INFINITE SUMS INVOLVING GIBONACCI POLYNOMIAL PRODUCTS

THOMAS KOSHY

ABSTRACT. We explore infinite sums involving Fibonacci and Lucas polynomial products,
and their Pell and Pell-Lucas implications.

1. INTRODUCTION

Eztended gibonacci polynomials z,(x) are defined by the recurrence zp42(x) = a(z)zp4+1(x)+
b(x)zn(x), where x is an arbitrary integer variable; a(x), b(x), zo(z), and z;(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(xr) = 1. When zp(x) = 0 and z1(z) =
nth Fibonacci polynomial; and when zp(x) = 2 and z1(z) = z, z,(x)
polynomial. They can also be defined by the Binet-like formulas

a"(z) — f"(x)

1, zp(z) = fo(z), the
= lp(z), the nth Lucas

fulz) = o(2) = A) and I, (z) = o (z) + " (x),
o) )
where a(z) = %M and f(z) = %M Clearly, f,(1) = F,, the nth Fibonacci

number; and [,,(1) = L,,, the nth Lucas number [1, 2].
Pell polynomials py,(x) and Pell-Lucas polynomials g, (x) are defined by p,(z) = f,(22) and
qn(x) = 1,(2x), respectively. They also can be defined by the Binet-like formulas
pale) = LD =0 g g (a) = 47 (0) + 57 (2)
W= —ewy M ’
where v(z) = z + V22 + 1 and §(z) = = — V22 + 1. In particular, the Pell numbers P, and
Pell-Lucas numbers @y, are given by P, = p,(1) = f,(2) and 2Q,, = ¢n(1) = 1,,(2), respectively
[2].
In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(x). In addition, we let a = (1),

B=03(1),y=7(1),5 =4§(1), and A = a(x) — f(x) = V2 + 4, and omit a lot of basic algebra.

2. SUMS OF RECIPROCALS OF FiBoONAcCCI POoLYNOMIAL PRODUCTS

Our discourse hinges on the Cassini-like identity fninfnr — f2 = (—1)"F+1 f,?, Gelin-
Cesaro-like identity friofni1fo1fn_2 = fr—(=1)"(22—1)f2— 22, addition formula fm_, =
(_1)n(fmfn—1 - fm—lfn); and the identities fa, = fuln,ln = fur1 + fu-1, fas2 + fn—2 =
(x2 + 2)fna and -Tfn+3 = x2fn+2 + ('752 + 1)fn - fn—2 [2]

With this background, we embark on our explorations with the first infinite sum.

Theorem 2.1.
> T
— = a(x). (2.1)
2
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Proof. First, we will establish the formula

2m+2
_ (2.2)
By

 foms1’

using a recursive technique [2]. To this end, let A, denote the left side of equation (2.2) and
By, its right side. Using the addition formula and the Cassini-like identity, we have

B, _B. ., — fomi2  fom
f2m+1 f2m—1
f2m+2f2m71 - f2m+1f2m

f2m+1f2m71
N f(2m+2)—2m
fim +1

B x

St

= Apn—An_1.
Thus, Am_Am—l = Bm_Bm—l; SO Am_Bm = Am—l_Bm—l == A()—BO =xz—x=0.

This implies A,, = By,.

Because lim S+ = a(x), it follows from equation (2.2) that

m—oo  f,

> T
= a(x) )
2
as desired. O

Equation (2.1) yields

i 1 1++5
n:0F22n+1 2

as in [4, 6].
Next, we establish a corresponding result for odd-numbered Fibonacci polynomials.

Theorem 2.2.
o3+ 27
AR a@) - Bla). (2.3)
n=0 f22n+1 + z?
Proof. First, we will confirm that
420 famga

n=0 f22n+1 + 2 f2m+3f2m+1

using recursion. Again, we let A,, denote the left side of equation (2.4) and B,, its right side.
Using the addition formula f,—, = (—=1)"(fimfn—1— fm—1/fn), Cassini-like identity Cassini-like
identity foykfn—k — f72L = (_1)n+k+1f]37 and the identities for, = fimlm, lm = fit1 + fm—1,
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and fm43 + frn—1 = (.CC2 + Q)fm-i-h we get

Jam+4a fam
B = B = fomysfomt1  fomt1fom—1
o f2m+2(f2m+3 + f2m+l) _ f2m(f2m+1 + f2m—1)
N Jom+3fom+1 Jom+1fom—1
_ Lemss(fomtafom—1 — foms1fom) — fom—1(fom+3fom — fomtafom+1)
a Jom+3fam+1fam—1
 fomasfo+ fom-1fo
 fomssfome1fom—1
_ z(fomys + fom—1)
" fomtsfomt1fom—1
(2 +22) fompa
" fomtsfomt1fom—1
B 3+ 2z
 fom+sfom—1
B 3 + 2z
fomi1 + a2
= A, — A1
3 + 2z fa
Consequently, A, — By, = Ajp1 — By = -+ = Ag — By = f12 ke Bh 0. So,
A, = B,
It then follows from equation (2.4) that
42 ly J2mr2loms
o = lim /=
n=0 f2n+1 +x m=—r00 f2m+3f2m+1
_ lim f2m+2(f2m+3 + f2m+1)
m—00 fam+3fom+1
_ 1
= Oé(.%') -+ m
= a(z) - B(z),
as expected. O
Theorem 2.2 implies that
o) 1 B \/5
n=0 F22n+1 + 1 3 ’
as in [6].
Thus,
oo (0.) oo
Y C L Eit T
n=0"" n=0 " 2n n=0 " 2n+1
_ 3455 (2.5)
6
as in [4, 6].
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The next result is interesting in its own right. It hinges on a finite sum of reciprocals of
Fibonacci polynomial products studied in [3].

Theorem 2.3. Let a = a(x) and B = f(x). Then,

22 4 2
+1(gc + 2z) 2(z* + 42+ 2) 9 1
= 2A°3 — . 2.6
Zf4 —1)n(a? —1)f2 — 22 4z +2875 x3 + 2z (2:6)
Proof. Wlth W = fn, =1, and [ = 0, it follows from formula (23) in [3] that
mz‘:l 23+ x4+4x2+2_(fm_1+(:c2+2)fm+fm+1>
fnfn+1fn+2fn+3 @3 +2x fm fm+1 fm+2 ’
Consequently,
- 4 xt 4 42% + 2 1 2242 1
Z = 3 - - + + -
=3 Jn—2fn—1fnfns1 2+ « o a
4 2
x4+ 4x" + 2 9
= ———— + A“pS; 2.7
PR (27)
B+ at+ 42?2 +2 1
= + A“p — . 2.8
an 1fnfn+1fn+2 .1‘3+.%' B .’L'3—|-2.’L' ( )
Because fni2 + foo = (2% +2)f, and
focofntfosifose = [f2—(=1)"2?] [f2+ (-1)"]
= fo— ()" =1 f; —a?,
we then have
z? + 2 B z? + 2
ffll - (_1)n(x2 - 1)f72z - 562 fn—?fn—lfn-l—lfn—i—Q
_ (2 +2) fn
fn—2fn—1fnfn+1fn+2
fnt2 + fn—2
fn—2fn—1fnfn+1fn+2
B 1 . 1
fanfnflfnfnJrl fnflfnfnJrlfnJrQ'
Using equations (2.7) and (2.8), we then get
Z x+1(1‘3+2$) _ 2(x4+4x2+2)+2A26_ 1 |
(22 —1)f2 — 22 3+ x3 + 2x
as desired. (]
It follows from formula (2.6) that
o0
1 1/2-7 1
= (2L 4+108-2=
Y o7 )
n=3
35 5V
= = _ i, (2.9)
18 6

as in [4, 6].
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2.1. An Interesting Byproduct. Using equations (2.5) and (2.9), we can evaluate the sum

[e.e]

> o
—
-1

1 —

F2—-1

oo 1 B

—— =

-1

as in [4, 6].

2, 1
FI-1 " F2+1

<2 =1
2F3—1+2F3+1

35— 155 (—3+5\@ )
+ 1

9
43 55

18 6’

Next, we extract the Pell consequences of the above polynomial sums.

3. PELL IMPLICATIONS

Because py,(z) = fn(2x), it follows from equations (2.1), (2.3), (2.7), (2.8), and (2.6) that

o0

S = )
n=1 Pan +1
[o.¢]
4(223 + )
po e B CORULCOF
n=0 p2n+1 + 4z
oo
4a3 4 x xt+8x2 +1
> = oo T2+ 1)d();
=4 Pn—2Pn—1PnPn+1 2(423 + x)
o
4a° + 8zt + 822 + 1
> = T T 20?4 1)d(a) -
4 Pn—1PnPn+1Pn+2 2(4a3 + x)
o0
2(20% + 1) (423 + z 8zt + 822 +1
Z 1 ( n )2( 2) 5 = ——0 5 T4@*+1)i(z) -
= pp — (-1)"(42? — 1)p;, — 4z 423 4+
respectively.
Consequently, we have
i 1 1+V2
n=1 P22n +1 2 ’
o 1 B \/5‘
n=0 P22n+1 +4 6
P _ 5T-40v2
n—3 Pn+1PnPn lpn—2 50 ’
3 ! _ 679 430v2
n=3 PTL+2Pn+1PnPn—1 600 ’
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1
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241



THE FIBONACCI QUARTERLY

i 1 1363 —960v2
Pl -3(-1)"P—4 3600 '

respectively.
Next, we explore the Lucas versions of the sums in equations (2.1), (2.4), and (2.6).

4. LucAs COMPANIONS

The identity 12 — A2f2 = 4(—1)" [2, p. 37] plays a pivotal role in our explorations. For
example, it follows from equation (2.2) that

zm: €z _ Jom+2 .
A2 f5, 4+ A2 A2 fomir’
i T _ Jom+2 .
=13, — 4+ A2 A? fopt1’
i x _fomo (1)
=0 l%n + x2 A2f2m—‘,—1
Similarly, it follows from equation (2.4) that
n=0 l%n—&-l + ('CUQ + 2)2 A2me-H%f2m—i—1 ’ ’
Thus,
o0
x a(x)
nZ:;) 13, + x? x2+4 (43)
23+ 2z _ 1 (4.4)
15, + (2?4 2)? Va4 4 '
Similarly, equation (2.6) yields
o (2 3 4 4 2
1 21)A 2 4 2 1
y AN HaR A D) N gy, (49)
d(x) 3+ x3 + 2z
n=3

where d(x) = 14 — (=1)"[(2? — 1)A% + 8]I2 — 22(2? + 2)2.
In particular, we get

o0

1 o
nZ:OL%n+1 -5
L _
ZI3 0 15’
S R B
12 —8(—1)mL2 — 9 90 30

n=3

Next, we develop the Lucas counterpart of Theorem 2.3.
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Theorem 4.1.
Z (x +2)(x4+x2) _ (@* +1)(a® + 62" + 102% 4 3) oz (4.6)
2+ n(x? —1)A22 — A%2? (22 +2)(22 + 3)(zt + 422 +2) A’ ’
Proof. Wlth W = ln, k=1, and [ = 0, it follows from formula (23) in [3] that
1?2(352 + 1)A2 o <fm1 l2fm fm+1> A2f4'
— = + + - ;
1 lnln+lln+2ln+3 lm lm—i—l lm+2 lol3
ot 4a? 1 [fm—l N (2% +2) fm N fm+1] B 23 4 2z
—1 Inlntilnyolngs A% Im+1 Imt2] (2% +2)(2® + 32)
U [foe1 (@4 2)fm  fm 1
B N[fl SRCES I, +1]_ 1
m m+1 m+2 x°+3
Because lim Jm = 1 = ——, this yields
m—oo Iy A« A’
Zx+x _ii+$2+2+i_1
4 ln—2ln—1lnln1 - A2\ Aa A« A« z2+3
_ _B__1
N A 2243
_ Az - A? 1
N 2A2 2 +3
(22 +1)A% — (2 + 32)A (47)
2(x? + 3)A? ) ’
Consequently,
i ot + 22 @+ 1)A% — (2% + 33)A B zt + 22
ln_llnln+1ln+2 B 2(I2 + 3)A2 l1l213l4
(z> + DA* — (2° +3z)A 2 +1 (48)
2(x? 4+ 3)A2? (22 +2)(2? + 3)(A%222+2)

Using the identities ly42 + ln—2 = (22 +2)l,, [2, p. 57) and Ly lp— — 12 = (=1)"TFAZf2 |2,
p. 58], we have

1 1 - ln+2 + ln,Q
T A Y e Y MY iy Y M
_ 2+ 2
B Y
)

3+ (—1)n(a? — 1)A22 — Alg?’
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Thus, by equations (4.7) and (4.8), we get

i (22 4 2) (2t + 2?) (24 1A% — (2P + 32)A
2 () (R - DA AR (22 1 3)A?
2?41
(22 +2)(2? + 3)(A%2 1 2)
??+1 =z 2 +1

224+3 A (22+2)(a? + 3)(A222 + 2)
(2 +1)(a® + 62 + 1022 + 3) o

(22 +2) (22 + 3)(z* + 422 +2) A’

as expected. O

It follows from equation (4.6) that

il 1 (2-20 1
LA —25  6\3-4-7 /5

4

n=3
_ 5 Vb
63 307

as in [5, 7].
Next, we extract the Pell-Lucas implications of identities (4.1) through (4.6).

5. PELL-LUCAS IMPLICATIONS

Because ¢, () = ,(22) and 2Q,, = [,,(2), equations (4.1) through (4.6) yield the following
results:

m

Z 2z _ D2m+2 _
— g3, + 4a? 4(22 + Dp2mt1’
i 20 @)
o ¢, +4x2  4(22+1)
i 4(223 + ) B Dam+4 .
g5, 4202 +1)2 A2 + Dpamaspamtt’
- 4(22° 4 ) _ 1
=0 Ty + 4222 +1)2 a2+ 1
i 4223 +2) 1 2(8a' + 822 +1)  8f(x) 1 .
—  e(w) 16(422 + 1) f?(x) 4a3 + x y(x) 42z +x)]’
i 32222 + 1)(4a? +2%) (22 +1)(42? + 1)g(2z) — (4a® + 32)[g(2z) + 1]V + 1
h(z) (22 +1)(222% + 1) (422 + 3)(8z* + 822 + 1) ’

n=3

where e(z) = ¢ — 4(=1)"(4z* + 322 + 1)¢2 — 16(223 + 2)?, f(z) = 22 + 1L,h(z) = ¢F +
4(—1)" (22 + 1) (422 — 1)¢2 — 64(z> + 2)?, and g(x) = 2% + 62* + 1022 + 3.
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They imply the following results:

Z; _ Pomio

—Q5,+1 4Popi1’

— 1 1+V2

By s e

o~ 3 Puga

= Q3,41+ 9 8Pom+3Pomi1’

> 3 1

= Q3,19 2V
i 12 _ 1367 4V2
Qb =8(-1)"Q2 -9 1200 5 '
$ o N
= Qn+6(-1)"Q7% — 16 306 15’

respectively.
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