , of the Fibonacci

sequence.

V. A GENERAL TECHNIQUE

Three simple pieces of information can be used to directly obtain the
m

kn °

Lemma. If sequence u, is such that

auxiliary polynomials for F

]
(=]

(E2 + pE + q)un
and sequence v is such that

(E* + p'E + q')v

ul
o

where
x(+px+q =0 and X2+ p'x+q =0
have no common roots, then the sequence
w, = Aun + an
is such that

(E* + pE + @)(E* + pE + q)w = 0,

for arbitrary constants A and B. See problem B-65, Fibonacci Quarterly

Journal, April, 1965, page 153.

The auxiliary polynomial for Fnk is

k
2
X4 - ka + (-1) .

The Binet Form for
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F = @™ - M /-p

m
and
Lm = o™ + ﬁm ,
where
o= (1+VE)/2 and B = (1-VE/2 .
Suppose we wish to find the auxiliary polynomial associated with, say,
o

a-p 5(a - B)

) l%asn BT gy (azn _ an)}
| a=8 -y

1
= % (g - 375) .

Now, the auxiliary polynomial for —é— Fg, is

x? - Lgx + 1
-3 .
and for — Fy, is

5

X2 - Lex + 1 .

Thus the auxiliary polynomial associated with F5 = is

(x2 - 18x + 1(x% - 3x + 1) = x} - 21x3 + 56x% - 21x + 1 .
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We illustrate the technique with F?l .

P = M- Bn > _ o _ 5‘1411511 + 10030820 _ 1002030 4 50}15411 - pm
n -8 25 - B)

1l

1
55 (Fop - 5(aB)"Fyp + 10(aB)?F )
The auxiliary polynomials are

1

35 Fn ¢ x2 - Igx -1 =x2-11x-1
%(—Dann: x2 4+ Igx - 1=x%+4x - 1
%Fn: Xt - Iyx -1=x%-x-1

so that the auxiliary polynomial for Ffl is

(x2 - 11x - D(x2 +4x - D2 -x - 1) = xb - 8x% - 40x? + 60x3

+40x2 - 8x - 1

which the reader should check with the array in Section II with the Fibonomial
Triangle.

This technique can thus be used to find the factored form or recurrence
relationship for the auxiliary polynomials for any Fgll{ (m = 0,1,2,-°°). See
[1] and [ 3] and particularly [ 4].

VI. THE GENERAL SECOND-ORDER RECURRENCE

Consider the sequence u; =0, u; =1, and u_, = pu

+
- et AU for

n = 0. Define the generalized binomial coefficient
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{n} Uptp_q " Yot

= - l1=m=n - 1

m u_u s Uouq)(u u ’ ’
( m m-1 21 ) n-m n-m-i ugliy)

with

{g}={n}=1, {n}=0f0r m>nz=0 .
n m

Starting with

then

g ag
Rn:<n+1 n>, n=1,
&n 9By

can be easily established by mathematical induction. Thus we can easily obtain,

as in Section II, that

g, = g g Tdg. .8

n m+1°n-m m °n-m-1
gn - gm gn—m+1 " qgm_i gn—m
Thus, we can immediately write
n) _ n-1 n -1
(F) {m} = By { m } T A8, oy {m - 1}
and
ny _ n-1) 4 n -1
m 9¥m-1\ m f fh-m+\m-1
We can now examine some special cases. If p = 2 and q = ~1, then g, = e

The above identities become ordinary binomial coefficients,

(m + 1)<n1;11>— (n-m-1)<£1: })
e (32 (33
and adding yields n n-1 n-1

(2) - ("a7) = (a2Y)

TN TN
B8 B>

N e
I I
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Thus we can conclude that the binomial coefficients are integers and that the
product of any m consecutive positive integers is divisible by m-factorial.
Since the Fibonomial coefficients are integers, then the productof any m con-
secutive Fibonacci numbers (with positive subscripts) is exactly divisible by the
product of the first m Fibonacci numbers.

If, on the other hand, p = x and g = 1, then gn(x) = fn(x), the Fib-
onacci polynomials, and the rows of the generalized binomial coefficients
array are indeed the coefficients, with doubly alternated signs, of the difference
equations satisfied by the powers of the Fibonacci polynomials, which are
fotx) = 0, fix) = 1, and fn+2(x) = xfn+1(x) +fn(x), n = 0. The resulting
generalized binomial coefficients are monic polynomials with integral

coefficients.

VI. THE FIBONACCI POLYNOMIAL BINOMIAL COEFFICIENT TRIANGLE

The first few Fibonacci polynomials are
fix) = 1, folx) = x, fslx) = x2+1, f;x) = X +2x, f5x) =x* +3x% + 1,

and the first few lines of the Fibonacci polynomial triangle are

1
0 (x) - 1 -1
f111(x) : 1 -X -1
£ (x) : 1 —x%+1) —(x2 + 1) +1
ffl(x) . 1 -(x3 + 2%) —(x2 + 1)(x% + 2) +(x3 + 2x%) +1

TS U 0 BELE NPt L KO

where the double signs are to be attached to the { 11111; as required.

We are saying

£,,60 - 6+ 208 (0 - 62+ DS+ 2L, 60

3 3 3 =
+ (x5 + 2X)f1’1+1(x) + fn(x) =0,
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The next line can be obtained by using recurrence relation (F),

(F) {11;1} - fm-H(X)<n ;nl} * fn—m—i(x){:;l—— 11} ’

N R

This triangular array collapses intothe Fibonomial trianglewhen x = 1. From
(F) it is easy to establish by induction that {rrrll} are monic polynomials with

integral coefficients. For every integral x we get an array of integers.

VIIL THE CHEBYSHEV POLYNOMIALS OF THE SECOND KIND

The Chebyshev polynomials of the second kind are

gplx) = 1, wk = 2x, and uw &) = 2xuw & -wE .
It

g &) = u (),
then

gx) = 0, gix) = 1,

and we have the conditions for our Pascal triangle rows to have singly alter-
nating signs to reflect the difference equations for the powers of gn(x). Since
gn(x/ 2) also satisfies this, the Fibonacci polynomials and the Chebyshev

polynomials yield all possible Pascal triangles with integral coefficients.

IX. THE FINAL DISCUSSION

In[1] and [2] it is given that the auxiliary polynomial associated with
the general second-order recurrence )

Yoty = PVpyy TAV A F 0,
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is
m+i m+ 1
hth-1 +1-h
Z (—1)h (-a) (h-1)/2 o
h=¢ h

Thus, if the columns of Pascal's generalized binomial coefficient triangle is
left justified with the first column on the left being the Oth column then mul-
tiplying the hth column by qh(h_I) /2 yields a modified array whose coef-
ficients along each row (with singly alternating signs if Chebyshev related or
doubly alternating if Fibonacci related) are the coefficients of the difference

equations satisfied by urr? .
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