SUMS INVOLVING TWO CLASSES OF GIBONACCI POLYNOMIALS

THOMAS KOSHY

ABSTRACT. We explore six infinite sums involving gibonacci polynomial squares and their
implications.

1. INTRODUCTION

Ezxtended gibonacci polynomials z,(x) are defined by the recurrence z,12(x) = a(x)zp4+1(x)+
b(x)zy (), where x is an arbitrary integer variable; a(z), b(x), zo(x), and z1(x) are arbitrary
integer polynomials; and n > 0.

Suppose a(z) = x and b(z) = 1. When zy(z) = 0 and z;(x) = 1
nth Fibonacci polynomial; and when zo(z) = 2 and z1(z) = z, z,(z) =
polynomial. Clearly, f,(1) = F,, the nth Fibonacci number; and ,,(1)
number [1, 2].

In the interest of brevity, clarity, and convenience, we omit the argument in the functional
notation, when there is no ambiguity; so z, will mean z,(z). In addition, we let g, = f, or

ln, by = pp OF qn, A = V22 + 4, and 2o = o + A.
It follows by the Binet-like formulas that lim —0and lim 977 — o

m—ro0 ngr,r, m—ro0 gm

, zn(x) = fo(x), the
ln(x), the nth Lucas
= Ly, the nth Lucas

1.1. Fundamental Gibonacci Identities. Gibonacci polynomials satisfy the following prop-
erties [2, 3]:

(_1)n+k+1f]?7 if g, = fns (1 1)
(-1)"tkA2f2. otherwise; .
(-1)

-1 n+k+1f2ka if g, = fu;
In+k+19n—k — In+kGn—k+1 =
n+k+19n n+kYn—k+ (_1)n+kA2f2k,

GnikGn-k — G2 = {

otherwise.

These properties can be confirmed using the Binet-like formulas.

2. TELESCOPING GIBONACCI SUMS

The following lemmas present telescoping gibonacci sums. While recursion plays an impor-
tant role in all of them, the lemmas play a major role in our explorations.

Lemma 2.1. Let k and A be positive integers. Then

A A
> Jon—1k+1  9@n+1)k+1 92“ A
3 - == —a. (2.1)
n=1 L J@2n-1)k 9(2n+1)k Ik
Proof. Using recursion [2], we will first establish that
A A
- g(2n De+1 J@n+1)k+1 9;;\+1 9(2m+1)k+1
- =0 - — . (2.2)
n=1 g(zn Dk 92n+1)k Ik 9e2m+1)k
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Letting A,, denote the left-hand side (LHS) of this equation and By, its right-hand side
(RHS), we get
By — Bpm1 = Am — A1

With recursion, this implies

Ay — By = Apo1—Bpg—=---=A —B
= 0.
This confirms the validity of equation (2.2).
Because lim 274" — a”, equation (2.2) yields the desired result. O

m—r0o0 gm

The following lemma can be established using the same steps as above. So, in the interest
of conciseness, we omit its proof.

Lemma 2.2. Let k and X be positive integers. Then

A A A
i [g%k“ — 9(2”“)’““] = Tkl 2 (2.3)

b} ) )
n=1 L 92nk 9(2n+2)k 92k,

The next four lemmas involve telescoping sums involving a gibonacci polynomial of a
different class.

Lemma 2.3. Let k and A be positive integers. Then

A A
| Ian—3)k+1 Ilant1)ke1 gﬁﬂ A

S - — == —a. (2.4)
n=1 L J4n-3)k 9(an+1)k 9k

Proof. With recursion [2], we will first prove that

A A A

| In—3)k+1 Ilant1)ke B 9;;\+1 9(am+1)k+1 o5

Z b PO ) : (2:5)

n=1 L J(an—3)k I(an+1)k Ik 9(am+1)k
By letting A,, = LHS of this equation and B,, its RHS, we get

By — Bpo1 = Am - Amfl-
Using recursion, this yields
Am_Bm = Am—l_Bm—lz"':Al_Bl
= 0,
confirming equation (2.5).

The given result now follows from it, as desired. O

We can confirm the next three lemmas using the same technique. Consequently, we omit
their proofs also.

Lemma 2.4. Let k and A be positive integers. Then

oo [ A A 7] A

Ian—2)k+1  Ian+2)k+1 | Gop41 A\
Z A - A - N @ (26)
=1 L 9an—2)k 9lan+2)k 92k

Lemma 2.5. Let k and A be positive integers. Then

oo [ A A T A
Z Jan-1k+1  Jan+3)k+1 | 9341 — o (2.7)

) ) p)
n=1 L Y4n-1)k Jun+3)k | 93k
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Lemma 2.6. Let k and A be positive integers. Then

) A A A

k1 Jntdk+1 | Ghki1 A 58
Pl o = S o, (2.8)
n=1 L Yank I(an+4)k 9ak

3. GIBONACCI SUMS

With identities (1.1) and (1.2), and the lemmas at our disposal, we are now ready for further
explorations, with the restriction that A = 1. In the interest of brevity, we now let

{1, it gn = fn; * { 1, ifg, = fu;
uo= and v* =

A?,  otherwise; -1, otherwise.

The first result invokes Lemma 2.1.

Theorem 3.1. Let k be a positive integer. Then

i (D v o ger1 . (3.1)

n=1 g%nk - (_1)16/“/*]"]3 Ik
Proof. Suppose g, = fn. Lemma 2.1, coupled with identities (1.1) and (1.2), then yields

(—1)F for _ Jenropfen-vkr — fentyre fen-nk
fonp — (Z1)Ef2 Jent kS @n—1)k ’
i (—1)/€f2k _ i |:f(2n—1)k+1 B f(2n+1)k+1
= fon — (CDEfE = fen-nk fent)k
= f]}:l —a. (3.2)
On the other hand, let g,, = [,,. Using identities (1.1) and (1.2), and Lemma 2.1, we get
g g ) g
(_1)k+1A2f2k _ l(2n+1)kl(2n—1)k+1 - l(2n+1)k+1l(2n—1)k.
l%nk + (_1)kA2fl? l(2n+1)kl(2n71)k ’
i (—D)FA? fo _ i [l(2n—1)k+1 _ len—nra
05 T (C1RAZSR =l len—k lon—1)k
l
= % - (3.3)
Combining equations (3.2) and (3.3), we get the desired result. O
It follows that
= 1 1 5 =1 1 5
SETic ite Ymes — i h
n=1"2n n=1""2n
— 1 1 V5 <1 1 V5
DENCHE S A 3 e S
ZoFz -1 2 6 13,45 187 30
L S} oL 15
—Fg,+4 8 16 ~ILg,—20 32 80

The next result invokes Lemma 2.2.
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Theorem 3.2. Let k be a positive integer. Then

oo

i PV for - gokt1 (3.4)
ne1 9(2n+1)k 74 fk 92k
Proof. Let g, = fn. Using identities (1.1) and (1.2), Lemma 2.2 yields
fok _ Jentor okt — fontoppiafonk
f2n+1)k i Jent2)kfank ’
i _ i |:f2nk+1 ~ Jentoen
n—1 f (2n+1)k fk n—1 Jonk f(2n+2)k
_ faen . (3.5)
Jok

On the other hand, suppose g, = l,,. Lemma 2.2, coupled with identities (1.1) and (1.2),
yields

A? foy,  lenskrilonk — Lony2)klonk+1
Bomyys T A2f7 Lan+2)klank 7
- —A? foy B i [ZanJrl  lens2)kn
2 2 =
=1 l(2n+1)l~c +A%f; ioi L lonk Lant2)k
l
= 2y (3.6)
lak
Combining the two cases, we get the desired result. ([
In particular, we have
oo o0
L _ 3 V5 1 _ L v
= Fy -1 2 27 = L3, +5 6 10’
= 1 7 V5 = 1 L V5
n=1 F2(2n+1) —1 18 6 n=1 L2(2n+1) +95 1430
oo o0
1 9 V5 1 1 V5
.1 - & 16 XD, % - % s
=1 T'3(2n41) 1 M3(2n41)
The following theorem is an application of Lemma 2.3.
Theorem 3.3. Let k be a positive integer. Then
e k%
-1
(=1)"uv” fa _ 9kl (3.7)

= G — (CDEpr f3 ok
Proof. Let g, = f,. Lemma 2.3, coupled with identities (1.1) and (1.2), yields

(=" fan _ fansorfun-srr — fantnpia fun-s.
f(24n Dk (=D)Ef3, S+ kS an—3)k ’
i (=1)% fup _ i |:f(4n—3)k+1 _ Juntyra
S e — GRS, flan—3)k flan+ )k
= B, (3.8)

fr
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On the other hand, let g, = I,

—1)FA2 fyy,

2
Han—

>k+(

_1)kA2f22k
—1)FA2 fyy,

4n 1k+

)kA2f22k

. With identities (1.1) and (1.2

), Lemma 2.3 yields

Vant )kl (an—3)k+1 = lant1)k+1l(an—3)k

lansnklan—3)k

Lana kst

i [l(4n—3)k+1 _

Lian—3)k

Lans 1)k

)

(3.9)

By combining the two cases, we get the desired result. ([

It follows from Theorem 3.3 that

1 V5 - 1

0o 1 \/5
D3 s il XEL s T w
1

30"

=

oon 1 no:ol L4”_1
1 V5 1 1
D5 - u & >~ it
n=1 2(4n—1) n=1 2(4n—1)
1 1 5 1 1
- ity Xmwm C Fe
144 = 288 L3 g1y — 320 576

V5,
210’
V5

1,440

2
n1 Figan—1y +64

Theorem 3.4. Let k be a positive integer. Then

3 P fak gk (3.10)

jo— ank - HV*fQQk 92k
Proof. Suppose g, = fp. Lemma 2.4, coupled with identities (1.1) and (1.2), yields

fak

fan+2)kfan—2)k+1 — fan+2)k+1fan—2)k
Jnt2)k S (an—2)k ’

i [f(4n—2)k+1 _

Four — 13
f: i fak _

- — f3 = fan—2k
Jok+1

= S (3.11)

It then follows by identities (1.1) and (1.2), and Lemma

flan+2)k+1

fan+2)k

On the other hand, let g, = I,.
2.4 that

lan+oyrl(an—2)k+1 — lan+2)k+1l@an—2)k

7

A
Gop + 223

io: A _
lan + A2 f3,
lok+1

- (3.12)
log,

Lantv2)kl(an—2)k

i [l(4n2)k+l B

= lan—2)k

Lant2)k+1

Lana2)k

Combining the two cases yields the desired result. U
It follows by the theorem that
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) DL S} )DL L)
—F} -1 2 6’ L% +5 18" 30’
P L) L NS
—F3, -9 18 42 = LF, +45 98 ' 210’
- 1 1 VB - 1 I U V5
— F},, — 64 128 288’ I3, +320 648 ' 1,440

Next, we present an application of Lemma 2.5.
Theorem 3.5. Let k be a positive integer. Then
= (—1)Fpv* fa  3k+1

n—1 9(24n+1)k - (_1)kNV*f22k 93k
Proof. Suppose g, = fn. With identities (1.1) and (1.2), Lemma 2.5 yields

—a. (3.13)

(=1)" far  funeseSun—kr1 — fantdyer1fan—1k
f(24n+1)k o (_1)kf22k - f(4n+3)kf(4n—1)k ’
> (—D)* fa, _ i I:f(4n—1)k+1  Juntse+
ot f(24n+1)k — (=1)kf3, Jn—1)k flan+3)k
= f;’;zl —a. (3.14)

On the other hand, suppose g, = l,,. Using identities (1.2) and (2.1), and Lemma 2.5, we
get

(—1)FIAZ fyy _ Van+3)kl@an—1k+1 = lan+3)k+1l@an—1)k
l%4n+1)k: + (_1)kA2f22k l(4n+3)kl(4n—l)k ,
i —1)MLAZ fy _ i [l(4n—1)k+1  lantsyen
o B+ (CDRA2 SR, = lan-1)k lan+3)k
l
= % ~a. (3.15)
By combining equations (3.14) and (3.15), we get the desired result. O
It follows from Theorem 3.5 that
— 1 1 V6 s 1 1 V5
o+l ~ 376 2,5 T mw
—1 " 4n+1 An+1
o5 % a2 2 E o m T i
=1 " 2(4n+1) n=1"2(4n+1)
= 1 B 9 V5 = 1 17 V5
77— o a T aaa =50 = - )
F 3(4n41) + 64 2,448 = 288 L3(4n+1) 320 10,944 1,440

Flnally, we showcase an application of Lemma 2.6.

Theorem 3.6. Let k be a positive integer. Then

o0

*
pv* fag _ G4k (3.16)

2 * £2
n—1 g(4n+2)k - Qv fgk 94k
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Proof. Suppose g, = fn. Using identities (1.1) and (1.2), and Lemma 2.6, we get

Jak  Juntayr Skt — fantayk1fank
f (4n+2)k ~fa fan+ayk fank ’
- e i l:f4nk+1  Juantaen
n=1 f4n+2)k f2k n—1 fank f(4n+4)k
_ fwn (3.17)
Jak

On the other hand, let g, = l,. With identities (1.1) and (1.2), Lemma 2.6 yields

—A? fy At ayklank+1 — lantakr1lank
l%4n+2)k +A2f5 Lanta)klank ’
. — A2 fyy, _ i |:l4nk+1 lantaen
n=1 l%4n+2)k: + A2f22k n=1 l4nk l(4n+4)k
l
_ Mk (3.18)
Lak
By combining equations (3.17) and (3.18), we get the desired result. O
This theorem yields
o0 oo
1 7 Vb 1 1 5
2w, 1 " B 6 X E s - utwm
n= 4n+2 n=1 ""4n+2
> 1 47 5 - 1 L, V5
i 1 161 V5 i 1 L V5
2 = T 5rx7 T2 L1 aon = aud T T a0
2t Flyneg — 64 20,736 288 2 L2 pigy + 320 644 " 1,440

3.1. Gibonacci Delights. We can extract interesting dividends from the theorems.
Using Theorems 3.1 and 3.2, we get

o0

1 > 1 1
— = +
2 2 q 2
nzz:z Fon =1 nzz:l F2(2n) 1 Z 2(2n+1) — 1
_ 8_V5
9 3’
(o] o o
1 1 1
dDir s C X st
n=2 L3, +5 n=1 L2(2n) +5 n—1 L2(2n+1) +95
8 5
_ 8.5
63 15
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Theorems 3.3 and 3.5 yield

o0

1

n=1 F22n+1 + 1

2
n=1 F2(2n+1) -9

2
n= F 3(2n+1

L2

n= 2n+1 -5

1

2
n= L 2(2n+1

o0

)—1-64

)-|-45

1
Z L? — 320

It follows by Theorems 3.4 and 3.6 that

oo

1
;anw

o0

1
2 F2, —64

n=2

[e.9]

1
; L% +45

NOVEMBER 2023

n:1F42n+1+1 1F4%n—1+1
1 5
L Vs
2 3
o [o¢]
1 1
> +
p) 2
n=1 F2(4n+1) -9 n=1 F2(4n—1) 9
L_V5
8 1’
o o
1 1
+2
2 2
— F3(4n+1) +64 £~ F2(4n_1) + 64
1 V5
68 = 144’
> 1 N > 1
n=1 421n+1 5 n=1 Lézln 1 5
LoVv5
4 15’
> 1 > 1
2 2
—1 Loy T 5 —1 Loy 749
1 5
IR LY
54 105
o
+ 2
3(4 +1) Z L n—1) 320
L _ V5
304 720
o oo
1
D 5 tX o
n=1 (2n+1) -9 n=1 F4(2n) -9
16 V5
147 21°
(o) o
) Z
n=1 F 6(2n+1) = 2n) 64
2 @.
20,736 144’
oo oo
1 1
T
2 2
= Liony T4 7 Ligntry 49

(3.19)

(3.20)

(3.21)

(3.22)
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8 V5
2,303 105
3.2. Additional Delighters. It follows by equations (3.20) and (3.22) that

(3.23)

o0 o0

1 1 > 1
Zan—g - ZF2 9+;F22(2n)—9

n=3 n=1"22n+1)
275 2v/5
T 1,176 21
Likewise, equations (3.21) and (3.23) yield
[o¢] o0 o0
ZL21+45 - L2 1 +45+ZL2 1+45
n=3 2n n=1"2(2n+1) n=2"2(2n)
4,805 2/

124, 362 T
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