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1. INTRODUCTION

Let agp,a1,...,ar—1(ar—1 #0) and «ag,aq,...,a,—1(r > 1) be two sequences of real or

complex numbers. The sequence {V,ET)}RZ_TH defined by Vn(r) =qa_, for —r+1<n <0 and
the linear recurrence of order r

VO = a4 a VI a0,V L (> 0) (1.1)

is called a weighted r-generalized Fibonacci sequence. Such sequences have been extensively
studied in the literature (see [6, 10, 11, 13] for example). In this paper we shall refer to such
an object as a sequence of type (1.1). Such sequences have interested many authors because
of their various applications. For example, in numerical analysis some discretization by finite
divisions gives such a linear recurrence relation (for example, see [2, 4, 8, 9]).

Sequences of type (1.1) have been generalized in [14, 15] as follows. Let {a;};>0 and
{aj}j>0 be two sequences of real or complex numbers. The sequence {V;};cz defined by
Vi, = a_n(n <0) and the linear recurrence of order oo

Vn+1 =a)Vpt+tar1Vo_1+ -+ amVp_m+... (nz 0) (12)

is called an oo-generalized Fibonacci sequence. Such sequences have been studied under some
hypotheses on the two sequences {a;};>¢ and {«;};>0 which guarantee the existence of the
terms V,, for every n > 1 (see [3, 14, 15, 17]). The origin of r- or oco-generalized Fibonacci
sequences goes back to Euler. In [7, Chapter XVII] he discussed Daniel Bernoulli’s method of
using linear recurrences to approximate zeros of (mainly polynomial) functions.

In this paper, we first study the relationship between a given polynomial function and the
associated sequence of type (1.1), and then we use it to approximate and find a zero of the
polynomial through Bernoulli’s method (§2). Our results will be a bit weaker than the usual
ones; nevertheless, we have included them in the aim to generalize them to the case of general
holomorphic functions. In §§3 and 4, this will be carried out through the use of co-generalized
Fibonacci sequences. These results are very important, since, as far as the authors know, there
has been practically no method for approximating or finding a zero of an arbitrary holomorphic
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function using the coefficients in their power series expansions. Furthermore, in §4, we will
discuss the approximation process by using r-generalized Fibonacci sequences with r finite (see
[3]), which will enable us to obtain more precise results.

2. BERNOULLI’'S METHOD FOR POLYNOMIAL FUNCTIONS

In order to approximate a root of a polynomial P,.(X) of degree r, Bernoulli considered
a sequence {Vn(r)}nz,rﬂ of type (1.1) such that P.(X) is its characteristic polynomial. More

precisely, he used the initial values VO(T) =1 and V_(? =... = V_(:)H = 0. It is well known
that under certain conditions, if

(:)1
= m

n

exists, then it is a root of P,.(X) such that |¢'| < |g| for any other root ¢’ of P.(X) (see [8, 9]
or [6, Theorem 7], for example). The aim of this section is to establish similar results by using
the theory of holomorphic functions.

Let Q.(2) =1—agz — -+ — a,_22""! —a,_12" be a complex polynomial of degree r(r >
1,a,—1 # 0), and consider the complex function f.(z) = 1/Q,(z). Since Q,-(0) =1 # 0, the
Taylor expansion of f,(z) in a disk centred at 0 can be written as

fr(z) = Z V) m (2.1)
n=0
for some complex numbers VO(T), Vl(r), ... . The identity @,(z)f(z) = 1 implies that
r—1
Vn(ili)l = Z a’jvrgi)]
§=0
for all n > 0, where VO(T) =1and V_(q) == _(Z)Jrl = 0. Hence, {Vér)}nz_,url is a sequence

of type (1.1) and its characteristic polynomial coincides with P.(X) = X" —agX" "t — .-+ —
ar—QX — ar—1.

Remark 2.1: Conversely, suppose that {Vér)}nz_rﬂ is a sequence of type (1.1) such that

VO(T) — 1 and Vf’i) =... = VEZ)H = 0. Then we have
> 1
fr(z) =3 VD2 = 5=,
2 a.C)

where Q,.(2) =1 —apz — -+ — 22"t —a,_12".
The polynomial function @, has a root and @, (0) # 0. Hence, the function f,. = 1/Q,
has a Taylor expansion near 0 and it is defined in the open disk of radius

R = min{|A; A is aroot of Q,}.
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Note that we always have 0 < R < co. Thus, by using the standard theory of power series (for
example, see [1]), we can prove the following (for more details, see the proof of Theorem 3.2
in the next section).

Proposition 2.2: Let Q.(z)=1—apz—"-- —aT 22"t —a,_12"(a,_1 #0) be a complex
polynomial of degree r. Consider the sequence {V }n> r+1 of type (1.1) whose coefficients
and initial values are given by ag,ai,...,a.—1 and VO(T) =1, V_(q) == V_(:L_1 =0

respectively. We suppose that VTET) =% 0 for all sufficiently large n. Then the radius of conver-
gence R of the series (2.1) satisifies

()

< R < lim sup

n—oo

lim inf
n—oo

Vi

and R = min{|\|;\ is a root of Q,.}. In particular, we have Q,(Re'®) =0 for some 6 € [0,27),
and R < |u| for all other roots u of Q..
As an immediate corollary, we have the following.

Corollary 2.3: In the above proposition, if

r)
n—oo an—l

exists, then A" is the smallest among the moduli of the roots of Q.
Remark 2.4: As we noted before, if

V(T)
A = lim &)
n—oo Vn—|—1
exists, then actually A(") itself is a root of @, with the smallest modulus (for example, see [6]).
In fact, we can easily show that Q,(A\(") = 0 as follows:

V() v\ ? v\’
Q) = i (1 aogfi o () o
Vn—i—l Vn+l Vn+1
T T (T) r (r)
= lim [1-— V( ' V( 'V - V( ) Va—(r-1)
= () () (7’) (r) 777 ys()
n o0 Vn+1 Vn+1 VTL Vn+1 Vn+1_(r_1)
v V(T) Vrfi)(r—l)
= Jm |1 ) e Ar-177"1)
e Vn+ Vn—i—l Vn+1
= lim VTEjL)l _ aOV(T) “ Vn(_) —araVy )(1"*1) =0
n—oo V'rE:—)l
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Example 2.5: Consider the usual Fibonacci sequence {F),y1},>_1, which is a sequence of

type (1.1) with r = 2. In this case, the corresponding polynomial is Q2(z) = 1 — z — 22

Furthermore, it is well known that

A® = iy It \/3_1.
n—oo [, 2

It is easy to verify that A is the root of Q)2 with the smallest modulus.

Remark 2.6: In the above results, the condition that Vn(r) = 0 for all sufficiently large n is
essential. For example, if 7 is even and Q,.(z) is a polynomial of 22, then in the power series

expansion of f.(z), the coefficients V") with n odd are all zero. Thus we cannot consider
v, / Vn(i)l for even n.

We have a combinatorial expression for sequences of type (1.1) as follows.

Proposition 2.7: Let {Vn(r)}nz,hq be a sequence of type (1.1) whose coefficients and initial

values are ag,a1,...,a,—1 and VO(T) =1, V_(q) =...= V_(:)_H = 0 respectively. Then we have
r (k0+k1+"'+kr—l)! ko Kk Ky
Vi = 2. Rkl bl 0y (2:2)

ko+2k1+--+rk,._1=n

for allm > —r + 1, where ko, k1, ..., k-—1 Tun over nonnegative integers.

Proof: Let us prove the assertion by induction on n. It is easy to see that it is true for
n < 0. Suppose that n > 0 and that the assertion is true for all integers less than or equal to
n. It is easy to see that

Wk — Dlkjrl . kgl kol Ky

"i (ko + k1 + -+ kg — 1) (Ko + -+ kr_1)!
2 ooy !

holds, where we ignore the terms corresponding to those j with k; = 0. Then, using this, we
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see that

r—1
Vi =S ey
7=0

r—1
B (ko +ki 4+ +keo1)! o & ko1
=2_q 2 T B A B
j=0  ko+2ki+--+rk,_1=n—j
r—1
B (ko4 +kr1 =Dl w0 ko1 ke
=2 2. kol.. (kj — D). Jky_q100 % e

j=0 ko+2k1+---+rk,._1=n+1,k; >1

r—1

N Z Z (ko S L 1)' ako al?j akrf1
ko'(k—l)lk _1! 0 -5 - Gp g
Kot 2ks i rr 1 —nt 1 1=0 y -
ko+ki+--4+ k1)
= Z ( 0o+ K1+ + Ko 1) algoallcl"-afr__ll-

kolki!. .. k1!
ko+2k1 +-+rkp_1=n+1 01 r—1

This completes the proof. O
Compare the above proposition with [5, 12, 16].

Let us denote the right hand side of the equation (2.2) by p(n,r). Then by Corollary 2.3,
if

AD — fig | PT)
n—oo|p(n+1,7)

exists, then (A())~1 is the largest among the moduli of the roots of the characteristic poly-
nomial P.(X), and the radius of convergence R of the Taylor series (2.1) of f,.(z) = 1/Q,(2)
coincides with A(). Furthermore, if

A = lim M
n—oo p(n +1,7)

exists, then A\(") is a root of @, as we have seen in Remark 2.4. In other words, we can
approximate a root of @), with the smallest modulus by using ag, a1,...,a,_1 together with
the combinatorial formula (2.2).

Remark 2.8: The Taylor expansion of the complex function f,.(z) = 1/Q,(z) in the open
disk D(0; R), with R being as above, is given by

fu(z) = 32 0=
n=0

Thus, from the expression (2.1) we derive that £ (0) = ntV" for all n > 0.
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3. THE BERNOULLI-EULER METHOD FOR HOLOMORPHIC FUNCTIONS

In this section, we show that Bernoulli’s method for approximating and finding a root of
a polynomial function presented in §2 can be extended to the case of holomorphic functions.

Let Q(z) be a complex function which is holomorphic in a neighbourhood of 0. Let Ry > 0
be the largest positive number such that @ is holomorphic in the open disk D(0; Ry). In order
to study the zeros of @ in D(0; R;) — {0}, we may only consider the case where @) takes the
form

Qz)=1-) a;27"" (3.1)
j=0

Since Q(0) =1 # 0, f(2) = 1/Q(z) has a Taylor expansion in a certain disk centred at 0,
which is of the form

flz) = V2" (3.2)
n=0

The identity Q(z)f(z) = 1 implies that we have

(o e)
Vgl = E a; Vo
=0

for all n > 0, where V5 = 1 and V_; = 0 and for all j > 1. Hence, {V},}cz is an co-generalized
Fibonacci sequence as in (1.2) whose initial values are given by V) = 1 and V_; = 0 for all
i>1

Remark 3.1: Conversely, suppose that {V,,},cz is a sequence as in (1.2) such that Vp =1
and V_; = 0 for all 7 > 1. Then, we have

= 1
f(z)= V,2" = ——
(=2 Q)

formally, where Q(z) is given by (3.1).
As a direct generalization of Proposition 2.2, we have the following.
Theorem 3.2: Let

Qz)=1- Zajzj‘H
j=0

be a holomorphic function defined in a neighbourhood of the origin with radius of convergence
Ry > 0. Consider the sequence {V, }nez as in (1.2) whose coefficients and initial values are
gwen by {a;}j>0 and Vo = 1,V_; =0 for all j > 1, respectively. We suppose that V,, # 0 for
all sufficiently large n and that the radius of convergence R of the series (3.2) satisfies R < R;.
Then, we have

n

lim inf
n—oo

SRSlimsup‘ Vi

n— oo n+1

n+1
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and R = min{|\|; \ is a zero of Q}. In particular, we have Q(Re®®) = 0 for some 6 € [0,27),
and R < |u| for all other zeros p of Q.

n—oo

—1
Proof: It is well known that R = (lim sup \"/|Vn|) (for example, see [1]). Let L
be an arbitrary real number such that 0 < L < lim inf |V,,/V,,41]. Then there exists an N

such that |V;,/V,11| > L for all n > N. Therefore, |Vyyi| < |VN|L7F for k = 1,2,3,...,

and hence “/|Vnikx| < YR/|Vy|L=F = L7 N¥/|Vy|LN. This implies that R™1 =

lim sup ¥*/|Vyyr| < L7!. Since L is arbitrary, we conclude that lim inf |V, /V,, 11| < R.
n—oo

k—oo

By a similar argument, we can show that R < lim sup |V,,/V,41].

n—oo

For the second part, first note that (Q(z) has no zero in the open disk |z| < R, since
otherwise the radius of convergence R of f(z) = 1/Q(z) would be strictly smaller than R.
Suppose that Q(z) has no zero on the circle |z| = R. Then it has no zero in the open disk
D(0, R + ¢) for some ¢ > 0 (recall that R < R;). It follows that the radius of convergence R
of f(z) =1/Q(z) is strictly greater than R, which is a contradiction. Therefore, we have R =
min{|\|; Q(A\) = 0} and we have Q(Re®) = 0 for some 6 € [0,27). O

As an immediate corollary, we have the following.

Corollary 3.3: In the above theorem, if

Vi

A= lim
Vn—i—l

n—oo

exists and A < Ry, then A is the smallest among the moduli of the zeros of Q.

Remark 3.4: Even if we assume that V,, # 0 for all n, we do not have

R =lim inf| —"~| or R = lim sup | ——
n—oo n+1 n— 00 Vn+1
in general. For example, set
g(z)=1+22+24+ 204+,
h(z) = 2z + 2(22)% + 2(22)* + - - - = 29(22),

and

f(2) = g(2) + hiz) =Y Vaz"

The radius of convergence of g is equal to 1, while that of h is equal to 1/2. Hence the radius
of convergence of f is equal to R = 1/2. However, we have

Vi, { 27" if n is even,

Vir L 271 ifnis odd.
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Thus we have

v
lim sup‘ " | = 400, lim inf|—"~|=0.
n—oo | Vn+1 n—oo | Vi
So, neither of them gives R in this example.
Remark 3.5: Suppose that
V,
A= lim —"

n—=00 Vn+1
exists. Then we do not know if X itself is a zero of ) with the smallest modulus. Compare
this with Remark 2.4. In §4 we will give a partial answer to this question.
Remark 3.6: In Corollary 3.3, if A > R;, then @ does not have a zero in the open disk
D(O, Rl ) .
By using Proposition 2.7, we can prove the following combinatorial expression for

{Vn}nez-

Proposition 3.7: Let {V,, }ncz be a sequence as in (1.2) whose coefficients and initial values
are {a;};>0 and Vo =1, V_; =0 for all j > 1, respectively. Then we have

(ko-+-k1-+---<+-kn71)!ak0akl ko1

Vn :p<n’n) = Z kO!kl!---knfll 0 1 “‘a’nfl (33)
ko+2ki+4--+nkp_1=n
foralln € Z.
By Corollary 3.3, if
| et
n—oo | p(n+1,n+1)

exists and is strictly smaller than Ry, then A is the smallest among the moduli of the zeros of
Q. Furthermore, the radius of convergence R of the Taylor series (3.2) of f(z) =1/Q(z)

coincides with A. We also have f(™)(0) = n!V") for all n > 0 as in Remark 2.8.
4. THE BERNOULLI-EULER METHOD BY APPROXIMATION PROCESS

In this section, we will use the results of §2 in order to approximate a zero of a holomorphic
function by using r-generalized Fibonacci sequences with r finite. The idea is very similar to
that of [3].

Let Q(z) be a complex function which is holomorphic in a neighbourhood of the origin.
Let Ry > 0 be the largest positive real number such that () is holomorphic in the open disk
D(0; Ry). As in the previous section, we suppose that its Taylor series expansion takes the
form (3.1).

Let {V,,}nez be an co-generalized Fibonacci sequence as in (1.2) whose coefficients and
initial values are {a;};>0 and Vp =1, V_; =0 for all j > 1, respectively. Note that V,, exists
for all n € Z. The following approximation has been established in [3]:

V,, = lim V(") (4.1)

T—00
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for all n > 1, where for each r > 1, the sequence {V,y)}nz_ﬂrl is a type (1.1) defined by
VO(T) =1, Vi =0for —r+1<n< —1, and V(:)l =agV" 4 aT_lva?rH for n > 0.

n

However, in our case, (4.1) is trivial, since we have V,Er) =V, forr > n.
Our first result of this section is the following.

Theorem 4.1: Let
Qz)=1-Y a;z"!
=0

be a holomorphic function defined in a neighbourhood of the origin with radius of convergence

Ry > 0. Consider the doubly indexed sequence {Vfrgr)}nz_r+1’»p21 as above. We suppose the
following.

(1) A # 0 for all sufficiently large n and r.
(2) For all sufficiently large r,

(1)
A7) = 1im Va
n— oo (r)
n+1
exists.
(3) A= lim, o0 A7) exists and we have |\| < R;.
Then X is a zero of Q.
Proof: Set Q,.(z) =1 —agz — -+ — a,_22""! —a,_12". By Remark 2.4, we have
Vn(r) VTST)
lim Q, [ — | =Q, | lim =Q,(\") =0
n—oo V(T) n—oo Y7(7)
n+1 n+1

for all sufficiently large r. Set T,.(z) = Q(2) — Q. (z). Note that for every R} with 0 < R} < Ry,
we have

lim 7,(2) =0

T— 00

uniformly for |z| < R}. We have

for all sufficiently large r. Hence we have

This completes the proof. O

As a corollary, we have the following.
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Corollary 4.2: Let

Q(z)=1- Zajsz
7=0

be a holomorphic function defined in a neighbourhood of the origin with radius of convergence

Ry > 0. Consider the doubly indexed sequence {V,E”}@,HLQI and the sequence {Vy}nez
as above. We suppose the following.

(1) Vér), Vi, # 0 for all sufficiently large n and r.
(2) For all sufficiently large r,

v\
A" = 1im o
n— oo Vn+1

exists and converges uniformly with respect to r.
(3) A=1lim, A" egists and we have Al < Ry.
Then we have

. V,
A= lim n
n—0o0 Vn+1

and it is a zero of Q.

Proof: By our assumptions, we see that

v
n,lrlgoo (r) =A
n+1

Then the result follows from (4.1) together with Theorem 4.1. O
Example 4.3: Let us consider the example in [3, §7]. We shall use the same notation. In
this example, since the coefficients a; are all strictly positive real numbers, we have Vn(T) #£0

for all n > 0 and » > 1. It has been shown that the sequences {V,S”/ q"}n>1 are uniformly
convergent for » > 1 and that

(r)
Va =1.

lim
n— 00 q;}

Since the sequence {g¢,},>1 converges to ¢ > 0, the sequences {Vnr)/ VTE:—)l}nZl are also uni-
formly convergent and converge to ¢.! = p, for r > 1. Furthermore, we have

lim Pr=D
r—00

and 0 < p < Ry, where R; is the radius of convergence of @ (in [3, §7], Ry is written as R).
Thus all the assumptions of Corollary 4.2 are satisfied and p is a root of Q.
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