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1. In the usual notation, put
n
(1.1) F =a__'"_'31_1, L =an+ﬁn

where

cz:%(l+\/§), 32%(1-\/5),

o =a+1, p=p+1 af=-1,

(1.2)

It is rather obvious that polynomial identities can be used in conjunction
with (1.1) and (1.2) to produce Fibonacci and Lucas identities. For example,
by the binomial theorem,

2n _ n _ n\ s
o = (@+ 1) = Z (S>a
s=0
which gives
n n
_ n _ n
1.3) Fon = E (s)Fs’ Lon = Z (S)LS
s= s5=0

and indeed
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n n
_ n _ n
(1.4) F2n+k B Z (s) Fs+k’ L2n+k - Z (s)Ls+k ’

s=0 s=0

where k is an arbitrary integer.

Again, since

B =a+1) =20+1,

we get in the same way

n n
_ n\,s _ n\,s
(1.5) F3n+k - Z (S)z Fs+k’ L3n+k - Z (s)2 Ls+k :

s=0 s=

More generally, since

it follows that
n n
_ n\ s_n-s _ n\ .S.n-s
(1.6) Frn+k - E (s) FrFr-lFS+k’ I"rn+k - 2 (s) FrFr—lLs+k :
s=0 s=l
This can be carried further. For example, since

.7 Am L SV

we get

!
|

n
(n-s)(m+1) fn\ . s
2mn+k ;0 1) (s) LmFms+k i

(1.8)

1

n
(n-s)(m+1) /n\, s
LZmn+k B SZ_% 1) (s) Lnlmstk
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The identity (1.7) generalizes to
(1.9) o = _F—

Indeed (1.9) is equivalent to

rm( m Bm) _ (arm _ Brm)am _ amBm(a(r—l)m _ ﬁ(r—l)m) )

which is obviously true. From (1.9), we obtain

n

n _ (n-s) m+1) _n-s s

Fm Frmn+k B E -1) F(11'—1)m Frm Fnsk °
s=0

(1.10)

n

n _ (n-s) m+1) n-s s

m ern+k B Z -1) F(r—l)m Frm Lms+k *

=0

With each of the above identities is associated a number of related iden-

tities. For example, we may rewrite

ozr=Foz+F
r r-1

as either
or a - F = F «
T

Hence we obtain

n
sfn\_s _ .n

Z (-1) <S)FI‘ Fr(n-s)+s+k B Fr—l Fie o

=0

(1.11)

n
sfn\.s _.n

Z 1) (S)FI' Lr(n—s)+s+k = FoaDy ’

=0
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and
n
n-s{n\_n-s _ .n
Z 1 <S)Fr—1 Frse = Fr Fpug 2
=0
(1.12)
n
n-sfn\ _n-s _ h
E -1 (s) Fr1lrese = Frlnak -
s=0
We remark that (1.9) can be generalized even further, namely to
sm rm _ sm
(1.13) Fon @ = e = (VP F o,

and (1.10) can now be extended in an obvious way.
2. Additional identities are obtained by making use of formulas such as

@2.1) o +1 = o\b .
Note that
(2.2) B +1=-p5 .
Thus we get
n n
n\ 2s n/2 n n\ ,2s n .n/2
>> (S) 20, Y (S>B Bl
s= 8=
so that
o m-+k n n+k
Z n\ o 5n/2 o - ()" g
s/ 2s+k a - f °
s=0

It follows that
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n n/2
2.3) n)n _ 5 Fn+k ®
s/ 2s+k 5(n—1)/2 L (
s=0 n+k I
Similarly
- 52/2 1, (@
(2.4) n\, n+k
z : s/ 2s+k 5(11-1-1)/2 F (
s=0 n+k n
We omit the variants of (2.3) and (2.4).
We can generalize (2.1) as follows:
aZm = F o5 - L
2m T “2m-1
(2.5) 2m-+1
o = Ly 9 - LZm\/g .

The corresponding formulas for ,Bm are

(2.6)

2m
B = Fy B\5 - L

2m-+1

B

2m-~1
= Loy B+ Fop VB -

even)

odd) .

even)

odd) .

We therefore get the following generalizations of (2.3) and (2.4):

(2.8)

(2.9)

n
(2.10) Z <_1)n's(rs1
s=0

>LS F =
2m+1 ~ 2m (n-s)+n+k 9. 5(n-l)/2 o

> (

s=

n

>

8=0

s/2 g g

n) B8 g _ 2m " ntk (n even)
s/ "2m-1 " 2ms+k (n-1)/2 _n
5 FZm Ln 4k (n odd)
5n/ 2 Fo L . (n even)
n)Ln—s Lomssk = | meD)/2 g
s/ 2m-1 ""2ms+ m-+ n
5 FZan K (n odd)
0

2m
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n/2

. n-sfn S 20 Fzzm
211) 1) (S)L2m+1 Lom-g)n+k =

s=0 0
We omit the variants of (2.8), «++, (2.11).
3. In the next place,
n n

£ (£ )

r= s=0

1 + afx)n(l + x)n

1l

k

2
PIES

n
k=0 r=0

On the other hand,

1+ o?x + ax?)

1]

a+ o)™+ x"

n

= E (Irl)a/r < (@ + x)r

Ir=

n r

> () T (1)

r=0 s=0

il

k=0 3s<2k

Comparing coefficients of xk we get

k

(3.1) 3 (Ill_)(k n r)ar -3 (kr-l S) (k - s)azk-?:s

r= 3s-2k

S

WENES

[Feb.
(n even)

(n odd) .

i & 3 (k n X)(k - s)a,zk-3s .
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It therefore follows that

k
n n _ n k -s
8.2) Z (r)(k - r)Fr+j B Z (k - s)( S )F2k-33+j
=() 3s<2k
and
k
n n _ n k -s
(8.3) Z (r)(k - r)Lr+j B Z (k - s)( S >L2k—3s+j
r=0 3s<2k

for all j. In particular, for k = n, these formulas reduce to

n
n\?2 _ n\{2s
(3.4) Z (r) Fr+j B Z 2s/\ s FZn—Ss+j
r=0 3s%2n
and
n
n)?2 _ n\ /2s
(3.5) E (r) Lr+j - Z (25) (s)LZn—3s+j .
r=0 3s£2n
respectively.

We have similarly

a + o)1 - x°

I
)
LB
Q
[N
=
W
=
™
[y
S
w0
=)
< 2
I
[}

1l
>
e
™
=
il
Iz}
/\
=]
N
AN
=
1B
Nl
[\
H
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1+ e2)™1 - 0% = (1 +ax - o22)?

n

_ 2 (n)ar <F 1 - a,x)r
T
=0
n T
= Z (r;)ar % E (-1)8 (g)as x>
r=0 s=0
2n

T sk (‘1)S(k n S)(k - s) .
k=0 2s<k

Comparing coefficients of xk we get

k
B )
=0

2s<k
It follows that

1B

k
k- s n k -8
@.7) Z 1) r(?‘)(k I—l r>F2r+j = Fk+j Z -1) (k - s)( s ) ’
=0 2s<k
k
k-r{n n _ s n k -s
©.8) Z 1) (r)(k - r)L2r+j B Lk+j Z 1) (k - s)( s )
=0 2s<k
In particular, for kK = n, we get

n
- 2 sf{n 2s
(3.9) Z D" r(ﬁ) Foprj = Foag Z (-1) (ZS) (S) ,
=0

2s<n

n

_ 2
(3.10) Z (_l)n ‘ T (I;) L2r+j = Ln+j Z (‘1)5 (zns> (2:)

r=0 2s<n
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More general results can be obtained by using {1.7).

SOME FIBONACCI AND LUCAS IDENTITIES

69

For brevity, we

shall omit the statement of the formulas in question.

4. The formulas

n
@.1) Z (E)Z F,
k=0
- 2
4.2) Z(E) L,

k=0

were proposed as a problem

The formulas

k
)Fn-k ?

n+k
k)Ln-—k

+
k

- :;0 Pk (ﬁ) (“
> 0)(

in this Quarterly (Vol. 4 (1966), p. 332, H-97).

n
@3 Z(E)Z Fox = (ﬁ) (n k k) Pk
k=0 k=0
n ) n
= Do) - () (e
k=0 k=0

were also proposed as a problem (Vol. 5 (1967), p. 70, H-106).

proved rapidly by making use
We recall that [1, 162,

n

2

Pn x =

(4.5)

)

)

They can be

of known formulas for the Legendre polynomial.

166
)k

)
)

-1
2

+ k
k

Bl
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If we take v = x + 1)/(x - 1), we get

n n

(4.6) Z (E)z o = Z (E) (n N k) @- ™",

k=0 k=0
n n
n\? k n-kfn\fn + k\ k n-k
@.7) Z(k) ok = E(_n (k)( N )u @ - 1
k=0 k=0

Multiplying both sides of (4.6) by w and then take u = @,B. Since

a-1= a_l, we get

It follows that

n n
n\?2 nyfn + k
(4.8) (k) Py = Z(k)( K )Fj-lk—n ’
k=0

= k=0
n n
ny? nyfn +k
(4.9) Z(k) Lyyy = Z (k>< K )Lj+k—n :
k=0 k=0

For j = 0, (4.8) and (4.9) reduce to (4.1) and 4.2), respectively.

If in the next place we replace u = o2, in (4.6), we get

0RO SOR

k=0 k=0
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so that

(4.10)

(4.11)
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n n
z:n22k+j_§:n n + kY n-k+j
k=0 k=0

-
i}
o
P i
B
oo
=
I
W
-
-
1l =]
=}
S

These formulas evidently include (4.3) and (4.4).
In exactly the same way (4.7) yields

(4.12)

(4.13)

and

(4.14)

(4.15)

n n

n\?2 _ n-kfn\fn+k
E:(k) Fiag = 2, D (k)( k )F2k+j-n’
k=0 k=0
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The identities (4.8), <+, (4.15) can be generalized further by employ-
ing, in place of (4.5), the following formulas for Jacobi polynomials 1, 255 :

2 Kk n-k
(A, ) _Z n+A\fn+u\/x -1 X +1
L (k><k)(2>(2)
k=0
n

n+A+U+1) k

A+n n kfx-1
( n )E(k) ()\+1)k ( 2 )

k=0

n

(n+A+U+1) k

UL +n n-k{n kfx+1
( n )Z(‘D (k) TN (2) ’

k=0

where
@+, = 0+DA+ 20 +n), A +1) =1.
The final results are

n

mM+A+L+1)
n+A\fn+u _ [ A+n n k
(4.16) Z( k )(n - k)Fk+j - < n ) (k) O+ 1), Fj-lk—n’
k=0 k=0

- n+A\fn+u ' A+n ~ n (n+?\+IJ~+1)k
a3 - (2 () o

k=0

n n
o+ X+ +1)
n+pA\fn+p _[(A+n n k
(4.18) Z( k )(n - k)F2k+j - ( n ) (k) O+ 1ik Fn—k+j’
k=0

n

n

m+Xx+UL+1)

n+A\ n+u _[(A+n n k

.19) E:( k )(n—k)L2k+j = ( n ) <k) T D, ok’
k=0 k=0
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n n
h+A+p+1)
4.20 n+)\>(n +p.) - (p,+n) n k
(4.20) ( k J\n-k) T n Zk T D Fjeaken’
k=0 = >
n n
At +1)
n+AN\/fn+p _ fm+n n (n + K k
e B - () S b
k=0 k=
n n (+A+p+1)
0+ A\ n+u), _ (p+n n k
(4.22) ( k )<n-k)F2k+j B ( n )Z(k) WD, o’
k=0 =0

=1

n
-+ A +p+1)
4.2 n+A\ /n+p - [m+n n k
(4.23) ( k )(n—k L2k+j n Z k (X+1$k Lj+k+n'
k=0 k=0

We remark that taking u = -a in (4.6) leads to

n

n
kfn\? _ -k + k
6o 3D w30 () (1Y) Faay

k=0 n=0

n n
kin 2 _ n-kfn n + k
(4.25) E -1 (k> Ln+j = 2 :(-1) (k>( k >L2n—2k+j :
k=0 k=0

and so on.

Some of the formulas in the earlier part of the paper are certainly not
new. However, we have not attempted the rather hopeless task of finding
where they first occurred. In any event, it may be of interest to derive them
by the methods of the present paper. It would, of course, be possible to find

many additional identities.
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