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Coefficients (exhibited and/or discussed)

binomial 3-8; 9-15,33,42,57-60,64-65,66-68,69-80,101-104,124,135-139,149,161-165,

208,211,242-244
binomial mod p 79,105-118
Fibonomial coefficients 14,168,169
Gaussian binomial coefficients 12,13,127,133,168,243,244
Gaussian Fibonomial coefficients 14
generalized binomial coefficients 15-21,23,24,105-118,161,166-167
Leibnitz harmonic 43
multinomial coefficients 19,21,51,51-56,66,67,94-100,107,135,158-160,212,244
of powers of x in Pascal's triangle of order s 15
q- binomial coefficients 13,43
trinomial 45-47,50,51,88,108-118,166,242-244

Figures displayed by number
1. Example of Pascal’s work on his arithmetic triangle 2
2. Pascal’s isosceles triangle format 4

3a. Triangle having elements equal to the sum of 3 elements in the preceding row 16
3a. Triangle having elements equal to the sum of 4 elements in the preceding row 16

3b. Isosceles display of the 3-case in figure 3a 17
3b. Isosceles display of the 4-case in figure 3a 17
4. Hosoya’s arithmetic-Fibonacci triangle 27
5. Sana’s arithmetic-Lucas triangle 28
6. Gould’s variation of Pascal’s triangle 34
7.  Wong & Maddocks triangle 37
8.  Leibnitz harmonic triangle 38
9. Logothetti’s truncated triangle 39
10.  Generalized truncated triangle 40
11. Harborth (+), (-) triangle 41

12.  Hilton & Pederson hexagon of binomials coefficients [“Figure 12" not labeled] 43

13. Hilton & Pederson Pascal hexagon 43
14. Dilcher’s partial differential equation Pascal-type triangle 44
15. Trinomial coefficients Pascal pyramid 46

16a. 4™ cross section of Pascal’s pyramid 48

16b. Rotational adjustment for the 4™ cross section of Pascal’s pyramid 48
17.  Axis of symmetry the cross section of Pascal’s pyramid 48
18.  Triangle for the distribution of mod 2 binomials coefficients 79
19. Triangle for the distribution of mod 3 binomials coefficients 80
20. Examples of p-index triangles 83
21. Binomial coefficients exactly divisible by 2° 87
22. Binomial coefficients exactly divisible by 3° 88
23.  Mod 2 distribution of trinomials 91
24.  Mod 3 distribution of trinomials 91
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25a.
25b.
26.
27a.
27b.
28.
29a.
29b.
30a.
30b.
3]a.
31b.
32a.
32b.
33,
34,
35.
36.
37.
38a.
38b.
39.
40.
41.
42.
43,
44.
45.
46.
47.
48.
49,
50.
51a.
51b.
51c.
51d.
52a.
52b.
52c.
52d.
52e.

Distribution of trinomial coefficients with respect to divisibility by 2" 93
Distribution of trinomial coefficients with respect to divisibility by 3" 93
Distribution of even and odd coefficients in the Pascal triangle of order 3 109
Isosceles triangle whose altitude is 2" located in Pascal’s triangle of order 3 109
Isosceles trapezoid whose altitude is 2" located in Pascal’s triangle of order 3 109
Triangle with trinomial coefficients divisible and not divisible by 3 114
Isosceles sub-triangle of figure 28 with height ¥4 (3" + 1) 114

Isosceles sub-trapezoid of figure 28 with height ¥4 (3" - 1) 114

Triangle showing highest power of 2" which divides trinomial coefficients 117
Triangle showing highest power of 3" which divides trinomial coefficients 117
Fibonacci triangle mod 2 121

Fibonacci triangle mod 3 121

Lucas triangle mod 2 121

Lucas triangle mod 3 121

Gaussian binomial coefficients mod 3 122

Euler numbers mod 3 122

Stirling numbers of the first kind mod 3 123

Stirling numbers of the second kind mod 2 123

Elements divisible and not divisible by their row number in Pascal’s triangle 124
Sierpinski triangle curve 129

Sierpinski carpet 129

Koch triadic (snowflake) curve 129

Self-similar figures with fractional dimension 130

Fractal Pascal triangle mod 2 132

Fractal Pascal triangle mod 3 132

Fractal Pascal triangle mod 5 132

Fractal Pascal triangle mod 4 132

Fractal Pascal triangle mod 6 132

Fractal generalized order 3 binomial coefficients triangle mod 2 133

Fractal generalized order 3 binomial coefficients triangle mod 3 133

Fractal Gaussian binomial coefficients triangle mod 3 133

Fractal Stirling second kind numbers triangle mod 2 133

Fractal Euler numbers triangle mod 3 133

General pattern of 6 coefficients in Pascal’s triangle whose product is a square 136
Example of 6 coefficients in Pascal’s triangle whose product is a square 136
Example of 8 coefficients in Pascal’s triangle whose product is a square 136
Example of 10 coefficients in Pascal’s triangle whose product is a square 136
Perfect square pattern in Pascal’s triangle 137

Perfect square pattern in Pascal’s triangle 137

Perfect square pattern in Pascal’s triangle 137

Perfect square pattern in Pascal’s triangle 137

Perfect cube pattern in Pascal’s triangle 137



Figures displayed by number (Continued)

53.
54,
55.
56a.
56b.
57a.
57b.

58.

Example of 4 coefficients in Pascal’s triangle whose product is a square 138
Examples of n-coefficients in Pascal’s triangle whose product is a square 139
Generalized arithmetic graph 142

Geometric interpretation of the Pascal triangle graph 149

Graph of the Pascal triangle with basis < 0,1 > and index set cardinality k =3 149
Module graph of a generalized m-arithmetic graph 155

Spatial representation of a module graph of a generalized m-arithmetic graph 155
Spatial arithmetic graph with basis < 1,3,5 > and index set cardinality k =3 157

Miscellaneous topics (mentioned and/or discussed)

additional references, I 244-250
additional references, II 250-253
binary representation of n 66,108
binomial topics
exponent of the highest power of a prime dividing a binomial coefficient 80,81
factorial divisors of binomial coefficients 102
factorization of binomial coefficients 103
polynomials 198
theorem for complex numbers 55
type sequence of polynomials 198-207
Cauchy summation formula 47,54
column generating function for Pascal pyramids 50
cross section of a spatial arithmetic graph 158-160
determinants 161-165,166-169,242
derivatives of Bondarenko polynomials 208,209
differentiation of factorial polynomials 177
dimension 127,128,131
divisibility (topics) 24,56,57-68,69,80,81,88-93,94-100,102,105-118,119-120,124-125,
131,211,242
Euler
formula for generalized homogeneous polynomials 175
formula for homogeneous functions of degree n 201
partial differential formula 174,175
¢ function 65
exponent matrix for the degree of homogeneous polynomials 178-182
fractals 126-130
fractals formed from Pascal’s triangle 130-131
fractional part of a number 171
ged 67,101,102



Miscellaneous topics (mentioned and/or discussed) (Continued)
generalized
arithmetic graph 141-148
harmonic polynomials 183
homogeneous monomials 178,179
homogeneous polynomials 170,173,175
Laplace partial differential equation 183,184,189,190
Mangeron type partial differential equation 183,184,190-197
m-arithmetic graph 146-157
power of a monomial 173
power of a variable 173
graph (graphical, graphs, etc.) topics
adjacency matrix of a graph 143-146,151
asymptotic formula for number of paths in the generalized m-arithmetic graph 151
Berge graph 141,143
Ferrer’s graph for the representation of partitions 140
for partially ordered sets 140
models 242
module graph of a generalized m-arithmetic graph 153-157
Pascal triangle graph 147-150
Sierpinski triangle curve 127,128
solutions to combinatorial problems 140
spatial arithmetic graph 157
spatial representation of generalized m-arithmetic graphs 157
height of a Fibonacci polynomial 213
highest power of a prime to divide a multinomial coefficient 95
integers containing a
block of type k 108
I-block of type k 113
2-block of type k 113
integral part of a number 171
integrals of Bondarenko polynomials 208
integrals of p-trinomials 206
integration of factorial polynomials 177
k-in-a-row-problems 21
Koch triadic (snowflake) curve 127,128
lattice patterns in Pascal’s triangles 131
lem 102,103
Legendre's theorem 57-58
Lucas's theorems for binomial coefficients 23,24,58,107,114
Lucas's theorems for multinomial coefficients 94
Mann-Shanks primality condition 22



Miscellaneous topics (mentioned and/or discussed) (Continued)
matrices
for arithmetic triangles 168
related to Pascal’s triangle 162-165,169
related to Pascal’s triangle mod p 73-78
related to the generalized Pascal’s triangle 166-167
triangular matrices of factorial exponents 185,186
miscellaneous arithmetic structures 242
miscellaneous polynomials 209,211
multinomial theorem 52
number of
coefficients in Pascal's triangle divisible by a prime p 60-61,63-64,69
coefficients in Pascal's triangle divisible by powers of a prime p 85-87
coefficients in Pascal's triangle not divisible by a prime p 60-64,69,85
coefficients less than x (positive) 54
even trinomial coefficients in a generalized Pascal triangle 112
generalized homogeneous monomials of degree n 173,174
odd trinomial coefficients in a generalized Pascal triangle 110-112
paths in a spatial m-arithmetic graph 158
paths in a generalized m-arithmetic graph 151
prime factors of binomial coefficients 103
trinomial coefficients divisible by a prime p 89-91
trinomial coefficients not divisible by a prime p 89-91
number theoretic functions 60,65,67
parallelograms 138
partial differential equations 182,183,203
partial differential equations for p-binomials 201-206
p-ary representation of multinomial coefficients 94,106
Pascal
functions 212
graphs 141
matrix 141
-Sierpinski gaskets 127
triangle graph 147-150
p-binomials 199
p-Latin squares 243
p-trinomial polynomials 205
perfect square patterns in Pascal’s triangle 136
periodic m-gonal numbers mod n 125
periodic triangular numbers mod n and mod 2n 125



Miscellaneous topics (mentioned and/or discussed) (Continued)
polynomials (polynomial, etc.)
binomial 198
Bondarenko 208-209
Chebyshev 212
factorial 176
Fibonacci 209-214
Hermite 212
Laguerre 212
Lucas 209,211,214
nonorthogonal polynomials 208-214
orthogonal polynomials 207,208,212
periodic polynomials 125
polyharmonic polynomials 49,55
r-bonacci polynomials 209,210,212
solutions of partial differential equations 183-185
tribonacci polynomials 209,210
trinomial polynomials 198
prime number topics 26,57-68,242
probability 213
products of coefficients in Pascal’s triangle yielding perfect powers 135-139
self-similarity 128,131
Sierpinski carpet 127,128
Sobolev differential equations 208
Steinhaus problem 40
symbolic arrays for constructing polynomials solutions of differential equations 186-188
uniform distribution mod m of numbers in a sequence 119
vectors 171

Non-triangular configurations (properties mentioned, discussed and/or analyzed)
Pascal hexagon 43-44,137,138
Pascal hyperpyramids 49-51,52,97-100
Pascal polytope 51
Pascal pyramid 46-51,89,127,242
Pascal tetrahedron 51
regular hexagons in Pascal’s triangle 135
residues 69,70
star of David 44
trapezoids 109 115

Non-triangle tabulated arrays exhibited
fractal arithmetic structures 242
Hilton-Pederson hexagon 43
Pascal hexagon 43
Pascal pyramid construction 48



Numbers and/or sequences (referenced and/or explored)
Catalan 8,29,30,120,161
Euler 127,133,168,243
Fermat 8
Fibonacci 8,14,21,26,35,36,49,50,55,67,110,111,118,119,124,140,161,168,208
formed from the fifth column of Pascal’s triangle 125
generalized Fibonacci 14,50,51,55
Lah 31
Lucas 8,21,25,35,119,124,161,168,208
Mersenne 65
Pell-Lucas 21
Stirling 8,31,127,133,168,243
triangular 125
Tribonacci 37,50

Recurrence relations for
diagonal sums of the additive triangle of order s and degree R 21
binomial coefficients 9,33
Bondarenko polynomials 209
Dilcher's Pascal variation 44-45
Gaussian binomial coefficients 13
general arithmetic triangles 30
generalized binomial coefficients 18
generalized Fibonacci sequence 110,125
generalized Pascal triangle 34,35
Hosoya triangle 26
Logothetti's truncated Pascal variation 38
Long’s triangle of triangles 70,72
Lucas triangle 26
multinomial coefficients 53
Pascal’s triangle 70
p-polynomials 201
p-trinomials 207
Rumney-Primrose triangle 32
Séna variation of the Lucas triangle 27
Shapiro (Catalan) arithmetic triangle 28
Stirling number (first kind) 41
Stirling number (second kind) 41
sum of numbers on the nth diagonal in Pascal's triangle 6
sums of multinomial coefficients 21,22
trinomial coefficients 47,109
Wong and Maddocks numbers 36



Triangles (properties mentioned, discussed and/or analyzed)

additive triangle of order s and degree R 21

arithmetic progression triangle 30

Catalan 29,30

V, of binomial coefficients 101

Dilcher's Pascal variation 44-45

Fibonacci-T 27,120,127

fractal generalized Pascal 107

fractal Pascal 127,133

generalized Catalan 30

generalized arithmetic triangle 151-153

generalized fractal 133

generalized Pascal 15-17,20,21,24,30,31,34-36,105-118,127,147,210,213,243

geometric progression triangle 31

Harborth's (+), (-) signs Pascal variation 40

harmonic series triangle 32

Hoggatt variation of the Lucas triangle 26

Hosoya triangle 26

indefinitely increasing 81

Leibnitz harmonic 37

Logothetti's truncated Pascal variations 38-39,40

Long’s triangle 69-72,81

Lucas 120,127

Mann-Shanks row shifted Pascal triangle of arbitrary order 23

miscellaneous arithmetic triangles 242,243

of residues mod p of binomial coefficients 71

Pascal vi,vii; 1-8,20,22,30,45,51,55,59-61,66,67,68,69,82,85,126,127,135,140,147-150,
161-165,182,212,214,242-243

Pascal triangle arrays for solving partial differential equations 186-197

Pascal mod p 73

Pascal mod 2 141

Pascal of order s 15-18

Pascal-T 21

p-index Pascal 80-87

s-arithmetic 15

Séna variation of the Lucas triangle 27

Shapiro (Catalan) arithmetic triangle 28

Stirling 31

Sved's Gaussian binomial coefficient arithmetic triangle 28

Wong and Maddocks triangle 36-37



Triangles tabulated arrays exhibited
binomial coefficients 3
binomial coefficients exactly divisible by 2* 87
Catalan 29
complimentary Pascal 33
Dilcher's Pascal variation 44
generalized Pascal 16,17,34
Harborth's (+), (-) signs Pascal variation 41
Hosoya 27
Leibnitz harmonic 38
Logothetti's truncated Pascal variations 39,40
Long’s triangle of triangles 70
Lucas 25
Mann-Shanks row shifted Pascal of order Two 22
Mann-Shanks row shifted Pascal of order Three 23
Pascal's original 2
Pascal's 3,4,5
Pascal’s (mod 2) 79
Pascal’s (mod 3) 80
p-index 83
Rumney-Primrose 32
Séna variation of the Lucas triangle 28
Shapiro (Catalan) arithmetic triangle 29
Stirling number (first kind) 41
Stirling number (second kind) 41
Wong and Maddocks 37
sk sk sk ske sk sfe sk sk s ske sk sfe sk sk sk ske sk sk sk sk sk sk she st sk sk sk sk sfe st sk sk sk sk st sk sk sk ske sk sk sk sie sk sk sfe st sk sk sk sk st st sk sk sk sk stk sieosieoske sl skeoskeosieoskeosk skeoskoskosk
Names of people and/or their references cited 215-241
[Note: The “Additional References” section lists 126 works, all mentioned in the
3 page introduction in the Appendix and are not included in this section.]
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Abel, N. 55
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Abramson, M. 55
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