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1. INTRODUCTION 

A genera l ized Fibonacci sequence m a y b e defined by specifying two r e l a -

t ively p r i m e in tegers and applying the formula 

(1) y = py , + y s 
J n ^ n - l J n -2 

w h e r e p is a fixed posi t ive in teger (p = 1 gives a Fibonacci sequence), 

If y0 i s the sma l l e s t non-negat ive t e r m de te rmined by (1), then y^ ^ 

(p + l)y0 with s t r i c t inequality for y0
 > 1 except in the c a s e y0 = yj = 1. In 

o r d e r to avoid t r iv ia l exceptions to va r ious s ta tements below, we a s s u m e with 

no r e a l loss of genera l i ty that yj > yo > 0 in all that follows. 

It has been shown in [1] that the Fibonacci sequences can be o r d e r e d 

using the quantity yf - y0yi - yo° Similar ly , the genera l ized Fibonacci sequences 

defined in (1) may be o rde red using the quantity D defined by 

D = yi - py0yi - yo . 

It may be of in t e re s t to de te rmine for given p the poss ib le values of D 

and how many genera l ized Fibonacci sequences can be assoc ia ted with a given 

value of D. 

We solve completely the c a s e s p = 1, 2 which, as will be seen, a r e 

essen t ia l ly s imp le r than the c a s e s p ^ 3„ Our proofs make u s e of the c l a s s i -

cal theory of b inary quadrat ic forms of posi t ive d i s c r i m i n a n t 

d = p2 + r . 

A good t r ea tmen t of this subject is found in [2 ] , which we re fe r to frequently 
as a sou rce of the proofs of well-known r e s u l t s . 
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Let S be the set of posi t ive in tegers D such that the congruence 
P 

n2 = d mod 4D 

has solutions for n« We prove the following: 

T h e o r e m 1, F o r p = 1, 2, S is the set of poss ible va lues of the in teger 
2 2 

D = y1 _ py0yi - y0 assoc ia ted with the genera l ized Fibonacci sequence defined 

by (1). 

Theorem 2» F o r p = 1, 2, let r be the number of dis t inct odd p r i m e s 

dividing 4D/(d,4D)e Then except for the t r iv ia l ca se p = D = 2 the re a r e 

2 * d is t inct p a i r s y0, yt such that D = y* - pyoyi - yo and y0, yj genera te 

a genera l ized Fibonacci sequence defined by (1), i. e . , t he re a r e 2 d i s -
t inct sequences assoc ia ted with the given value of D. 

The ca se p = 1 of Theorem 1 has been previously proved in [3 ] , 

2, REMARKS FOR THE CASE OF GENERAL p 

Our problem i s to de te rmine all posi t ive in tegers D which a r e p rope r ly 

r ep r e s en t ed (i. e*, a r e r ep re sen t ed with x and y re la t ive ly pr ime) by the form 

Q = x2 - pxy - y2 

with the r e s t r i c t i o n that 

(2) x > (p + l )y 2= 0 

We denote the quadrat ic form ax2 + bxy + cy2 by (a, b , c ) 0 We say the 

o rde red pa i r (x, y) = (a9y) i s a p rope r represen ta t ion of m by (a, b , c) if 

a and J a r e re la t ive ly p r i m e and aa2 + bay + c7 2 = m6 

L e m m a 1« Let (a9y) be a p rope r r ep resen ta t ion of the posi t ive in teger 

D by the in tegra l form (a, b9 c) of d i sc r iminan t de Then t h e r e exist unique 

in tege r s j3s8$n satisfying 

a8 - py = 1 
(3) 0 < n < 2D 
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(4) n2 = d mod 4D 

and such that the t ransformat ion 

(5) x = ax1 + /3y? 

y = 7x? + 8yf 

r ep l aces (a, b , c) by the equivalent form (D, n, k) in which k i s de te rmined 

by 

n2 - 4Dk = d 

Proof, This i s a c l a s s i c a l r e su l t ([2, pe 74, Th„ 58]) . 
Coro l la ry . Q p roper ly r e p r e s e n t s a posi t ive Integer D only if D b e -

longs to the se t S . 
p 

Following [2, p, 74] we call a root n of (4) which sa t is f ies (3) a m i n i -

mum root* Since n i s a root of (4) if and only if n + 2D is a lso a root , the 

number of minimum roo ts i s half the total number of roo t s s By Lemma 1, a 

p rope r represen ta t ion of D by a form (a s b # c) is assoc ia ted with a unique 

min imum root of (4)» 

L e m m a 2. Every automorph (5) of the in tegra l form (a ,b , c) of d i s -

c r iminan t d, where a, b5 c have no common div isor 1, has 

(6) a = {(u - bv) j8 = - cv 7 = av 8 = | ( u + bv) , 

w h e r e u and v a r e in tegra l solut ions of 

(7) u2 - dv2 = 4 . 

Conversely , if u and v a r e in tegra l solutions of (7), the n u m b e r s (6) 

a r e in tege r s and define an automorph. 

Proof. This i s a c l a s s i ca l r e su l t ([2, p* 112, Ths 87]). 

L e m m a 30 F o r given D In S , t h e r e i s assoc ia ted with a given m i n i -

mum root n of (4) at mos t one p rope r r ep resen ta t ion of D by ( 1 , - p , - 1 ) , 

which sa t is f ies (2). 
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Proof. Let (a»j) be a proper representation of D by (1,-p,-1) s a t -
isfying (2) and associated with the minimum root n of (4). For the given D 
and n, it is clear that any proper representation (af,yT) of D by (1,-p,-1) 
is the first column of a matrix 

where A is the matrix of some automorph of (1, -p, -1). Thus it is enough 
to show that (a\ yf) does not satisfy (2) unless A is the identity matrix. 

Since the smallest positive solution of the equation (7) is obviously (u, v) 
= (p2 + 2,p), it follows from Lemma 2 that every automorph of (1,-p,-1) is 
of the form 

m 
A = r p 2 + i pi r-1 ° i J = i 

LP IJ L° -1J m = 0, 

or 2 
,±1,±2,— 

We need only consider non-negative m, because for negative m (a\ 
y) clearly has components of opposite sign. Obviously (a\ 7T) does not 
satisfy (2) for j = 1 and any m ^ 0. For j = 2, m = 0, (o/f,7?) = (a,y) 
satisfies (2) by hypothesis; but this is false for j = 2, m - 1 because 

(p + l)(pa? + y) ^ (p2 + l)a + p y . 

Then by induction (a* ,y') does not satisfy (2) for j = 2 and any m ^ 1. 
This proves the lemma. 

3. CASE p = 1 OF THEOREM 1 

Lemma 4. Sj is made up of 
1. The integers 1 and 5 
2. all primes =1 or 9 mod 10 
3. all products of the above integers ^0 mod 25. 
Proof. By definition, SA is the set of positive integers D such that 

the congruence 
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(8) n2 s 5 mod 4D 

has solutions for n, Thus we must have D ^ 0 mod 25 and D odd, since 

So it is enough to show that (8) is soluble for odd prime D if and only if D = 
5, or D = 1 or 9 mod 10o 

By the definition of the Legendre symbol, (8) is soluble for odd prime D 
if and only if 

But then by quadratic reciprocity and the fact that D is odd 

(§\ = (R\ = | l if D = l or 4 mod 5 
\pj \5 J 1-1 if D = 2 or 3 mod 5 

which implies the desired resul t 
Lemma 5. If D belongs to Sp then (1, - 1 , -1) properly represents 

D9 Further, associated with each minimum root of (8) there is at least one 
proper representation satisfying (2) with p = 1. 

Proof, We consider each of the minimum roots of (8). Let (a9y) be a 
proper representation of D by (1, - 1 , -1) associated with a given minimum 
root n, 

We may suppose a > 0S y > 0. For if a < 0, y < 0, we consider 
(~a, -y)m If one and only one of a9y is negative we may suppose it is aB 

Then we apply the automorph 

(9) x? = 2x + y 
y! = x + y 

of (1, - 1 , -1) successively to (a, y)9 getting the sequence 

( a ,y ) , ' ( 2a + y, a + T ) , • • - , (f2 m+ia-. W » W * + W-iT). 'e e 
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th where f. is the i member of the Fibonacci sequence 1, 1, 2, 3, 5, ° ° • , If 
for some m we have 

(10) W l « l > W i ? > 

then 

is a proper representation with both members positive, as desired. But (10) 
must be true for some m because y = k\a\ for some rational k > 0 and 

a2 - ay - y2 > 0 

implies 

k < (1 +VSJ72 ; 

whereas from the continued fraction expansion of (1 + Vs ) /2 we have 

! < .3 < 8 < . . . < ^ _ < . . . < 1 + V 5 
2 5 ^m- i 2 

and 

lim f<2m
 = 1 + VE 

m—^oo f2m-1 '2 

Given a proper representation (a ,y) with both members positive, we 
apply the inverse of the transformation (9) successively, getting the sequence 

(a,y), (a - y, - a + 27) , ••• , 

( f2m-ia ™ §tmy> ~"f2ma + W+l?)» e ° * 
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Since the successive first members make up a decreasing sequence of positive 
integers so long as the corresponding second members are positive* we must 
reach an m such that 

W + i ^ > f2ma a n d hm+sV < *2m+2a-

Then 

(f2m+1« - f2my , -f2m« + f2m+iy) 

is a proper representation satisfying (2) with p = 1. 
All transformations used above of course have determinant 1, so that 

the minimum root n associated with the originally given proper representa-
tion is not changed 

4. CASE p = 2 OF THEOREM 1 

Lemma 6@ S2 is made up of 
1. the integers 1 and 2 
28 all primes =1 or 7 mod 8 
3. all products of the above integers ^0 mod 4S 

Proof. By definition, S2 is the set of positive integers D such that the 
congruence 

(11) n2 = 8 mod 4D 

has solutions for n. Thus we must have D ^ 0' mod 4„ Then the result fol-
lows from the fact that for odd prime D 

(2\ J 1 if D s 1 
ID/ | - 1 if D=-3 

= 1 or 7 mod 8 
3 or 5 mod 8 

Lemma 7, If D belongs to S2, then (1, -2 , -1) properly represents D. 
Further^ associated with exactly half of the total number of minimum roots of 
(11) there is at least one proper representation satisfying (2) with p = 2e 
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Proof. We consider each of the minimum roots of (11). Let (a, 7) be 
a proper representation of D by (1, -2, -1) associated with a given minimum 
root n. 

We argue as in Lemma 5 that we may suppose a < 0, y < 0. For if 

a < Q9 y < 0 we consider (-a, -7) . If one and only one of a ,7 is negative, 
we may suppose it is a » Then we apply the automorph 

n*\ x ' = 5 x + 2 y 

( 1 Z ' yT =. 2x + y 
of (1, -2 , -1) successively to (a, 7), getting the sequence 

( a ,7 ) , (5a + 27, 2a + 7 ) , • • • , 
(S2m+ia + g2m7, g2m<* + g2m-i?)> ••• 

where g. is the i member of the generalized Fibonacci sequence 1, 2, 5, 
12, 29, •• • . If for some m we have 

(13) g2mlal > g2m-i7 , 

then 

(-S2m+la - S2m>> -S2ma " g2m-i>) 

is a proper representation with both members positive. But as in the proof 
of Lemma 5 a consideration of the continued fraction for 1 + Vi" shows that 
(13) must be true for some m. 

Given a proper representation (a, 7) with both members positive, we 
apply the inverse of the transformation (12) successively, getting the sequence 

(a, 7), (a - 27, -2a + 57), • • • , (g2m-i« - g2m^» "g2m^ + g2m+i'>V' • 

Since the successive first members make up a decreasing sequence of 
positive integers so long as the corresponding second members are positive, 
we must reach an m such that 

^ m + i ? > g2m°' a n d Stm+zY < S2m+2« • 
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Then 

(«o» 7o)r(&>m-ia " g2m7» -g2m« + g2m+iT) 

satisfies 

aQ > (5/2) yQ , 

and exactly one of (a 0, y0) and 

( " l ^ i ) = ( 5 a 0 - 1 2 y 0 , 2aQ - 5y0) 

s^isfies (2) with p = 2. 
The transformation which takes (a0* To) ^° (ai> Ti) n a s determinant -1 

and (a0, y0), (aj, 7i) are associated with different minimum roots of (11)9 Thus 
the last statement of the lemma is easily verified. 

58 PROOF OF THEOREM 2 

Lemma 8. Let (c, m) = 1. Then 

x2 = c mod m 

has 2 r w roots if it has any roots, where r is the number of distinct odd 
primes dividing m and w is given by 

if 4 does not divide m 
if 4 but not 8 divides m 
if 8 divides m . 

Proof. This is a well-known result ([2, p8 75, Th„ 60])e 

For p = 1, 2, let r be the number of distinct odd primes dividing 
4D/(d,4D). It is easy to verify using Lemma 8 that the congruences (8) and 

r+i (11) have 2 roots. Then Theorem 2 follows from Lemmas 3, 5, and 7. 

1 0 
1 
2 
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6. CONCLUDING REMARKS 

We comment briefly on the reasons for confining detailed discussion 
above to the cases p = 1, 2. 

Let h(d) be the number of distinct non-equivalent reduced forms of dis-
criminant cL We can make little progress if h(d) > 1, because for such d 
the problem of determining all positive integers properly represented by 
(1, -p, -1) even without the restriction (2) is unsolved* We remark that h(d) = 
1 for p = 1,2,3,5,7, but h(d) = 2 for p = 4, 6a 

However, it is not enough simply to confine ourselves to the study of those 
p for which h(d) = 1. We have seen that for p = 1, 2 the converse of Lem-
ma 1 Corollary is true and for any properly representable D a proper rep-
resentable D a proper representation satisfying (2) can be found. However, 
for p > 3 there exist integers D which are properly represented by (1, 
-p, -1) but which have no proper representation satisfying (2), and it is not 
simple to describe the subset of S composed of such integers, 
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