SUMS INVOLVING GIBONACCI POLYNOMIAL SQUARES REVISITED

THOMAS KOSHY

ABSTRACT. We explore four infinite sums involving a special class of gibonacci polynomial
squares.

1. INTRODUCTION

Eztended gibonacci polynomials z,(x) are defined by the recurrence z,12(x) = a(z)zp+1(x)+
b(x)zn(x), where x is an arbitrary integer variable; a(x), b(x), zo(z), and z;(z) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zo(x) = 0 and z1(x) = 1, z,(z) = fu(x), the
nth Fibonacci polynomial; and when zp(x) = 2 and z1(z) = z, z,(x) = l,(x), the nth Lucas
polynomial. They can also be defined by the Binet-like formulas. Clearly, f,,(1) = F,,, the nth
Fibonacci number; and 1,,(1) = L, the nth Lucas number [1, 4].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f, or

I, and A = 22 + 4.

It follows by the Binet-like formulas that lim

m— 00 ,gm—i-r

=04, 6, 7).

1.1. Fundamental Gibonacci Identities. Using the Binet-like formulas, we can establish
the following gibonacci identities [4, 6]:

P — g2 = TP i = (1)
n+k — In—k A2 for. fon,, otherwise;

(_1)n+k+1f]37 if gn = fn;

J— 2 =
In+kIn—k — 9n {(_1)n+kA2f]§, otherwise.

They play a pivotal role in our explorations.

2. TELESCOPING GIBONACCI SUMS

We will now investigate four telescoping sums in the following lemmas.
Lemma 1. Let k and )\ be positive integers. Then,
oo
1 1 1
> [ T ] =5 (3)

n=1 LIan—-1)k  J(4n+3)k 93
Proof. Using recursion [4, 6, 7], we will first establish that

- 1 1 1 1
ZL(A - ]:gA_ By : (4)

an—1k  I(an+3)k 3k (am+3)k
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Letting A,, denote the left side (LHS) of this equation and B,, its right side (RHS), we
have

1 1

By —Bpo1 = -

) )
Jam-1k  Iam+3)k
= A, — A1

With recursion, this implies
Am_Bm = Am—l_Bm—lz"':Al_Bl
= 0,
establishing the validity of equation (4).

Because lim
m—0o0 gm+7“

= 0, equation (4) yields the desired result. O

Lemma 2. Let k and A be positive integers. Then,

> 1 1 1
Z p) IO - (5)
n=1 LIn-3)k  J(an+1)k Ik

Proof. By invoking recursion [4, 6, 7|, we will first confirm that

< 1 1 1 1
by S - X X (6)
n=1 L94n-3k  Yan+1)k 9 Iam+1)k
Letting A,, = LHS and B,, = RHS of this equation, we get
1 1
Bm - Bmfl = by DY
Iam-3)k  (am+1)k
= A, —An_1.
With recursion, this yields
Apn—Bn = Apn1—Bp1=-=41-B
= 0,
establishing the veracity of equation (6).
Because lim = 0, the given result now follows from equation (6), as desired. ([

m—ro0 gm—H‘

Lemma 3. Let k and A be positive integers. Then,

|1 1 1
Z [ P ] - (7)
n=1 L9k 9(an+a)k 9ay;
Proof. Using recursion [4, 6, 7], we will first verify that
N | 1 1 1
- e )
,; [gi\nk 9(A4n+4)k] 9k 9?4m+4)k
To this end, we let A,, = LHS and B,, = RHS of this equation. Then,

1 1
Bm - Bm—l = b S
Jamk g(4m+4)k
= A, —An_1.
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With recursion, this yields
Ay, —B, = An1—-Bnh_1=--=A4; —
0.

This establishes the validity of equation (8).
The given result now follows from it. O

Lemma 4. Let k and X be positive integers. Then,
oo
1 1 1
> [ P ] =5 (9)

=1 L94n—2)k  9an+2)k
Proof. Using recursion [4, 6, 7], we will first prove that

= 1 1 1
> 3 =X T (10)
n—1 9(4n Dk Yan+2)k 92k Yam+2)k
Letting A,, = LHS and B,, = RHS of this equation, we then get
1 1
Bm - Bmfl — by - by
Jum-2k  Jam+2)k
= Ay —An1.
Using recursion, this implies
Ay, —B, = An1—-Bnh_1=--=A4; —
= 0.
This establishes equation (10).
The given result now follows from it, as desired. O

3. GIBONACCI POLYNOMIAL SUMS

With the above identities and lemmas at our disposal, we will now explore four infinite sums
involving a special class of gibonacci polynomial squares. We will restrict our discourse to the
case A = 2. In the interest of brevity, we let

B {1, if g = fu: B {—1, i g = fo;
JTRES 9 . and v = .
A2,

otherwise; 1, otherwise.

The following result invokes Lemma 1.

Theorem 1. Let k be a positive integer. Then,

fofak fo(an+ 1)k _1 (11)

W2 ” 93
n=1 [9(4n+1)k +(-1) W/f%} sk
Proof. Tt follows by identities (1) and (2) that

2 2
I(an+3)k — (an—-1)k

{f4kf2(4n+1)ka if gn = fu;

A% far fa(ant1yk,  Otherwise;

2
J(4n+3)kY(an—1)k — 9(4n+1)k

_ (_1)k+1f22k7 if gn = fn;
(-1)*A%f2, otherwise.
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Suppose g, = fn. With these two identities and Lemma 1, we then get

Jak fo(ans1)k B f(24n+3)k' - f(24n—1)1c_
2 ke 12 S 2 ’
|:f(4n+l)k: — (—]_) ka} (4n+3)kJ (4n—1)k
i fak Foans1yk _ i I
_ 2 — (—1)k £2 2 — f24n—1k f24n 3)k
n=1 f(4n+1)k ( 1) f2k n=1 ( ) (4n+3)
1
= —. (12)
Fn
On the other hand, let g, = [,,. Then, using the two above identities, Lemma 1 yields
AQ l2 o l2
Jak fo(ant1)k  antae T Han-1)k
2 ka2 ]2 12 12 7
[l(4n+1)k: +(-1)RA f%} (4n+3)k! (4n—1)k
i A? fag fa(ant1)k B Z [ 1 ]
PR 2
n=1 [l(4n+1)k + (- )kAQfQQk} n=1 4n Dk “(Un+3)k
1
3k
Combining equations (12) and (13), we get the desired result. O
It then follows that
i Fyanyry 1 i Foanyn) _ 1
n=1 (F4n+1 + 1) ]‘27 n=1 (L?In-‘rl - 5)2 240’
= Fiung 1 i Fyan+t1) _ ‘
o [F22(4n+1) 9]2 1,344’ i [L§(4n+1) + 45]2 34,020’
Z F6 An+1) _ I Z Foan+1) _ 1
n:l 4n+1) + 64]2 166,464’ ~ [L§(4n+1) — 3202 4,158,720
The next result is an application of Lemma, 2.
Theorem 2. Let k be a positive integer. Then,
Z Pk fo(an—1)k _ L (14)

n—=

2 k 21 i
! [g(4n—1)k:+ (-1) /“/f%} ¥
Proof. With identities (1) and (2), we get

2 2
Jan+1)k — 9Y(an—3)k

{f4kf2(4n—1)ka if gn = fu;

A2 fy fa(an—1)k, otherwise;

Y(an+1)k9(4n—3)k — 9(2471_1)1@

(_1)k+1f22k7 if gn = fn;
(-1)*A%f2, otherwise.
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Let g, = fn. Using these two identities, Lemma 1 then yields

Jak fo(an—1)k B f(24n+1)k - f(24n—3)k.
2 f2 f2 ’
[f(24n—1)k _ (_1)kf22k} (an+1)k) (4n—3)k
- Jakfo(an—1)k O 1 1
2T o T 2| T
" — (DR it Lan-ak - Jlans
1
= . (15)
i
Suppose g, = l,,. Using Lemma 1 and the above identities, we then get
A? fag fo(an—1)k _ Brpiys — l(24n—3)k:'
2 ka2 ]2 P 12 7
[l(4n—1)k +(-1)RA f%} (4n+1)k' (4n—3)k
i A2 fap foqan—1)k B i [ 11 ]
2 = 2 2
n=1 [l%4n71)k+ (—1)kA2f22k} n=1 l(4n—3)k l(4n+1)k
1
= (16)
k
This, combined with equation (15), yields the desired result. O
It then follows that
i Poup-y 1 i Fy(an—1) _ 1
n—1 (F42n71 + 1)2 3 n—1 (L?Lnfl - 5)2 15’
N Fyan- _ 1 i Fyan—1) _ 1
= [F5 41y — 912 21’ e [L34n_1) +45] 945’
Z Fo(an—1) _ 1 Z Fo(an—1) _ 1
= [F32(4n71) + 64]2 576 ot [L§(4n71) —320)? 11,520
The next result invokes Lemma 4.
Theorem 3. Let k be a positive integer. Then,
= S ak fsnk 1
) =5 (17)

2
o (90 T Hvf3)” 92
Proof. Using identities (1) and (2), we get

2 e fafonks i gn = fa;
(4n+2)k = H(4n=2)k A2 fu1. fank, otherwise;

9(4n+2)k9(4n—2)k — ank

_ {_fggka if gn = f;

A? f22k, otherwise.
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Suppose g, = fn. Using these two identities, Lemma 4 then yields

2 2
Jak fank _ Sansok = Flan—op
(f42nlc o f22k)2 f(24n+2)kf(24n72)k
i Jak fsnk B i [ 11 ]
2 = 2 2
n=1 (f42nk B f22k) n=1 f(4n*2)k f(4n+2)k
1
= —. (18)
F3n
On the other hand, let g, = [,,. With the above two identities, Lemma 4 then yields
A? fa fank B l(24n+2)k - l(24n72)k'
2 = 2 2 '
(G + A2F3) Uansopellan—2)k
i A fag fank _ i [ 11 ]
2 = 2 2
n=1 (link + A2f22k:) n=1 l(4"_2)k’ l(4n+2)k
1
1ok
The given result now follows by equations (18) and (19). O
In particular, we then have
n=1 (F42n - 1)2 3 n—1 (Lézln + 5)2 1357
i Fien _ i Fien _
— (Fg, —9)? 189’ (L3, +45)? 5,145’
P 1 S
= (Fy, — 64)? 9,216’ = (L3, + 320)? 233,280
The following result showcases an application of Lemma 3.
Theorem 4. Let k be a positive integer. Then,
o0
1
Z PlakFo@antn N (20)

2 21 g;
! {9(4n+2)k + /“/fzk] o
and (2) that

n

Proof. It follows by identities (1

~—

2 2
J(an+a)k — Yank

{f4kf2(4n+2)ka if gn = f;

A% far foantoyk,  Otherwise;

2
Jn+OkFink = Jan+2)k A? fQQk otherwise.

_ {_f22kv if gn = fn;
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Suppose g, = fn. Using these two identities and Lemma 3, we then get

f4kf2(4n+2)k . f(24n+4)k o ffnkz .
2 212 f? 3
|:f(4n+2 — ka} (4n+4)k Ank
i Jak fo(ant2)k . Z 1
n=1 [f — f2 } n=1 f4nk f(4n+4)k
(4n+2)k 2k
1
= —. (21)
I
On the other hand, let g, = [,,. Coupled the above two identities, Lemma 3 yields
A? f4k f2(4n+2)k . l%4n+4) lznk
9 9 £2 2 l2 2 )
[l(4n+2)k + A%, 24 (4n+4)k"ank
XN A founsak Z [ 1 ]
2 2
n=1 [l(%m rok T A2 fgk} Bk (4n+4)k
1
4k
By combining equations (21) and (22), we get the desired result. O
It follows by this theorem that
o0
Z 2(4n+2) _ 1 Z F2(4n+2 _ 1
= (Ffppp — 1)? 27’ = (L3, 42 +5)? 735’
i Fyan+2) 1 & Fiyan2) _ I
= Foan ) — 9 9,261 Lt (L2 4 ) + 452 231,945
> Fo(ant2) B 1 ) . Fo(an+2) _ 1
2 ~ 9 0%F 0%4’ 2 - :
= [F3(4n+2) — 64)2 2,985,984 =~ [L3(4n+2) + 320]2 74,652,480

Finally, we explore some delightful byproducts of the theorems.
3.1. Gibonacci Delights. Theorem 1, coupled with Theorem 2, yields:

i Fyoniy i Fyan—1) N o Founy
= (Fp +1)? = (Ffpg +1)2 0 (B +1)2
B 1+ 1
3
5}
= 25,7
5 15 7k
i Fyont1 _ i Fian—1) +§: Fyan+1)
n=1 [F22(2n+1) 9] 2(4n 1) —9J? n=1 [F22(4n+1) — 97
_— 65 .
1,344
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o0 o0 o0
Z donet) oy~ Py g P
n:l 2n+1 5) n—1 (L?ln—l - 5)2 n—1 (L?ln—i-l 5)2

17
i Fyon+11) B i Fyan—1) = Fyan+t1)
n:l 2(2n+1) + 45)2 n=1 (L%(4”—1) - 45)2 n=1 (L%(4n+1) + 45)2
JE— 37 .
34,020’
Likewise, Theorems 3 and 4 yield additional byproducts:
)N N TCT N o S 2 T 25
n—2 (F22n - 1)2 n=1 [F22(2n) - 1}2 n=1 [F2(2n+1) 1]2
10
27 [ ]7
i Fs, _ i Fy(on) N > Fyant1)
= 2
n—2 ( 42n - 9)2 n—=1 [ 42(2n) B 9}2 n=1 [ 4(2n+1) 9]2
50
9,261
S f: L T NS S TCSS I
n—2 (L%n + 5)2 [L§(2n) + 5]2 n=1 [Lg(QTH-l) + 5]2
58
6,615 7

i _ Fw 13

ST )

o0 Fan > By > 8(2n+1)

n (2n+1)
B — +
nz=:2 (LY, +45)° Zl Lion) +45)° nzjl donsn) T4
B 2,258
11,365,305’

i Fy, B 117,077

(L3, +45)2 45,461,220’

4. PELL, CHEBYSHEV, AND VIETA IMPLICATIONS

Finally, Pell polynomials b,(x), Chebyshev polynomials T}, and U,, Vieta polynomials V,,
and vy, and gibonacci polynomials g, are linked by the relationships b, (x) = g, (22), V,(x) =
i" L (—ix), vp(2) = ™, (—iz), Vi(z) = U,y_1(2/2), and v,(z) = 2T5,(2/2), where i = /-1
[2, 3, 4]. They can be employed to find the Pell, Chebyshev, and Vieta versions of the theorems.
In the interest of brevity, we omit them; but we encourage gibonacci enthusiasts to pursue
them.
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