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1. INTRODUCTION AND NOTATIONS

The Bernoulli polynomials B,,(X) are defined by

teXt = B (X)t"
1 :ZT’ It| < 2.
n=0

And the Bernoulli numbers B,, can be defined by B,, = B,,(0). The Euler polynomials F,(X)
are defined by

2eXt X B (X)th
= St <.
et +1 ng() n! [t <

And the Euler numbers E,, are defined by E, = 2"FE,(1/2). These numbers and polynomi-
als arise in some combinatorial contexts, and have been investigated by many authors. For
example, see Powell [6], Young [7], and Zhang [8]. The well-known congruences among these
numbers or polynomials are the classical Kummer’s congruences:

Theorem 1.1: (ref. page 239 in [4]). Suppose p is prime, and m,n and e are positive integers
such that m and n are even, and p—1 f m,n. Then one has

1

—(1—p" By =—-(1-p""")B, (mod p°),
m

S|

if m=n (modyp(p®)).

Kummer’s congruences play important roles in the p-adic interpolation of the Riemann
zeta function [5]. In 1997, Eie and Ong [3] generalized Kummer’s congruences to Bernoulli
polynomials via p-adic interpolation on p-adic spaces.

Theorem 1.2: (ref. [3]). Suppose that p is an odd prime, and m,n, and e are positive integers
such that p—1 fm,n. Then for any positive integer k relatively prime to p and positive integers
0<a,06<k—1 such that a + jk = pB for some 57 with 0 < j <p—1, one has

() ()2 (2)

ifm=n (mod ¢(p°)).
In this paper, we prove the following theorem which is a generalization of Kummer’s
congruences on FKuler polynomials.
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Theorem 1.3: Suppose that p is an odd prime, and m,n, and e are positive integers such that
p—1 [ m,n. Then for any positive integer k relatively prime to p and positive integers o, (3
such that a + 25k = pf with 0 < j < (p—1)/2, one has

Em-1 (%) —p"  Epy (%) =FEn (%) —p" 'Epy (%) (mod p°),

if m =n (mod ¢(p°)).
The classical congruences on Euler numbers (ref. page 124 of [2])

Ey, =5 (mod 60) and FEy,—2 =—1 (mod 60), (1)

are normally attributed to Stern. In 1998, Zhang [8] deduced some other congruences on Euler
numbers:

Proposition 1.4: (ref. Corollary 1 in [8]). For any odd prime p, we have the congruence

_{0 (mod p), ifdlp—1,
1 =

E
2 (mod p), if4jp—3.

p

Proposition 1.5: (ref. Corollary 2 in [8]). For any integer n > 0, we have the congruences
(1) E2n+2 — FEyp =0 (mOd 6)7
(2) E2n+4 — 10E2n+2 + 9E2n =0 (mod 24),
(3) E2n+6 — Egn = 0 (HlOd 42)

Here we derive some new congruences on Euler numbers:
Theorem 1.6: Assume 6 = pi'py*...pI'", where p; are odd primes, and n; are positive
integers fori=1,...,r. Let N = uax n; and M = l.e.m. {28, p(p), ..., o(pR)}, where k is

a non-negative integer. Then for any positive integers m,n with min{2m,2n} > N, we have
Fop = By, (mod 256)
if 2m =2n  (mod M).

In the last section, we give an algorithm to treat the congruences of Euler numbers for
any modulus. Using this algorithm we can easily derive all the above congruences.

2. CONGRUENCES WITH EULER POLYNOMIALS

Lemma 2.1: Suppose that p is an odd prime, and m,k are positive integers. Then for any
positive integers o, 3, one has

Ep—1 (%) —p" By (%)

om a+k — O8+k 2m o — I5]
= B (%) e ()] - 5 (e () -t (51|
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Proof: By formula 23.1.27 of [1]

1= o (52) 03]

Utilizing this to find the following difference in values of E,,,_1(z) for x = o/k and x = (/k
yields

e 3)- e ()
5[ () - @) e () - ()]

This completes our proof. O
Now we prove the generalization of Kummer’s congruences on Euler polynomials in the
following theorem which is stated as the same with Theorem 1.3 in Section 1.

Theorem 2.2: Suppose that p is an odd prime, and m,n, and e are positive integers such that
p—1 fm,n. Then for any positive integer k relatively prime to p and positive integers «, 3
such that o + 2jk = pB with 0 < j < (p —1)/2, one has

Bt (7)o e (2) =B (3) 50 () o)

ifm=n (mod ¢(p°)).

Proof: Suppose p is an odd prime, and k is relatively prime to p. This implies that
(2k,p) = 1. Applying Theorem 1.2 (ref. [3]), and then for any positive integers «, 3 such that
a+j-(2k)=pBwith0<j< 7’2;1, one has

o) m (@) () (2)) s
if m=mn (mod p(p°)).

Since 251 < j+ 2 <p—1land (a+k)+ (j+ %57*) - (2k) = (k+3)p. Applying Theorem
1.2 again, it follows that

1 a+k — 8+k ! a+k . 08+k .
{8 (%) - () p= e (5 e (5} o)

From Fermat’s Little Theorem we have 2™ = 2" (mod p¢). Combining these three congruences
together, we find that

= o (5) e () S ) e (2
() (5] ) @)
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Applying Lemma 2.1, we conclude our assertion. O
In particular, we let « = 3 = k =1 in Theorem 2.2. And we apply the fact that (see e.g.
formula 23.1.20 of [1])
E,(0) = —-2(n+1)"'2"" —1)B,41.

We obtain
(1—p™ NEn (1) = (1 —p" )E,1(1) (mod p°)

(1 =p" )En-1(0) = (1 —p" ") En-1(0) (mod p°)
<1 _pm—l) (_2)(27:72_ 1)Bm = (1 _pn—l) (_2)(27;_ 1)Bn (IIlOd pe).

By Euler’s generalization of Fermat’s Little Theorem we can divide
—2(2m —-1)=-2(2" —1) (mod p°)
from the above congruence and this gives the classical Kummer’s congruences.
3. CONGRUENCES WITH EULER NUMBERS

Since E,(1/2) = 27"E,, if we let k = 2 in Theorem 2.2, then we could reformulate
congruences in terms of Euler numbers.

Theorem 3.1: Suppose that p is an odd prime and m,n be non-negative integers. Then if
2m = 2n (mod ¢(p°)), we have
{ (1 —p*™) By, = (1 — p*™)Es, (mod p®), if 4p —1,
(1 +p2m)E2nL = (]- +p2n)E2n (mOd p6)7 Zf 4‘p - 3.

Proof: First, let p be an odd prime with 4|p — 1, that is, p = 4j + 1 for some positive
integer j. Clearly, it is the case that & = =1 in Theorem 2.2, therefore

1 1 1 1
Em—l (5) _pm_lEm—l (5) = En—l <§) _pn_lEn—l <§> (mOd pe)

217m(1 - pmil)Emfl = 217”(1 _pnil)Enfl (Il’lOd pe)u

if m=n (mod ¢(p°)) and p — 1 is not a divisor of m. Since Fermat’s Little Theorem gives
21=m = 217" (mod p°), we can divide it from the above congruence. And let m = 2m/ + 1
and n = 2n’ + 1 where m’,n’ are non-negative integers. It is clear that p — 1 is not a divisor
of 2m’ + 1 for any odd prime p. Then we get our assertion for the case 4|p — 1.

Second, let p be an odd prime number with 4|p—3, that is, p = 4543 for some non-negative
integer j. Clearly, it is the case that « = 3,3 = 1 in Theorem 2.2, therefore

3 m—1 1 — 3 n—1 1 e
s (3) 5 () = (35 (1)
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if m =n (mod ¢(p€)) and p — 1 is not a divisor of m. By formula 23.1.6 of [1]

3 1
E, (§> =9 ntl _ g, (5) , form>0.

Substituting this in the above congruence, one has

1 1 1 1
227WLE1m—1 <§> _pmilEm—l (5) = 22in - En—l <§) _pnilEn—l (5) (HlOd pe)

22—m o 21—m(1 +pm—1>Em71 = 22—n o 21—n(1 +pn_1)En71 (mod pe>‘
Again using Fermat’s Little Theorem, we can cancel

227m = 227n 217m = 217n

9

(mod p°),

from the above congruence. Similarly we let m = 2m’ + 1 and n = 2n’ + 1 where m’,n’ are
non-negative integers. The condition p — 1 is not a divisor of 2m’ + 1 always holds for any odd
prime p. Then the proof is complete. O

Now we treat the situation when p = 2.

Lemma 3.2: For any non-negative integer n, we have

1 4
E, =1 2k(1 — 2B, 2
=t (M) )

Proof: By formula 23.1.7 of [1]

Ep(z+h) = Zn: (Z) Ey(z)h" .

k=0

We substitute z = 0 and A = 1/2 in the above equation. Then

2 "E, = E, (%) = Zn: (Z) Er(0)28™,

k=0
Now (see e.g. formula 23.1.20 of [1])

Bo(0) = —2(n+ 1)~ (2" = 1)B, i1,

and the above equality becomes

n n 2k3+1 1_2k+1
-3 (1)
0

E+1

1 ot
=1 § 2k(1 — 2B,
+n+1k_2< k ) ( B
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This gives our assertion. 0O
We set n = 2m — 1 in Eq. (2) and since Ea,,—1 = 0, we get an identity in Bernoulli
numbers

" /2m
> (2k>22k(22k —1)Bay, = 2m,

k=1
for any positive integer m.
In the following we will discuss the congruences of Euler numbers modulo 2" for some
integer r. Here we introduce two notations. The notation 2" || + means 2" divides ¢, but 2"+!
does not divide ¢t. To simplify the writing we denote

1 +1
Cr(n) = | (" N )2’“(1 —2M\B,..

Proposition 3.3: For any non-negative integers m and r with 2m > r, we have
[r/2]

1 2m+1 -

By =14 o— ) ( o )2”“(1 — 22"YByy. (mod 27),

where [r/2] denotes the greatest integer not exceeding r /2.

Proof: We consider Eq. (2) in Lemma 3.2, i.e.

1 4
E =1 2k(1 —2M\B
. +n+1§g< ' ) (1-25)By

n+1
=1+ Ci(n).
k=2
Let n = 2m and from the Staudt-Clausen Theorem we know 2By, is 2-integral, thus the number
h with 2" || Cy(n) satisfies h > k — 1. Thus when 2m >k —1 > r,
Cr(2m) =0 (mod 2").

Therefore

Eym =1+ Ci(2m) (mod 2")
k=2

1 [2m+ 1), X
=1 1-— T
+k2222m+1( B )2( 2")B),  (mod 2")

[r/2]
1 2m+ 1\ op 2%k
=1 g 2°F(1 — 2°")B mod 2"

+2m—|—1k:1< 2% ) ( )Bay; - (mod 27),
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for 2m > r.
Lemma 3.4: If 2" || k!, then h < k — 1.
Proof: Clearly, the power of 2 that divides k! is given by

[ fa]

Since k is finite, [k/2™] = 0 for all m sufficiently large. Thus

k k
h<§+?+"'—k‘.
Therefore h < k—1. O

Proposition 3.5: For any non-negative integers m,n, and r, we have
Es, = Es,  (mod 27),

if 2m = 2n (mod 27).
Proof: From the Staudt-Clausen Theorem we know 2By, is 2-integral and the result

of Lemma 3.4 gives 22¥71/(2k)! is also 2-integral. Therefore 228=1(1 — 22K)2By; /(2k)! is
2-integral. This gives for 2k < min{2m, 2n},

Cor(2m) =2m - (2m —1)--- (2m + 2 — 2k) - (22:)'1 (1 —2%%).(2Byy)
=2-2n—1)---(2n+2 —2k) - %(1 —2%2%).(2Bg;)  (mod 27)

= Cgk(Qn).
We assume 2m < r, so 2n = 2m + (a - 2") > 2" > r for some positive integer a. If
k > m + 1, then (2n — 2m) divides 2n - (2n — 1)---(2n — 2k + 2). This gives Cor(2n) = 0
modulo 2". Hence by Proposition 3.3

[r/2]
Es, =1+ Z Car(2n) (mod 2")
k=1

=1+ Z Cor(2n) (mod 27)
k=1

=1+ ZC’gk(Qm) = Fy, (mod 27).
k=1
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And the remaining case min{2m,2n} > r is found by applying Co(2m) = Ca,(2n) for k =
1,...,[r/2]. The proof is complete. [

Now we combine the above proposition and Theorem 3.1, we give a congruence relation
between Euler numbers for any modulus which is stated as the same with Theorem 1.6 in
Section 1.

Theorem 3.6: Assume 6 = pi'py*---pl'", where p; are odd primes, and n; are positive
integers fori=1,--- ,r. Let N = maxn; and M = lcm.{2% o(p), -, p(p?)}, where k
{<i< P \P1 P\Pr
SIST

is a non-negative integer. Then for any positive integers m, n with min{2m,2n} > N, we
have

FEopm = By, (mod 256)
if 2m =2n (mod M).

Proof: Since 2m = 2n (mod ¢(p;*)) for i = 1,---,r, we may apply Theorem 3.1 and
obtain

{ (1 _p?m>E2m = (1 _pfn)EQn (mOd p:“)7 if 4|pz - 1;
(1 +p?m)E2m =(1 +p?")E2n (mod p'*), if 4|p; — 3.

However, both 2m and 2n are not less than N = max{nq,---,n,}, thus
E2TTL EEQn <m0d p?z)’ fOI"L': 1’ ST

Combining the congruences in Proposition 3.5, we complete our proof. O

Remark 3.7: In particular we let n = 0 in the congruences in Theorem 3.1 and Proposition
3.5. We obtain

Esr,, =1 (mod 2%);

(1- pf(pi )m)Ew(pZ”)m =0 (modp;”), if 4pi — 1;

(A +p" " E iy =2 (mod pl), if Alp; — 3,
for any non-negative integer m. Since p(p;*) > n; for any odd prime p; and non-negative

integer n;, we have

Eoyr =1 (mod 2%);
Eriym =0 (mod pi"), if 4|p; — 1;
E riym =2 (mod p"), if 4|p; — 3,

for any positive integer m.
Letting n;, = 1 in the above congruences, we have the following corollary which is a
generalization of Corollary 1 in [8].

Corollary 3.8: For any odd prime p and any positive integer m, we have

B [0 (mod p), ifd|p—1,
(P=Dm =1 9 (mod p), if4|p—3.
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It is clearly we have following corollary which can be stated in a similar manner as The-
orems 1.1, 1.2, and 1.3.

Corollary 3.9: Let Hf:l p't be the prime-power factorization of an odd integer D. Let

7

N = maxn;, and M = lcm ¢(p;'*). Then
1<i<t 1<i<t
- - E, =F, (mod D),

if m = n(mod M) and min{m,n} > N.
JFrom Eq. (1) we know

E;u =1 (mod4) and FEg-2=3 (mod4).

Therefore, the condition that D is an odd integer in the above corollary cannot be changed to
that D is an integer.

4. ALGORITHM AND APPLICATIONS

Combining Theorem 3.6 and Remark 3.7, we can given an algorithm to list all the con-
gruences of Euler numbers for any modulus.

Algorithm 4.1: Given an arbitrary positive integer m.

Step 1: Write down the prime factorization of m as

k, a1, a ar b1 b bs
m=2"py'ps” ... Dy gy Q.

where 4 divides both (p; — 1) and (q; —3) fori=1,...,r;5=1,...,s.
Step 2: Compute
M = Lem 425, 0011, 0(0fr) p(a)), - p(a0))-

and let
N =max{a;,bjli=1,...,r,j=1,...,s}.

Step 3: Use the Chinese Remainder Theorem to solve
Epntn) =1 (mod 2F);
Ern+1y =0 (mod pj?), fori=1,...,r;
EM(n+1) =2 (mod q§7)7 fO'f’j:].,...,S7

for any non-negative integer n, and denote the solution by xg modulo m.

Step 4: For any non-negative integer n, we can list all the congruences of Euler numbers
modulo m as

{ Eri(nt1) =20 (mod m),
Eyrny2i = Fop  (mod m), for N <2i < N+ M —2 and 2i # 0 (mod M).

Using Algorithm 4.1 we can easily derive the classical congruences in Euler numbers which
is attributed to Stern (ref. page 124 of [2]).
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Proposition 4.2: For any positive integer n, we have

{ Ey =5 (mod 60)
E4n—2=-1 (mod 60).

Proof: Since 60 = 22-3-5, M = l.e.m.{22p(3),0(5)} = 4, and N = 1. We apply the
Chinese Remainder Theorem to solve

Eynt1) =1 (mod 2%);
Eynr1) =0 (mod 5);
E4(n+1) =2 (mOd 3)7

and we obtain
Ey(n41) =5 (mod 60).

Since 1 = N <2i < N+ M —2=3and 2i # 0 (mod 4), this forces i = 1. Therefore we
have
{ Eiigs =5 (mod 60)
Eipnto = Ey = -1 (mod 60),

for any non-negative integer n. 0O
In fact, the above congruences give

Es, =5 (mod 6),

for any positive integer n. This is exactly the congruences in Corollary 2(a) in [8].

Proposition 4.3: For any positive integer n,

Eg, =65 (mod 126),
E¢n—2=5  (mod 126),
E¢n—4y =—1 (mod 126).

Proof: Since 126 =2-32 -7, M = l.e.m.{2,¢(3%),9(7)} = 6, and N = 2. We apply the
Chinese Remainder Theorem to solve

Eg(ny1y =1 (mod 2);
Eg(ny1) =2 (mod 7);
Eg(nt1) =2 (mod 3%),

and we obtain
E6(n+1) =65 (mod 126)

Since 2= N <2i < N+ M —2 =6 and 2i # 0 (mod 6), this forces ¢ = 1 and 2. Therefore

Egnt6 =65 (mod 126)
Egnio = FE2 = —1 (mod 126)
E¢nia =E4 =5 (mod 126),
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for any non-negative integer n. 0O
The above congruences give us

E2n+6 = E2n (mod 126),

for any positive integer n. This is clearly a generalization of Corollary 2(c) in [8].

Proposition 4.4: For any positive integer n,

Es, = 65 (mod 120),
Egp_o = —61 (mod 120),
Egy,_4=5 (mod 120),
Esn—¢ =—-1 (mod 120)

Proof: Since 120 = 22-3 -5, M = l.e.m.{23,¢(3),9(5)} = 8, and N = 1. We apply the
Chinese Remainder Theorem to solve

Eg(nt1y =1 (mod 8);
Eg(nt1y =0 (mod 5);
Eg(nr1) =2 (mod 3),

and we obtain
Eg(n41) = 65 (mod 120).

Since 1 = N <2i < N+ M —2=7and 2i # 0 (mod 8), this forces i = 1, 2, and 3.
Therefore

Egnis =65 ( )
Egnio=E,=-1 ( )
Egnia=Es =5 (mod 120)
Egni6 = Eg = —61 ( )
for any non-negative integer n. 0O

Corollary 4.5: For any integer n > 0,

Egn — 9E2n72 =14 (Il’lOd 120)

Proof: We just need to substitute n = 4k, 4k + 1, 4k + 2, and 4k + 3 in the above
congruences. Applying the results in Proposition 4.4, the assertion is proved. O
Also the above result is a generalization of Corollary 2(b) in [8].

Proposition 4.6: For any non-negative integer n,

{ Eigant2i = Eo; (mod 323), for1<i<Tl,
FE144n4144 = 306 (mod 323).
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Proof: Since 323 = 17-19, M =l.cm.{¢(17),9(19)} = 144, and N = 1. We apply the
Chinese Remainder Theorem to solve

{ E144(n+1) = O (mOd 17),
Er44(n+1) =2 (mod 19),

and we obtain
E144(n+1) = 306 (mOd 323)
Since 1 = N <2i < N+ M —2 =143 and 2i # 0 (mod 144), this gives E144n12; = Eo;
(mod 323), for 1 <14 < 71. Therefore we complete the proof. O

Proposition 4.7: For any non-negative integer n,

Eigni2 = —1 (mod 68), FEi6n+10 =3 (mod 68),
Ei6nia =5 (mod 68), Ei6ntr12 = —31  (mod 68),
Eionys =7  (mod 68), Eignp1a = -9 (mod 68),
Ei6nis =25 (mod 68), Eigni16 = 17 (mod 68).

Proof: Since 68 = 2217, M = l.c.m.{2% ¢(17)} = 16, and N = 1. We apply the Chinese
Remainder Theorem to solve

{ Eignt1) =1 (mod 4);
Ei6(ny1) =0 (mod 17),

and we obtain
Ei6(n+1) = 17 (mod 68).

Since 1 = N <2i < N+ M —2 =15 and 2i # 0 (mod 16), this gives Ei6,42; = E2; (mod
68), for i = 1,2,...,7. This completes our proof. O
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