J O O

and

(31)

1.

n

n Jrn-g ik + _ annn
Z <j)FmLm [E‘;'k+rL(n-j)k+r + (-1)7 rf&n-Z.j)k] =2 Fm+1Fnk +2r ¢
i=0
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IDENTITIES OF A GENERALIZED FIBONACCI SEQUENCE

H. V. KRISHNA
Manipal Institute of Technology, Manipal, South India

The purpose of this note is to give identities of third power and above of the general-

ized Fibonacci sequence with nth term H, satisfying the recurrence relation H, = pF, + gF,_,
and H, = g where F, denotes the nth classical Fibonacci number.

¢9)
(2)
(3)

We refer to the following identities of A. F. Horadam [1]:
HoBlayy = Hpyp = (FD7e
ByonBoox = BnHnynex = (F1)"eF, F,
By = By ¥ BHpnogoy

m

and also use

(4)

. s _ 2
Heyr By o Bia o Bxys = Hys = €

where e = p? - pg - ¢°.

Identity 1: HY - 2H3,\H, - H2, H: + 2H3H,,, + Hi,) = e°.

2

Identity 2: Hpuy - bHp,3 - 19Hs,, - 4Hj.y + Hy = -6,

4

Identity 3: Hy, s = 5H,, + 15Hy, 4 - 15H, , - 5Hy,, + H,.

n
Identity 4: 259 Hy = B , = 3Hy,, - 22Hn,y - Hy + 6°(n - 1) + 4
k=0

where 4 = 15p* - 32p’q - 12p2g® + 16pg® + 34q".

n
Tdentity 5: A. 189 (-1)VHY = (-1)"(HY,, - 6H4,, - 9HY,, + 24H%,, - H);
k=1

(-1)" (-Hy,, + SHi,, + 14Hy, | - Hy - 3e?).

n
k 4
B. 9?_:1(—1) B

Identity 6: 25 By, B, oH, Hyes = 26H8,, + 22H4,, + 384,y - HY - C,

where C = 19¢%n + (66p" + 70p3q + 131p%q2 + 146pq3 + 47g%).
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2n-1
Identity 7: 92(_1)kﬂh+lHk+2Hk+ka+5 = Hppes = SHyey = LiHlguey + Hipyy + 3€ + D,
4 0
where D = q(4p® + 6p’q + 4pg® + q°).

The proof of Identities 1-7 follow along the same lines as in [1], hence the details are

omitted here.
Some more identities that are easily verifiable by induction follow:

n

(a) 22.;(-1)"11,"”,, = DBy amer * Hnoy m=2,3, ...3
n

(®) 3D D Hpaur = (D Hppynyy + Hnoy me=2, 3, o3
4 . _

n
(c) 112(-1)’";1“5, (~1)" SHpysnsy + 2Hnys,) + bHy = SHn_1  m=1,2, ...;

n
2
(@) 4z°:HkH2k+1 + 2Hy = Hy, o 3Hy + Hyy By

n

(e) 3;('1)'”['1:1*-21’ = ('1)nHm+2nHm+2n+2 + HyHy o) m=2, 3, ...3
n

£) 7:;:(-1)”Hﬁ+“, = 1By By * Enlny m=4h, 5, ...

n
(8) zzg:Hk+2Hi+1 = Hyyallyyolner - HyH\Hyg
2t n
W) 23 CDTEEL = (D Bl - BolEys

n
(1) ZZ:(-l)rH3+1 = (-1 (Hr12+1Hn+lo = HuHp 4ol 43) - E,

where E = p® - 3pg? - ¢°.
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DIVISIBILITY PROPERTIES OF A GENERALIZED FIBONACCI SEQUENCE

H. V. KRISHNA
Manipal Institute of Technology, Manipal, South India

This note gives some divisitility properties of the generalized Fibonacci numbers viz
Hy=gq, H = p, Hys1 = DHy, + cHay (0 2 1), denoted henceforth by (p, o, D q) GF sequence.
The results have similarity to those of Dov Jarden [1].

For the Horadam generalized Fibonacci sequence: H, = ¢, H, = p, H,y,; = H, t H,_,

(n > 1), we have

Theonem 1: H_,, + (-1) H,_ is divisible by # for all n > k.
Pnooﬁ: The proof easily follows from the identity

(1) Hpsx + (C1)*H, 4 = L,H,-
Conollary a: HZ,, + (-1)2**'p2_. is divisible by H,; and

Corollary b: H: . + (-1)%**?p3_, is divisible by #,.
Divisibility properties of (b, ¢, p, g) GF sequence.
Theorem 2: 1f (myn) = 1 and q = 0, H,H,/H,,.

Proof: Hn = (gr* - hs™)/(r - s) and H,, = (gr"" ~ hs"")/(r - s), where r and s are the
roots of x> ~bxr -c=0and g =p - sq and h = p - rq.
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