DIVISIBILITY PROPERTIES OF FACTORS OF THE DISCRIMINANT OF
GENERALIZED FIBONACCI NUMBERS

YAO-QIANG LI

ABSTRACT. We study some divisibility properties related to the factors of the discriminant of
the characteristic polynomial of generalized Fibonacci numbers (Gn)n>0 defined by Go = 0,
Gi1 =1, and G, = pGp—1+qGn—2 for n > 2, where p and ¢ are given integers. As corollaries,
we give some divisibility properties of some well-known sequences.

1. INTRODUCTION

Let N denote the set of positive integers 1,2, 3, ... and Z denote the set of all integers. Given
p,q € Z, the < p,q >-Fibonacci sequence (Gp)n>0 is defined by

Go=0, Gi=1, and G, =pG,_1+q¢G,_o foralln > 2.

For rich applications of these sequences in science and nature, see for examples [9, 10, 19].

Let r = r(p, q) = p*>+4q denote the discriminant of the characteristic polynomial 2% — px —q
of the < p,q >-Fibonacci sequence (Gp)n>0. For the classic Fibonacci sequence (F),)n>0
(p = q = 1), it was shown by Kuipers and Shiue [11] that the only moduli for which (F},),>0 can
possibly be uniformly distributed are the powers of the discriminant » = 5. Next, Niederreiter
[12] proved that (F)),>0 is uniformly distributed mod all powers of 5. Later, the results
of Niederreiter and Shiue [13, 14] on uniform distribution of linear recurring sequences in
finite fields led to the observation (see [6]) that over the integers, a linear recurring sequence
can be uniformly distributed mod s (and mod s¥) only if s divides the discriminant of the
characteristic polynomial. These results motivate the investigation of the divisors (and their
powers) of the discriminant of the characteristic polynomial of generalized Fibonacci numbers
in this paper. For more overviews on uniform distribution of linear recurring sequences, we
refer the reader to [6].

Throughout this paper, for n,m € Z, we use n | m, n { m, and (n,m) to denote that n
divides m (i.e., there exists a k € Z such that m = kn), n does not divide m, and the greatest
common divisor of n and m (if n # 0 or m # 0), respectively. Note that 0 | 0. An integer
sequence (a;);>0 with the property that

n|m implies ay | a, foralln,m >0

is called a divisibility sequence. For all p, q € Z, it is not difficult to prove by induction that the
< p,q >-Fibonacci sequences are divisibility sequences (see for example [8, 2.2 Proposition]).
On divisibility of the terms by subscripts, we refer the reader to [1, 7, 16, 17]. In this paper,
we focus on divisibility properties related to divisors of the discriminant of the characteristic
polynomial of generalized Fibonacci numbers. The following theorems and corollaries are our
main results.

Theorem 1.1. Let p,q € Z, (Gy,)n>0 be the < p,q >-Fibonacci sequence, and r = p?+4q # 0.

(1) For all s € N satisfying s | r and for all integers k,n > 0, we have

PG | G-
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(2) Suppose that
p is odd, (p,q) =1, and s € N satisfying s | r

or
P 1S even, (g,q) =1, and s € N satisfying s | 2
or
(p,q) =1 and s > 3 is a prime satisfying s | r.

If31q+1 or 3+ts, then for all integers k,n > 0,
¥ |n if and only if % | G,.

Theorem 1.2. Let p,q € Z, (Gn)n>0 be the < p,q >-Fibonacci sequence, r = p? + 4q # 0,
and s € N. Suppose that
pis odd, (p,q) =1, ands|r

or
. p ) r
E =1 ds!| -
D is even, (2,q , an 3\4
or
(p,q) =1 and s is a prime satisfying s | r.
(1) For all integers n > 0,
s|n if and only if s|Gp.

(2) If for allt € N,
stt implies s> 1 Gy,
then for all integers k,n > 0,
¥ |nif and only if s*| Gh.

It is worth noting that the < p,q >-Fibonacci sequence (Gj)n>0 studied in this paper
is exactly the Lucasian sequence (U) = (Uy,)n>0 in [20], with the generator (characteristic
polynomial) f(z) = 22 — px — q. If f(x) is irreducible modulo a given prime, some laws of
apparition of the prime in (U, ),>0 are obtained in [20, Theorem 5.1 and 12.1]. Our results do
not require f(x) to be irreducible modulo a prime, but we only consider apparition of factors
of the discriminant of f(z). For example, let (G,)n>0 be the < 3,4 >-Fibonacci sequence.
Although the generator f(x) = 22 — 3z — 4 is not irreducible modulo 5, because 5 is a prime
factor of the discriminant of f(z), by applying Theorem 1.2 (1), we conclude that 5 is the
unique rank of apparition (see [20] for definition) of 5 in (G,,),>0. Besides, [20, Theorem 9.1]
shows that s is a rank of apparition of any prime s in (Uy,)n>0, which divides the discriminant
of the generator f(x). For the case that (U, ),>0 is the < p, ¢ >-Fibonacci sequence (Gy,)n>0,
it is straightforward to see that our Theorem 1.2 (1) (with the conditions (p,q) = 1 and s is
a prime satisfying s | r) gives [20, Theorem 9.1], noting that (p,q) # 1 will imply that there
exists an integer m > 2 that divides every term of (Gy,),>0 beyond a certain point (in fact,
(p,q) | Gy, for all n > 2), and this exception is stated in the postil section at the bottom of
the first page in [20].

In the following, we give some corollaries according to Theorems 1.1 and 1.2.

Corollary 1.3. Let p,q € Z, (Gy)n>0 be the < p,q >-Fibonacci sequence, r = p* + 4q # 0,
and s € N. If

pis odd, (p,q) =1, and s*|r
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or » .
' ~.q) =1, and s* | -
D 15 even, (2,q) , and s° | 1
then for all integers k,n > 0,
¥ |nif and only if s | Gh.

Noting that the classic Fibonacci, Pell, and Jacobsthal sequences are exactly the < 1,1 >,
< 2,1 >, and < 1,2 >-Fibonacci sequences, respectively, Theorem 1.1 and Corollary 1.3 imply
the following corollary.

Corollary 1.4 (Divisibility in Fibonacci, Pell, and Jacobsthal sequences).
(1) Let (Fy)n>0 be the Fibonacci sequence defined by

=0, k=1, and F,=F, 1+ F, o foralln>2.
@ For all integers k,n > 0, we have
58F, | Far,,.
@ For all integers k,n > 0,
55| if and only if 5% | F,.
(2) Let (Py)n>0 be the Pell sequence defined by
Ph=0, P=1, and P,=2P, 1+ P, o foralln>2.
@ For all integers k,n > 0, we have
2KP, | Py,
@ For all integers k,n > 0,
oF |'nif and only if 2F| P,.
(3) Let (Jn)n>0 be the Jacobsthal sequence defined by
Jo=0, Ji=1, and J,=J,_1+2J,_o foralln>2.
@ For all integers k,n > 0, we have
RL S Y
® For all integers k,n > 0,
3% n if and only if 3| J,.

The next corollary focuses on < p,1 >-Fibonacci sequences, which have received much
attention in recent years (see for examples [3, 4, 5, 18]).

Corollary 1.5. Letp € Z, (Gy)n>0 be the < p,1 >-Fibonacci sequence, r = p>+4, and s € N.

If
p is odd and s | r

or
. r
p is even and s | 1

or

s > 3 is a prime satisfying s | r,
then for all integers k,n > 0,

¥ |nif and only if s | Gn.

In addition, we have the following corollary.
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Corollary 1.6. Let q € Z and s € N. Suppose that
(Gr)n>0 is the < 1,q >-Fibonacci sequence and s | 4q + 1
or
(Gn)n>0 is the < 2,q >-Fibonacci sequence and s | g+ 1.
(1) For all integers n > 0,
s|n if and only if s|Gy.
(2) If3tq+1 or31s, then for all integers k,n > 0,
¥ |nif and only if s | Gh.
We state the last corollary as follows.

Corollary 1.7. Letp € Z, g € N, (Gy)n>0 be the < p,q >-Fibonacci sequence, and r = p?+4q.
(1) If r is a prime, then for all integers k,m > 0,

r* nif and only if | G,.
(2) If 7 is a prime and p # 0, then for all integers k,n > 0,

<£)k | nif and only if <£)k | G-

Remark 1.8. More generally, for the sequence (G},)n>0 defined by
Gy=0, Gi=a, and G, =pG,_|+qG,_o foralln>2,
where o, p,q € Z, Theorem 1.1 (1) still holds, because (G};)n>0 = (aGp)n>0-

The paper is organized as follows. In Section 2, we give some examples to clarify that the
detailed conditions in Theorems 1.1 and 1.2 and Corollaries 1.3, 1.5, 1.6, and 1.7 cannot be
omitted. Then we prove the main results in Section 3, and finally present further questions in
Section 4.

2. EXAMPLES

Example 2.1. Let p = q = 1, (Gp)n>0 be the < 1,1 >-Fibonacci sequence, r = p> + 4q = 5,
and s =3 (1r). Then Gs =2 and s 1 Gs. This means that the condition s | r in Theorems
1.1 and 1.2 and Corollary 1.5 and the condition s | 4q+ 1 in Corollary 1.6 cannot be omitted.

Example 2.2. Letp =3, ¢ =9, (Gpn)n>0 be the < 3,9 >-Fibonacci sequence, r = p?+4q = 45,
and s = 3. Then Gy = 3, so we get s | Gy, but st 2. This means that, even if
(1) p is odd, s > 3 is a prime, s | r, and 31 q+ 1, the condition (p,q) = 1 in Theorem 1.1
(2) and Theorem 1.2 cannot be omitted;
(2) p is odd and s% | r, the condition (p,q) = 1 in Corollary 1.3 cannot be omitted.

Example 2.3. Let p = 4, ¢ = 1, (Gp)n>0 be the < 4,1 >-Fibonacci sequence, and r =
p? 4 4q = 20.
(1) Let s = 20. By a simple calculation, we get G1g = 416020 and s | G1g, but s t 10. This
means that, even if
@ (p,q) =1, s|r, and 31 q+1, the condition that p is odd in Theorem 1.1 (2), Theorem
1.2, and Corollary 1.5 cannot be omitted;
@ p is even, (5,¢9) =1, s | r, and 3 1 q + 1, the condition s | § in Theorem 1.1 (2),
Theorem 1.2, and Corollary 1.5 cannot be omitted;
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® (p,q) =1, s > 3 satisfies s | r, and 31 g+ 1, the condition that s is a prime in Theorem
1.1 (2), Theorem 1.2, and Corollary 1.5 cannot be omitted.
(2) Let s =2. By Go = 4, we get s% | Ga, but s {2. This means that, even if
@ (p,q) =1, s is a prime satisfying s | r, and 31 q+ 1, the condition s > 3 in Theorem
1.1 (2) and Corollary 1.5 cannot be omitted;
@ (p,q) =1 and s | r, the condition that p is odd in Corollary 1.8 cannot be omitted.

Example 2.4. Let p=q =4, (Gn)n>0 be the < 4,4 >-Fibonacci sequence, and v = p* +4q =
32.
(1) Let s = 4. By Go = 4, we get s | Go, but s 1 2. This means that, even if p is even,
s | %, and 3 1 q + 1, the condition (§,q) = 1 in Theorem 1.1 (2) and Theorem 1.2
cannot be omitted.
(2) Let s = 2. By G3 = 20, we get s | Gs3, but s 1 3. This means that, even if p is even
and s* | %, the condition (§,q) =1 in Corollary 1.3 cannot be omitted.

Example 2.5. Letp =5, ¢ = 2, (Gy)n>0 be the < 5,2 >-Fibonacci sequence, r = p?+4q = 33,
and s = 3. Then G3 = 27, so we get s> | G3, but s> ¥ 3. This means that, even if p is odd,
(p,q) =1, s >3 is a prime, and s | r, the condition 31 q+ 1 or 31 s in Theorem 1.1 (2) and
the condition s | r in Corollary 1.8 cannot be omitted.

Example 2.6. Letp =2, g =5, (Gpn)n>0 be the < 2,5 >-Fibonacci sequence, r = p?+4q = 24,
and s = 3. Then G3 =9, so we get s> | G3, but s> 13. This means that, even if
(1) p is even, (§,q) =1, and s | 7, the condition 31 q+1 or 31s in Theorem 1.1 (2) and
the condition s? | 7 in Corollary 1.3 cannot be omitted;
(2) s|q+1, the condition 3t q+ 1 or 31 s in Corollary 1.6 (2) cannot be omitted.

Example 2.7. Letp = q = 2, (Gy)n>0 be the < 2,2 >-Fibonacci sequence, and r = p? +4q =
12.
(1) By a simple calculation, we get Gg = 120 and r | Gg, but r t 6. This means that the
condition that r is a prime in Corollary 1.7 (1) cannot be omitted.
(2) Let s=2. By G3 =6, we get s | Gs, but st 3. This means that the condition s | g+ 1
in Corollary 1.6 cannot be omitted.

Example 2.8. Let p = 4, ¢ = 2, (Gyp)n>0 be the < 4,2 >-Fibonacci sequence, and r =
p? +4q = 24. Then 7 =06, and G3 = 18, so we get 7 | G3, but 7 {3. This means that, even if
4 |r and p # 0, the condition that § is a prime in Corollary 1.7 (2) cannot be omitted.

Example 2.9. Let p =1, ¢ = 8, (Gp)n>0 be the < 1,8 >-Fibonacci sequence, and s = 3.
Then G3 =9, so we get s2 | G3, but s> 1 3. This means that, even if s | 4q + 1, the condition
3tq+1 or31sin Corollary 1.6 (2) cannot be omitted.

Example 2.10. Let p = 0, ¢ = 2, (Gp)n>0 be the < 0,2 >-Fibonacci sequence, and r =
p?> +4q =8. Then 7 =2, and G3 =2, s0 we get 5 | G3, but 7 13. This means that, even if J
is a prime, the condition p # 0 in Corollary 1.7 (2) cannot be omitted.

Example 2.11. Let p = 5, ¢ = —5, (Gp)n>0 be the < 5,—5 >-Fibonacci sequence, and
r=p>+4q=>5. Then Gy =5, so we get r | Go, but v 12. This means that, even if ¢ € Z and
r is a prime, the condition q € N in Corollary 1.7 cannot be omitted for the statement (1).
Example 2.12. Let p = 4, ¢ = —2, (Gp)n>0 be the < 4,—2 >-Fibonacci sequence, and
r=p>+4qg=38. Then 7 =2, and G3 = 14, s0 we get 7 | G3, but 5 1 3. This means that, even
if € Z, 7 is a prime, and p # 0, the condition q € N in Corollary 1.7 cannot be omitted for
the statement (2).
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3. PROOF OF THE MAIN RESULTS

The following proposition, which says that generalized Fibonacci sequences are all divisibil-
ity sequences, follows from [8, 2.2 Proposition] (see also [2, Theorem IV]).

Proposition 3.1. Let p,q € Z and (Gp)n>0 be the < p,q >-Fibonacci sequence. Then for all
integers k,n > 0, we have Gy, | Gip.

First, we prove Theorem 1.1 (1), then Theorem 1.2, then Theorem 1.1 (2), and finally the
corollaries.

Proof of Theorem 1.1 (1). By the Binet formula (see for examples [21, Theorem 2] and [15,
2.5 Corollary]), for all integers n > 0, we have

o - PEVPP A" — (= VP 49" (p V)" = (= V)"

n - , 3.1
2n\/p? + 4q 2n/r 31)

where 7 can be negative and /r is a complex number. For all integers n > 0, let
A, =tttV g V) (e V)" (3.2)

" 2 2\/1

Then A,, and B,, are both integers,

An = B/ = (p = v/1)" '

and

For all integers n > 0 and s > 1, by
Asn + Bsn\/; = (p + \/;)sn = (An + Bn\/;)sa

we get

Buo/F — VAT BT+ ()AL (Bayr)® + -+ (3)(Bav/r)?, if s is odd,;
S DA BuyT 4 (5) A5 (Bav/T) + -+ (7)) An(Br/r)* 1, if s s even;

where (i) = (s%'),t, for all t € {0,1,--- ,s}, and then

_f sATIBL+ () ATEBIr 4+ ()BT if 5 is odd:

Bg, = s— 3.4
o { SASTIB, + () AS3B3r + -+ + (Sfl)Aanl_erz, if s is even. (34)

In the following, we prove that for all s € N satisfying s | r, we have s*G,, | G, for all
integers k,n > 0. We only need to consider k,n > 1 and s > 2. For GG,, = 0, by Proposition
3.1, we get G, = 0, and then, s*G,, | G, follows immediately. In the following, it suffices
to consider G, # 0, which implies B,, # 0.
@ Prove sG,, | G, for all n € N.
i) Suppose that s is odd.
On the one hand, (3.4) implies that %S: is an integer and s | %S: (applying s | 7). On
the other hand, by Proposition 3.1, we get G,, | Gs,, which implies 2(5=1" | %ﬂ?. It
follows from (s,2) = 1 that s2(s=1)n | B];%:. Thus, sGy, | Gsp-
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ii) Suppose that s is even.
@ Prove 2G,, | Gy, i.e., 2" B, | By, for all n € N.
Because (3.4) implies By, = 24, B,, it suffices to prove 2" | A,. By (3.3), we get
(Ap + Bu/T)(Ay — Ba/7) = (p+ /7)™ (p — /7)™ and then, A2 — B2r = (p> —r)". Tt
follows from r = p? + 4¢q and B,, = 2" '@, that
A2 =41 G2 4 (—4g)™ (3.5)

Because 2 | s and s | r imply 2 | 7, by r = p? + 4q, we get 2 | p and then, 4 | . It
follows from (3.5) that 4™ | A2, which is equivalent to 2" | A,,.

® Prove sG), | G, for all n € N.

Because s is even, there exist a,t € N such that s = 2%¢, where t is odd. By (&, we get

2th ‘ G2tn, 2G2tn ’ G22tn7 2G22tn ’ G23tn7 ceey 2G2a71tn ‘ G2atn,
which imply
2ath ’ 2a_1G2tn7 2a_1G2tn ’ 2a_2G22tn7 2a_2G22tn ’ 2a_3G23tn7 ceey 2G2“*1tn ‘ G2“tn'

Thus, 2°Gyy, | Gaap,. Because t | r and t is odd, by i), we get tG,, | Gy, and then,
2°tGy, | 2°Gyy. Therefore, 29tG,, | Gaagp, i-€., sGp | Ggn.

@ Prove s*G,, | G, for all n,k € N. By @), we get

$Gp | Gsn, $Gon | Ge2py  8Gg2y | Geanyy ooy Gy, | Ggry,
which imply
G | ¥ Cn, TG | ¥y, $F TG, | ¥ TG, ., 5Gan,, | G,
Therefore, s*G,, | G4,y O

Proof of Theorem 1.2.
Case 1. Suppose that p is odd, (p,q) =1, and s | r.
First, we prove (s,p) = 1. It suffices to prove (r,p) = 1. Let k = (r,p). Then, there exist
2
a,b € Z such that r = ak and p = bk. It follows from r = p? + 4q that ¢ = W. Because
p is odd, k must be odd. By ¢ € N, we get # € N. Tt follows from (p,q) = 1 that k = 1.
Because r = p? + 4q is odd, we know that s is also odd. For s = 1, the conclusions are
obviously true. We only need to consider s > 3 in the following.
(1) Prove that for all integers n > 0, s | n if and only if s | G,,.
This follows directly from Theorem 1.1 (1).
It suffices to consider n > 1. Suppose s | G,,. Then s | B,,. Because (3.2) implies

np™ 1+ (g)p”_?’r + (g)p”_57’2 4+ 4 (Z)T%, if n is odd;
By = n—1 n\, n—3 n\ n—>5.2 n n=2 . ) (3.6)
npT+ (3)]9 T+ (5)]9 et + (n_l)pr z , if nis even;

it follows from s | B, and s | r that s | np"~!. By (s,p) = 1, we get s | n.
(2) Suppose that for all ¢ € N, st t implies s { G;. We prove that for all integers k,n > 0,
s | n if and only if s* | G,,.
This follows directly from Theorem 1.1 (1).
(@ First, we prove by induction that for all ¢ € N such that s { ¢, we have s**1 § G,
for all £ > 0.
i) For k =0, s 1 G; follows from (1) [&=].
ii) For k = 1, 52t G follows from the condition that s 1t implies s? { G.
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iii) Assume that, for some k € N, we have s**1 G, for all ¢ € N satisfying s 1 t.
It suffices to prove s¥*2 4 G 41, by contradiction. Assume s¥+2 | G k11, for some
t € N satisfying s { t. Then s¥72 | B.t1,. Because s is odd, by (3.4), we get

_ S _ S s—1
Bgis1y = By(ghyy = SA% Bory + ( 3> ASSBY r 4+ <S> B,re . (3.7)
Noting that Theorem 1.1 (1) implies s* | G &, we get s* | Bu,, and then sF*2 |
B3,,. Because s"2 | Byi1, and (3.7), we get s"2 | sA% 1B kg, and then
s A5 B, (3.8)

Because (3.2) implies
Ay = pskt + c(p,r,s,k,t), wherer|c(p,r,s,k,t),

by s | r and (s,p) = 1, we get (s, Ag,) = 1. It follows from (3.8) that s**1 | By,.
Because (s,2) = 1 and B, = 271G u;, we get ¥ | Gi;, which contradicts
the inductive hypothesis.
@ Let k,n > 0 be integers and suppose s* | G,,. We need to prove s* | n. It suffices
to consider k,n > 1. Let [ > 0 and ¢ > 1 be integers such that n = st with s ft. By
@, we get sttt G,,. Tt follows from s* | G,, that k < I, which implies s* | st (= n).

Case 2. Suppose that p is even, (§,q) =1, and s | §.
First, we prove (s,%) = 1. It suffices to prove (§,5) = 1. Let k = (§,%). Then, there exist
a,b € Z such that § = ak and £ = bk. Tt follows from r = p?+4q that ¢ = (a —b*k)k. Because
(5,9) =1, we get k= 1.
(1) Prove that for all integers n > 0, s | n if and only if s | G,,.
This follows directly from Theorem 1.1 (1).

It suffices to consider n > 1. Suppose s | G,,. Because (3.1), we get

G, — n(B)" T+ (B E 1+ (G E o+ (D) 7 » if n is odd; (3.9)
B+ GBI 5 + (VEP PR + oo+ (P )BE)T . it is even,
It follows from s | G,, and s | L that s | n(5)" . Because (s, 5) =1, we get s | n.
(2) Suppose that for all ¢ € N, s { ¢ implies s% { Gg. We prove that for all k,n >0, s* | n

if and only if s* | G,,.
This follows directly from Theorem 1.1 (1).
@ First, we prove by induction that for all ¢ € N such that s { ¢, we have s**1 { G .,
for all k£ > 0.
i) For k =0, s { G; follows from (1) [&]
ii) For k = 1, s? { G follows from the condition that s {t implies s { G.
iii) Assume that for some k € N, we have s**1 { G, for all ¢ € N satisfying s { t. It
suffices to prove s¥12 § G k41, by contradiction. Assume s¥t2 | G i1, for some
t € N satisfying s { t. Because (3.4), we get

s zisfa +G ) (G 3(2ii’“f1)3 E
Gri1y = % = Ag o1 B A(z)(2 B ST, it s odd (3.10)
osF 11 s( eyt 2skstkt1 I ( ) (Bafeys=3( Dby
+-+ (%) ;Skf 2istkt1)s_1(£)552, if s is even.
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It follows from (3.2) that

ﬁ:{ (B + (B2 n 4
2n n

g n % 4 ( if n is even;
DG+ GG 5+ (

0 (3.11)
)B(%5) =, ifnisodd

for all n > 0, which implies that ?Ss,ff is an integer. Because Theorem 1.1 (1)
implies s* | Gy, we get s*72 | G3,, (= (?B;—t’itl)?’) It follows from s+2 | G i1,

and (3.10) that s**2 | s(%)‘*_l . 2?;% and then,

A Bk
k+1 —1
S| (S (3.12)

Because (3.11) implies

A k p Skt r
o (5) +elprsk,t), where 7 | e(p,r,s,k,1),

A?‘;ft’f) = 1. It follows from (3.12) that s**! |

2.5
B . . . . .
2Sk.sfj1 (= G4ky), which contradicts the inductive hypothesis.

@ In the same way as the proof of Case 1 (2) ®), we know that for all integers
k,n >0, s* | G, implies s* | n.

by s | § and (s,5) = 1, we get (s,

Case 3. Suppose that (p,q) = 1 and s is a prime satisfying s | r.

If p is odd, the conclusions follow immediately from Case 1. We only need to consider that
p is even in the following. Because (p,q) = 1, we get (§,¢q) = 1. Because 2 | p implies 4 | r,
by s | r, we get s | 22 - 7- Noting that s is a prime, it follows that s | 2 or s | 7. If s | %, the
conclusions follow immediately from Case 2. In the following, we only need to consider s { J
and s | 2, which imply s = 2 and 2 { %, i.e., 24 (%)2 + g. Because (p,q) =1 and 2 | p imply
21q, we get 2| (5)?, and then 2| 5.

(1) Prove that for all n >0, 2 | n if and only if 2 | G,,.
This follows directly from Theorem 1.1 (1).
Suppose 2 | G,. Because (3.9), 2 | & and 21 %, we know that n must be even.
(2) Suppose 22 { Gy for all odd ¢t € N. We prove that for all integers k,n > 0, 2¥ | n if
and only if 2¥ | G,,.
This follows directly from Theorem 1.1 (1).
@ First, we prove by induction that for all odd ¢ € N, we have 28! t Gy, for all
k> 0.
i) For k =0, 21 G, follows from (1) [&=].
ii) For k = 1, 22} Go; follows from the assumption for odd ¢ € N.
iii) Assume that for some k& € N, we know that 2¥*1 | Go, for all odd t € N. Tt
suffices to prove 252 { Gyrs1, by contradiction. Assume 2842 | Goiir, for some

. . A B A
odd t € N. Because (3.10) implies Gor1, = 2- 222,55 . 22k27tkfl =2 2;:; .

Gory, We get

k+1 Azkt
2 | 92kt 'G2ktv

Aok,
22]% ’

where ?;,ff is an integer. Because (3.11), 2 | £ and 2 { § imply 2 ¢ we get

2K+1 | Gyry, which contradicts the inductive hypothesis.
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@ In the same way as the proof of Case 1 (2) (), we know that, for all integers
k,n >0, 2% | G, implies 2% | n.
O

Proof of Theorem 1.1 (2).

(D Suppose that p is odd, (p,q) =1, s € N satisfying s | r, and 31 ¢+ 1 or 31 s. By Theorem
1.2 (2), it suffices to prove that, for all ¢ € N satisfying s { ¢, we have s { G.

(By contradiction) Assume s? | Gs. Then s? | Bg. Recall from the proof of Theorem 1.2 Case
1 that (s,p) = 1 and s is odd. Because s { ¢t implies s # 1, it follows that s > 3. Because (3.4),
we get

By = sA; !By + (;) AS3Blr + (;) AR 4t <3> Birs
s
It follows from s? | By and s | 7 that

s| ASTIB, + (;) A573B3. g (3.13)

Because (3.2) implies
Ay =p' +ci(p,r,t), where r | ci(p,r,t)
and
By =tp'™  + cy(p,7,t), where T | ca(p,7,t),
by s | r and (3.13), we get

L R N [
(s —1)(s— 2))

ie., s|pt3 <tp2 +t3. ! 5
It follows from (s,p) = 1 that

s\tp2+t3-r(s+)(3_2). (3.14)
Recall the condition 31 ¢+ 1or 34s. If 34 s, then3|s—1or3]|s—2 It follows from
3| (s—1)(s—2)and 2| (s—1)(s—2) that (S_l)cﬂ € N. By (3.14) and s | 7, we get s | tp?. It
follows from (s,p) = 1 that s | ¢, which contradicts s { ¢. Thus, we only consider 3 | s. Because
(s,p) = 1, we get 31 p, and then, p = +1 mod 3. It follows that r = p? + 4¢ = 1 + ¢ mod 3.
Because 3 | s implies 3 | r, we get 3 | ¢ + 1. This contradicts the condition 3t ¢+ 1 or 31 s.
@ Suppose that p is even, (§,¢) =1, s € N satisfying s | 7, and 3{ ¢+ 1 or 31 s. By Theorem
1.2 (2), it suffices to prove that for all t € N satisfying s { ¢, we have s? { Gg.
(By contradiction) Assume s? | Gy (= 2{5—&) Recall from the proof of Theorem 1.2 Case 2
that (s,£) = 1. By (3.4), we get

(G P+ (TG 5+ ()BT
+o+ (O)(2)%(5) T, if s is odd;
Gt = 5T s S— r s 88—2 . r 3.15
T s TR (G T+ () () )G .
t

Because (3.11) implies that % is an integer, it follows from (3.15), s | G&, and s | § that

At sl Bt S At s=3 Bt 3 T
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Noting that (3.11) implies

Ay P\?! r
o= (5) +ci(p,7,t), where 1 | e1(psm,t)
and (3.9) implies

B P\t r
tl = (_) + ca(p,r,t), where 1 | ea(p,m,t),

by s | 7 and (3.16), we get

| <§>t(s—1) -t(%)t_l N <§> (g)t(s—i’)) (t (g)t_l ‘4%’
sz =2)

. P\t 02 s (s—1)(s—2)
ie., 5| (2) (t(z T 6 )
It follows from (s,5) = 1 that
P2, 3 1T (s—1)(s—2)
s|t<2) + g . (3.17)

In a similar way as the end of (1), the contradiction follows.

3 Suppose that (p,q) = 1, s > 3 is a prime satisfying s | 7, and 3t g+ 1 or 3ts. If pis
odd, the conclusion follows immediately from (0. If p is even, in the same way as the proof of
Theorem 1.2 Case 3, we get (5,¢) =1 and s | %, by the condition s > 3. Then, the conclusion
follows immediately from ). (]

Proof of Corollary 1.3. Suppose that
pisodd, (p,q) =1, and s* | r
or
r
p is even, (g,q) =1, and s? | e
By Theorem 1.2 (1), we know that for all integers n > 0,

s*|n if and only if 5% | G,. (3.18)
To complete the proof, it suffices to check the condition of Theorem 1.2 (2). For all t € N
satisfying s { ¢, we have s? { st. It follows from (3.18) that s { G. O

Corollary 1.4 (1), (2), and (3) @ follow from Theorem 1.1, whereas (3) @ follows from
Corollary 1.3.
Corollary 1.5 follows immediately from taking ¢ = 1 in Theorem 1.1 (2).

Proof of Corollary 1.6. Let g € Z and s € N. If (G,,)n>0 is the < 1,¢ >-Fibonacci sequence
and s | 4¢ + 1, or (Gy,)n>0 is the < 2, ¢ >-Fibonacci sequence and s | ¢ + 1 with ¢ # —1, then
the conclusions follow directly from Theorem 1.2 (1) and Theorem 1.1 (2). If (G,)n>0 is the
< 2,—1 >-Fibonacci sequence, it is straightforward to get G,, = n for all n > 0, and then, the
conclusions follow. O

Proof of Corollary 1.7. Let p € Z, ¢ € N, and r = p? + 4¢q > 4.
(1) Suppose that r is a prime. Then we have the following results.

D p is odd, because if p is even, then 4 | r will contradict that r is a prime;
@ (p,q) =1, because (p,q) | r, r is a prime, and (p,q) < ¢ < 4q <.
® 3 tr, because r is a prime and r > 4.
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By taking s = r in Theorem 1.1 (2), the conclusion follows.
(2) Suppose that 4 | r, 7 = (%)2 + ¢ is a prime, and p # 0.

D p is even, because 4 | .

@ (5,9) =1, because (£,q) | 7, § is a prime, and (§,¢) < ¢ < §.
Let s = 7. If 31 s, the conclusion follows immediately from (D, @), and Theorem 1.1 (2). We
only need to consider 3 | s in the following argument. Because s is a prime, we get s = 3.
It follows from s = (§)? + ¢, p € Z \ {0}, and ¢ € N that (§)> =1 and ¢ = 2. To complete
the proof, by Theorem 1.2 (2), it suffices to check that for all ¢ € N satisfying 3 1 ¢, we have
321 Gt
(By contradiction) Assume 32 | G3;. In the same way as the proof of Theorem 1.1 (2) @), we
get (3.17). That is, 3 | ¢ + ¢3. By 3 { ¢, there exists an integer m > 0 such that ¢ = 3m + 1 or
3m +2. Thus, 3| (3m + 1) + (3m + 1)% or (3m + 2) + (3m + 2)3, which implies 3 | 1 + 1 or
2 + 8. This is impossible. U

4. FURTHER QUESTIONS

In Theorems 1.1, 1.2 and Corollaries 1.3, 1.5, 1.6, we give sufficient conditions (on p,q,,s)
for the equivalences of

s|n and s|G, for all integers n >0,

and
s*|n and s*|G, for all integers k,n > 0.
What are the necessary and sufficient conditions for these equivalences?
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