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1. INTRODUCTION

The sequence of all the binary products of Fibonacci numbers arranged in increasing
order is not new to the literature (e.g., [1]), but for completeness and ready applicability to
the trinary case, we develop the binary case here. Actually, in the binary case, we prove a bit
more than is true for the trinary case, namely, that when the binary products of Fibonacci
numbers are arranged in increasing order, then the differences between consecutive terms are
Fibonacci numbers.

Well known identities (e.g., [4]) to be used are the following:

Fm+r :FrFm+1+Fr71Fm (1)
F72n — FoprFrpr = (_1)m_TFr2 (2)
FFyiy — Fosr Fy = (=1) Fp_y. (3)

These identities hold for all integers m and r; e.g., F7F3 — FgFy = F_3 = 2. We shall also use
inequalities connected with the continued fraction (e.g., [2]) of the golden mean, ¢ = (1++/5)/2:

F,  Fy, Fg F,  Fs F3
2 420 A il -4 4
F1<F3<F5< <P < <F6<F4<F2’ (4)
where
1 F,, 1
< |2 Rl < )
Fm+3 QS Fm+2
so that
) Fo, ¢
<= -l < (5)
FmFm+3 Fm FmFm+2
We write (5) out according to the parity of m:
¢ Fm+l ¢
—_— 6
¢+FmFm+3< Fm <¢+FmFm+2 ()
for even m,
¢ Frt1 ¢
— — 7
¢ FmFm+2< Fm <¢ FmFm+3 ()

for odd m.
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2. BINARY PRODUCTS OF FIBONACCI NUMBERS

Theorem 1: Suppose the products F;F;, for 2 <i < j, are arranged in nondecreasing order
as a sequence a = (ay,as,as,...). Then any1 — ay is a positive Fibonacci number for n =
1,2,3,.... The terms of a are determined in three cases:
7. ifm=1 mod 2, then
Fo=FoF, < FuFy o < Fgly 4 < < F1Fp = Fga;
1. if m =2 mod 4, then

Fr=FFp < FiFpp3 < < Fo2Fugs < Fvo < FpFups <o < FiFpqn = Fnp
2

1. if m =0 mod 4, then
F, =FF, <FF,_ <---< F%F# < F@ < FmTHF# < < FiFph41 =Fphi.
Proof: Case i: m =1 mod 2. Write
FopvoFm—ok — Fop Fn—okr2 = (Fag + Fokg1) P2k — For(Fn—2k + Fin—2k+1)
and apply (3) to obtain
FoproFm—ok — ForFrn—oky2 = Fin—ak. (8)

The index m = 4k is odd, so that F,,_4r > 0 for m < 4k as well as m > 2k. Equation (8)

establishes the asserted chain of inequalities.
Case ii: m = 2 mod 4. By (2),

Frgs = FuocsFuge =1=FpFug — Fop.

2

Also,
FopyoFm—or — FopFin—ok+2 = —Fim—ak = Flm_ax|, (9)

so that
FoF,, < FyFh, o< - < Fum-2Fu+s.
2 2

Write m = 4M + 2. Then

FonrontsFonr—on+1 — Fonronr1Fonr—2n+3 = Fonrvont2Foni—on+1 — Fonron+1Fonr—2n42
=—F_y4
== F4h7

for h=1,2,...,(m—2)/4; i.e.,
F%FmTH <0 < FlFm+1 = Fm+1.
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Thus, the difference between neighboring terms of the chain in case ii is a positive Fibonacci
number.
Case iii: m = 0 mod 4. By (2),

F»,2n+2 _F%Fm;-4 - 1 — F77L2—2F7n;—6 _F,,2n+2.
2 2

Also, the inequalities
FF, < FyF,_ < --- < F%FmT-H

and differences between terms are clearly given by (9). Write m = 4M. For h =1,2,..., M,
we have

Foni—on—1Fonivon+s — Fovi—onv1Fonvivon+1 = Fovr—an—1Fonvvont2 — Fovr—onFonion+1
= —Fyp_2

= Fik+2,
i.e.
Fo2Fmis < Fm_6Fmii0o < -+ < FlFm—H = Fm+1,
2 2 2 2

and the difference between neighboring terms of the chain in case iii is a positive Fibonacci
number.

Thus, each F;F} is a member of a chain of inequalities given in cases i-iii. Conversely, each
member stated is such a product. The sequence a therefore results from linking these chains
in the obvious manner, corresponding to the half-open intervals [Fy, F53), [F3, Fy), [Fy, F5), and
SO on.

The first 13 terms of the sequence a (= A049997 in Sloane [3]) and its difference sequence
(= A049998) are shown in the following table:

n 1121314 15(6 (7|89 (10 |11 |12 |13
Gn, 112131415 10 |13 |15 |16 |21
Gny1—apn (|11 (271122113 |2 |1 |5 |3

(=]
co

Corollary 1: Ifi+j <i' +j', where 2 <i<j and 2 <i' <j', then F;F; < FyFj.

Proof: All products F;F}; for 2 <17 < j are accounted for in cases i-iii of Theorem 1. For
each case, the indices (7, j) in the corresponding chain of inequalities have in common the sum
i+j=m+2,and F;F; € [Fy,, Fro1). f i+ 5 < i + 7, then F, Fj € [Fyy, Fi1), where
i" + 5" =m’ + 2. Since F),, < F),/, we have F;F; < F;/ F.

Corollary 2: When the binary products of distinct Fibonacci numbers are arranged in in-
creasing order, the difference between pairs of neighboring terms is a Fibonacci number.

Proof: Omit the squares in cases ii and iii of Theorem 1, and note that each resulting
new difference is F3. The other differences are as in Theorem 1.
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3. TRINARY PRODUCTS

For given n, any triple (i, j, k) satisfying i +j+k =n and 2 <i < j < k will be called an
eligible triple. It will be expedient to assign an order relation < on eligible triples:

(i,5,k) < (7', §', k') if and only if F;F;F}, < Fy Fy Fy.
Lemma 1: For i+ j+ k < 11, the ordering of eligible triples (i, j, k) is given by
(2,3,4) < (2,3,5) < (2,4,5) < (2,3,6).
Proof: 6 <10 < 15 < 16.

Lemma 2: Suppose n > 12. Let ¢ = QL”T*?’J and ¢ = 2|g] —1. For h =1,2,...,¢/2, the
least eligible triple having ¢ = 2h is

(2h,2h + 2,n — 4h — 2), (10)
and the greatest is
(2h,2h + 1,n — 4h — 1). (11)
For h=1,2,...,(c" —1)/2, the least eligible triple having i = 2h + 1 is
(2h +1,2h +2,n — 4h — 3) (12)
and the greatest is
(2h +1,2h + 3,n — 4h — 4). (13)

Proof: We prove only (10), as proofs of (11)-(13) are similar. Suppose 2h+1 < j <n—2h —
7 — 1. By Theorem 1,
FopioFy_an—2 < FiFy_on—j.

Consequently,
FopbopiolFy _apn—o < FopFjF, o,

ie.,

(2h,2h + 2,n — 4h — 2) < (2h, j,n — 2h — j).

Lemma 3: The least and greatest eligible triples (10)-(13) listed in Lemma 2 are ordered as
follows:

(2,4,n—6) < (2,3,n — 5)
< (4,6,n—10) < (4,5,n — 9)
< (6,8,n—14) < (6,7,n — 13)

<(c,e+2,n—2c—2)<(c,ce+1,n—2c—1)
< (d,d+1,n—-2d-1)=<(,d +2,n—2 —2)
< (=2, —-1,n—2+3)< (' —=2,d,n—2 +2)

< (5,6,n —11) < (5,7,n — 12)
< (3,4,n—17) < (3,5,n—8).
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Proof: Some of these inequalities are covered by Lemma 2. A first grouping that are not
begin with (2,3,n —5) < (4,6,n — 10) and are of the form

FonFopy1Fn—an—1 < FopyoFontaFn_an—s (14)

forn>6h+11,h =1,2,3,....
We begin a proof of (14) with a technical result. Let

(91’ = F2h+i+1/F2h—|—i and © = (3 + 503)(9 + 2400 — 1091).

We omit proving that © > 5 for h > 1, as this is easily proved and unsurprising. This inequality
can be written as
3(5+80p)(3+ 503) —2(3 4+ 561)(3 + 503) > 5,

which, via (1), is equivalent to

F F: F: F
352046 Fants o F2nt6 Fon+s > 5,

Fop, Fopgs Fopy1 Fopgs

hence to
3¢ B 2¢ o5 o)
FopFonts  Fopg1Fopys Font6Fonts
By (6),
3 2 F: F_an_
¢ ¢ >5( 2h+7_¢>25(¢_¢)’ (15)
FonFopys  Fopy1Fopys Fonie Fo_an—s
this last > being given by (4) for n = 6h + 12. By (6) and (7),
3F; 3
Fyy, FopFopys
and
2F: 2
2ht2 g ¢ ’
Fopqq Fopy1Fopy3
so that
2F: 3F: 3 2
aht2 | 3Fonp > 5o+ 0 @

Fopq Fyp, FopFopys  Fopqp1lFopgs

This inequality and (15) imply

Fo_an—s Fopqo Foptq

<2 +3

5 ,
Fo_an—s Fopiq Foyp,

so that

Fo_an—s ( F2h+2> ( F2h+1>
345ty (gt (g T2
Fo_an—s 2 3F2h+1 ? Y Fo
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which by (1) yields

Fr_an—1 < Fopia L Fontsa  (Fon + Fong1)Fongs  FongoFopya

- - 9
Fo_an—s Fyy, Fopiq FopFopq FopFopiq

and (15) is proved.
The next inequality in the statement of Lemma 3 that is not covered by Lemma 2 is

(c,e+1l,m—2c—1) < (d,d +1,n—2d —1). (16)
If the residue of n mod 6 is 3,4, or 5 then ¢/ = ¢ — 1, and (16) is then equivalent to
(c,c+1,n—2c—1)<(c—1,e,n—2c—1),
which is true since Foy1Fy 901 < Fe1F,_2.11, by Theorem 1. Otherwise, ¢ = ¢+ 1, and

(16) follows from F.F}, 9.1 < FeyoFy_9c_3.
The remaining inequalities to be proved are of the form

FopisFonyslp_an—s < Fopp1FonsoFn_an—3 (17)

for n > 6h + 14,h = 1,2,3,.... A proof of (17) is analogous to that of (15). Using the same
notation, we start with 64(36; — 265) > 5 for h > 1, a simple proof of which is omitted. By
(1), we then obtain

3 2 5
- > . (18)
Fopi1Fonya FopgoFopya  FopysFopys
By (7),
Ponga o O
Fopgs Fopys3Fopys’
and this with (18) gives
F. 2 3
5( 2htd ¢> - ) _ o) ‘
Fopqs FoptyoFonya  Fopp1Fonsa
Now
Fr_an—7 S Fopta
Fo_an—8 = Fopgs
for n > 6h + 11, by (4), so that
F_an_ 2 3
52 0AhT o 5+ ¢ _ ¢ (19)
Fy_an—3 FoptyoFonia  Fopg1Fonta

By (6) and (7),

2 2F. F.
4 > 2ht3 and 3¢ — 3¢ > 3ton+2

2¢ +
FopioFopta Fopqo Fopt1Fonta Fopia

bl
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so that
2 3 2F: 3F:
. ¢ B ¢ 2nts | 3Ptz (20)
FopyoFopys  Fopyp1Fopyy Fopyo Fopq
Using (19), (20), and (1), we obtain
F_an_ 2F: 3F;
5 a7 2font3 2h+2,
Fr_an—s Fopqo Fopt
Fy_an—7 Fopys Fonyo  Fopgs  Fopys  Fopy3Fopgs
34527 S 4 +Fy+ F - + _ ,
Fr_an—s 2 ° 2h+2 ° 4th+1 Fopyo  Fopy1 FoppiFopgo
and since
Fo_an_ Fo_an_
“h=3 _ g s 4h 7’
Fn—4h—8 Fn—4h—8
a proof of (17) is finished.
Theorem 2: If2<i< j <k and k > 5, then
Fi+j+kf4 < FszFk < Fi+j+kf3- (21)

Proof: Either the number n = i + j + k satisfies 10 < n < 11 and (4, j, k) is one of the
last three triples listed in Lemma 1, or else n > 12. Inequalities (21) are easily checked for
n = 10 and n = 11, so assume n > 12. By Lemma 3, we have (2,4,n — 6) < (i,7, k). Since
FyF F, _¢ = F,F,_g, Theorem 1 applies, and

Fiyn—6)—2 < FoFyFy .

Consequently, Fj,_4 < F;F;Fj,.
On the other side, by Lemma 3 we have

FZFJF]C < F3F5F,_¢=2-5-F,_g,
so it suffices to prove 10F,,_s < F,,_3. By (6) and (7), F,,_7/F,_g > 7/5, so that, using (1),
we have

10F,,_s < b5F,,_7+ 3F,,_s = F,,_3.

Theorems 1 and 2 show that binary and trinary products with fixed sum of indices lie
in an interval whose endpoints are consecutive Fibonacci numbers. This property does not
extend to products of more than three Fibonacci numbers; for example,

Fio < F5F FsFr < Fi3 < FoF3F5Fg < Fhy.

One may ask instead for the greatest L and least U such that for given s and k all products
Hle F,,, having Zle m; = s lie in the interval [Fp, Fy].
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