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1. In the usual notation, put 

_<**-{?• (1.1) F = £-=-£- , L = aa + /3n 

n a - p n ^ 

where 

(1.2) 
a = |(1 +V5), p = 4(1 - V5) f 

*2 = or + 1, £2 = £ + 1, ap = -1 

It is rather obvious that polynomial identities can be used in conjunction 
with (1.1) and (1.2) to produce Fibonacci and Lucas identities. For example, 
by the binomial theorem* 

2n a <• • » " - 1 : ("Vs 

s=0 

which gives 

n n 
tt-3) F 2n = E ( s ) F s ' L2n = E ( s ) L

£ , s / s 
s=0 * ' s=0 

and indeed 
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n n 
( 1 ' 4 ) F2n+k = 2 ( s ) F s + k s L2n+k = S ( s ) L s - & » 

s=0 X 7 s=0 x 

where k is an arbitrary integer. 
Again, since 

a3 = a(a + 1) = 2a + 1 , 

we get in the same way 

<"> -3,* - E (:)>*.*. n̂+k = E 0 ^ 
s=0 s=0 

More generally, since 

aT = F a + F - 9 r r - 1 

it follows that 

<«> *»* • E (") *K3u- v* - E (") » » r t 
s=o x ' s=o ' 

This can be carried further. For example, since 

(1.7) a2m = L m « m - < - l ) m , 

we get 

*2mn+k Z-# v L) s m ms+k ' 
s=0 \ / 

= V" / ^(n-sJ tm+D/nV 

s=0 
(1.8) 

T - V ( 1 x (n - s ) (m+l ) /n \ T s T 
ij2mn+k " ZJI {~l) s V m s + k 

s=0 
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The identity (1.7) generalizes to 

(1.9) a™ = ! l 2 f f
m - (_l)m F | - 1 > m 

m m 

Indeed (1.9) i s equivalent to 

which is obviously true. From (1.9)s we obtain 

n 
F n F = V / 1)(n-s)(m.+l)^n-s F s 

m rmn+k xLr (r- l)m rm ms+k 9 

s=0 
(1.10) 

n 
7n T „ y ^ / ^ (n -sMm+l^n-s ^ s 

s=0 
m rmn+k x J v~ ; (r- l)m rm ms+k 

With each of the above identities is associated a number of related iden-
tities. For example, we may rewrite 

r a = F a + F -r r - 1 

as either 

r r 
a - JP a = F * or a - F ^ = F a 

r r - 1 r - 1 r Hence we obtain 

s=0 
(1.11) 

E (-i,s(y F F = F F 
r r(n-s)+s+k r - 1 k ' 

JLX 

J2 (-D ( s ) F ? L r ( n - s ) + s + k = F r - 1 
S=0 v ' 

L k 



64 SOME FIBONACCI AND LUCAS IDENTITIES [Feb. 

and 

s=0 
(1.12) 

£W)»-sQF„:sF = F n F rs+k r n+k 

s=0 
rs+k r n+k 

We remark that (1.9) can be generalized even further, namely to 

(1.13) F asm - F a ™ = < - l ) s m F , , , 
rm sm (r~s)m 

and (1.10) can now be extended in an obvious way. 
2. Additional identities are obtained by making use of formulas such as 

(2.1) a2 + 1 = aV§~ . 

Note that 

(2.2) jS2 + 1 = -j3v5 . 

Thus we get 

E (sV2s = 5n/2 *n • S (sVs = (-1)n 5n/2 ^ • 
s=0 ^ ' s=0 

so that 

n 

^ s j ^ s + k ~ ° a - |8 S / \ /o Ta+k . i xn ^n+k 

/ n \ F = 5n/2 a - (-1) P s=0 

It follows that 
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(2.3) 
s=0 

2s+k 5 ( n - l ) / 2 L 
n+k 

(n even) 

(n odd) , 

S imi la r ly 

(2.4) Eft)-
s=0 ' 

2s+k 
5n/2 L n+k (n even) 

5 < n + 1 ) / 2 F n + k (n odd) 

We omit the v a r i a n t s of (283) and (2,4). 

We can genera l ize (2el) a s follows^ 

(2.5) 2m 2 m - 1 
2m+l x T /=-

« = L9™+1 a " L9.™^A 2m+l 2m 

The cor responding formulas for a r e 

(2.6) 
02m = -FQ p\/S - L0 , 2m 2 m - l 

^ - • - W '.«>* • 
We therefore get the following generalizations of (2.3) and (2.4): 

(2.8) 

(2.9) 

n 

Z2 W L2m-1 
s=0 

n 

X ) (s)L2m-l 
s=0 

2ms+k 

J2ms+k 

5 F 2m n+k 

1 2m n+k 

( 5 n / 2 F n L , ] 2m n+ic 
(m+l)/2 n 

( 5 F2mFn+k 

(n 

(n 

(n 

(n 

even) 

odd) , 

even) 

odd) , 

(2.10) !>>M(°) 
s=0 

L 2 m + 1 F 2m(n-s)+n+k 

0 (n even) 

- ( D - D / 2 ^ n 2 • 5V 
F 2 m ( n o d d ) > 
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n i n/2 2 / 

(2.11) E ^ - ' Q L ^ L ^ ^ ^ 2m 

0 (n s=0 

We omit the variants of (2.8), • • • , (2.11). 

3, In the next place, 

n n 

a + «*)°a + x)». v C°Vrxr v c v >*-E(;WS(:)= 
r=0 N / s=0 
2n k 

= yx k v ( n i n Vr-
L«d £~i \rf^L - r / k=0 r=0 

On the other hand, 

(1 + a x r ( l + x)11 = (1 + a2x + ax2) 

n 

E 
r=0 
n 

E 
r=0 
2n 

E 
k=0 

/ n \ r r , 1 la x (a 4 

w 
Q«r*rE 

s=G 

3s<2k 

x ) r 

( ^ r " S 

X ) ( k 3 

s 
X 

s \ 2k-

r 
-3s 

Comparing coefficients of x we get 

<«> E &.*" > - E (k! ,)(k; >2k-3" 
r=0 ' v ' 3s-2k v ' x ' 
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It therefore follows that 

*» S(;)(^r)'ry- E L 1 s)(k .- >2k.3s+) 
r=0 W X ' 3s£2k X ' X ' 

and 

r=0 3s£2k 
L2k-3s+j 

for all j . In particulars for k = ns these formulas reduce to 

E ©*'«, • E (.".)(*) 
r=0 3s ^2n 

F2n-3s+j 

and 

«•« E(;)!Vj= E (£)(?>, 2n-3s+j , 
r=0 * ' 3s^2n 

respectively,, 
We have similarly 

n n 
s a + A,»(1-*,» = £(») ^£w> s (S> 

r=0 s=0 

2n k 

k=0 T=Q f 
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(1 + Qf2x)n(l - x) n = (1 + ax - a*x2f 

r r /- xr 
x (1 - ax) r=0 x ' 

r = 0 ^ / s=0 x ' 

= E « k - k E w ) t " s ) ( k ; s ) 
k=0 2s<k V I X ' 

Comparing coefficients of x we get 

*•> E <-«^(;)(k ° r)«2r - «k E <-»B(k ° s)(k -. *) 
r=0 x / x ' 2s^k 

It follows that 

k 

M E w>k-r(;Vk - - W , - »*, E <-«t - s)(k 
r=0 W X f 2s<k X ' X 

k 

«.« s < W ; ) ( k » V r + J - Lk+j 2 <-»s(k! .f 
r=0 x ' x / 2s£k \ / X 

In particular, for k = n, we get 

»••» E W u V ' ^ , - *„+i E <-»s (t) ft) • 
r=0 ^ ' 2s<n 

(sao, £<-!,»-'(;)\r+) . v . £ <-Wa"s)M 
r=0 x ' 2s^n \ I \ I 
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More general results can be obtained by using (1.7). For brevity, we 
shall omit the statement of the formulas in question, 

4. The formulas 

k=o V / k=o \ / x ' 

were proposed as a problem in this Quarterly (Vol. 4 (1966), p. 332, H-97). 
The formulas 

•k ' 

were also proposed as a problem (Vol. 5 (1967), p* 70, H-106). They can be 
proved rapidly by making use of known formulas for the Legendre polynomial. 

We recall that [ l , 162, 166] 

->-±M-->)M k=0 

(4.5) 

s0!(-)k(-r=s-"iww 
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If we take u = (x + l ) / ( x - 1), we get 

(4.6) 

(4.7) 

k=0 x ; k=0 \ / > / 

t(^»k-E<-u""t)(^k>k,»-»""k-
k=o ^ / k=o > ' N ' 

Multiplying both s ides of (4.6) by i r and then take u = a,p. 

a - 1 = a , we get 

It follows that 

(4.8) 

zQ!*kt i-zQ(°;k)"i+k-n • 

k=0 X ' k=0 > / x / 

k=0 w k=0 x / x / 

Z ^ t k ) Lk+j = L U \ k )Lj+k-n (4.9) 
k=0 % f k=0 

F o r j = 0, (4.8) and (4.9) reduce to (4.1) and (4.2), respect ively . 
If in the next place we rep lace u = a2

9j32 in (4.6), we get 

t&^-Utiy •k+j 
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n , % n 

£ 0 ' ^ •§(:)(• : ^ •k+j 

so that 

(4.10) Z-#tkl F2k+j Z ^ l k / I k JFn-k+j ' 
k=0 x 7 k=0 X I X I 

(4.11) Z ^ t k ) L2k+j " Z ^ ( k ) ( n k )Ln-J 
k=0 X / k=0 % f X ' 

These fo rmulas evidently include (4.3) and (4.4). 

In exact ly the same way (4.7) yie lds 

k=0 X / k=0 \ / \ I 
F 2k+j -n ' 

z@\^i>"i;)(\+j L 2k+j -n 9 

k=0 x ' k=0 

and 

k=0 X / k=0 W V / 

k=0 X / k=0 X f X f 
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The identities (4.8), ••• , (4.15) can be generalized further by employ-
ing, in place of (4.5), the following formulas for Jacobi polynomials 1, 255 : 

eU)«=Z(n-i)(nr)(^)k(^)n"k 

/A + nV^/nVn + ̂  + 1)k/x-l\k 

\n )h\v (X + 1)* v 2 / 

-MIH^^-r 
where 

(X + l ) n = (X + 1)(X + 2)--- (X + n), (X + l)o = 1 

The final results are 

- sc-x-sM'-ise^ 1 , k F 
j+k-n' 

k=0 X ' X / X ' k=0 \ / 

+ 1 ) i L 
j - t k -n ' 

<«»> E(n,;xX-"K)-(^jE^) 
11 ' ' (n + X + M- + D k 

(A + D t
 F n-k+j ' 

<- E(^X->- • Ms®^^^w 
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) k
 Fj+2k-n* «-> ze^(:-^-(^M^^'--k=0 k=0 

**> Z(T)(^H+i • (>: •)£(;) ^ * w 

«•» Z(\+A)(°:^2k+1 - (>:%(i) ^ P w 
k=0 v 'k=0 

n (n + A +fi + 1). 

We remark that taking u = -or in (4.6) leads to 

(4.24, ± l -W") ' Fk+J - ± <-l>°-*(») (» J ") r2n.2k+. , 
k=0 w n=0 w \ / 

(4.25, £ ( - « * ( » ) ' L n + . . £ , - ! , - * ( » ) (» k * ) L 2 „ . 2 k + . , 
k=0 k=0 

and so on, 
Some of the formulas in the earlier part of the paper are certainly not 

new. However, we have not attempted the rather hopeless task of finding 
where they first occurred. In any event, it may be of interest to derive them 
by the methods of the present paper. It would, of course, be possible to find 
many additional identities. 
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