REMARK ON A THEOREM BY WAKSMAN
EMANUEL VEGH
Naval Research Laboratory, Washingten, D. C.
Let Q denote the set of primes Q@ = Q*U {1} » Z the nonnegative inte-
gers and V = {K:Q* < SK}, where S, = {m=Kn+p; n€EZ and p = 1
or p EQ suchthat p /K, p< K} U {p EQ:p|K}. Let U = {k:k € Z and

each of the ¢(k) integers 1 =a; <ay< ...< a not greater than k and

relatively prime to k, is a member of Q*}. We(pr(xlf))te that a, € Q if k > 2,

A. Waksman [1] has shown (with the aid of a computer search) that V =
{2, 3, 4, 6, 8, 12, 18, 24, 30}. Trivially, 1 must also be a member of V.
We shall show that U = V. It is known that U consists of the integers given
above [2, p. 62].

Let 0<t€&EZ and let 1 =a;< a3< +++ < ago(t) be the integers not
greater than t and relatively prime to t.

(i) We prove firstthat U CV. If t EU (so that a, € Q*) then every

positive integer relatively prime to t is a member of the set
R = {tn+ai:nE Z, i=1,2, ", 0t).

Now 1 €R and if q is a prime, then either q|t or g € R. Thus Q* £ St
and tE& V.

(ii) We show now that VC U (using, in part, a method of Waksman).
It is immediate that 1 and 2€¢ VN Q. If 2 < t €V then by the Dirichlet
theorem, there is a prime g such that g = a% (mod t). Since q €& St and
g/t thereis a prime p < t such that g = p (modt). Thus p = a3 (mod
t). If a <t then tHa% - pl <t, which implies p = a}, a contradication.

Thus a% > t. If one of a, ¢ QG =3, ,¢lt), then a, >al>t, a con—
tradiction. Thus a, € Q* (i =1,2,""",¢t), and tE U.
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