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1. INTRODUCTION AND RESULTS

As usual, the Fibonacci sequence {F,} and the Lucas sequences {L,}(n = 0,1,2,...,)
are defined by the second-order linear recurrence sequences

Fn+2 = F’n—i—l + F, and Ln+2 = Ln+1 + L,

forn>0,Fy=0,F; =1,Lyg =2 and L; = 1. These sequences play a very important role in
the studied of the theory and application of mathematics. Therefore, the various properties
of F,, and L, were investigated by many authors. For example, R. L. Duncan [2] and L.
Kuipers [5] proved that (log F,) is uniformly distributed mod 1. Neville Robbins [4] studied
the Fibonacci numbers of the forms pz? 4 1, pz3 4+ 1, where p is a prime. The author [6] and
Fengzhen Zhao [3] obtained some identities involving the Fibonacci numbers. In this paper,
as a generalization of [3] and [6], we shall use elementary methods to study the calculating
problems of the general summations

Z Fm(a1+1) ’ Fm(ag—i—l) s Fm(ak+1) (1)
ai1taz+---+apg=n

and
Z Lma1 : Lmag s Lmam (2)

a1+as+tag=n

and give two exact calculating formulas, where the summation is taken over all k-dimension
nonnegative integer coordinates (a1, as, ..., ax) such that a; + as +--- + ar = n, k and m are
any positive integers, and n be any nonnegative integer.

For convenience, we first define Chebyshev polynomials of the first and second kind T'(z) =
{T,(x)} and U(z) = {U,(z)}(n =0,1,2,...,) as follows:

Toto(r) = 20T 41 () — To(2) (3)

and
Unt2(z) = 22Uns1(z) — Un(2) (4)

for n > 0,Tp(z) = 1,T1(z) = z,Up(xz) = 1 and Uy(z) = 2z. Let U,(,Jk)(:z:) denote the k"
derivative of U, (x) with respect to z. We will use generating functions for the sequences
T, (z) and U, (x) and their partial derivatives to prove the following two theorems.

Theorem 1: For any positive integer k, m and nonnegative integer n, we have the identity

\mn Frlfl+1 k (e
Z Fm(a1+1) . Fm(a2+1) C. Fm(ak+1+1) = (—Z) o k|U7(1+)k <7Lm> ,

aytas+-+agy1=n

149



SOME IDENTITIES INVOLVING THE FIBONACCI NUMBERS AND LUCAS NUMBERS

where i is the square root of —1.

Theorem 2: For any positive integer k, m and nonnegative integer n, we have

> Liay - Lmas -+ Lima .

artaz+--+agr1=n+k+1
E+1 o h m
— (_i)m(n+k+1)3 ! +2L k+1 k) Z—L
k+1 (k+1)!

where( h):m

i From these two theorems we may immediately deduce the following corollaries:

Corollary 1: For any positive integer m and nonnegative integer n, we have the identities

3 (-)"'F
2

Z Fm(a1+1) ’ Fm(a2+1) ’ Fm(a3+1) = 4 — (_1)mL2 X
ai+astaz=n m
(nt+2)(n+4) 20 +3)Ln (n+2)(=1)™L7,

In particular, for m = 2,3,4 and 5, we have the identities

1
> Pyt Faastn) - Fo(aatt) = 5o 1801+ 3) Fanta + (1 +2)(5n = 7) Fansol,

aitaztaz=n

1
Z F3a,41) - F3(as+1) - F3(a5+1) = %[(n +2)(5n + 8) 3549 — 6(n + 3) F35,16),

aitaztaz=n

1
Z Fiar+1) - Fiagas+1) - Faqas+1) = ﬁ[(" +2)(15n + 11) Fy(nq3) + 14(n + 3) Fy(n2)]

ar4as+az=n
and
> Fitays1) Foass1) - Fa(as1) = ﬁ[(wr 2)(125n + 137) Fy (43 — 66(1 + 3) Fy (1 42))-
ar4asz+az=n
Corollary 2: For any positive integer k and nonnegative integer n, we have the identities
n+5

> La, + Loy * Lay = ——[(n +10)Fy 5 + 2(n + 7) Fnya],
ai1+taz+az=n+3

n—+5
Z L2a1 : L2a2 : L2a3 = 2 [3(71 + 1O)F2n+5 + (ﬂ + 16)F2n+4]

ai1+az+az=n+3
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and

n+95
ai+az+az=n+3

Corollary 3: For any positive integer m and nonnegative integer n, we have the congruences
(n+2)(4n+16 — (=1)™L2) - Foyn+3) = 6(n+3) « Ly, - Fry(ny2) mod 2(4 — (—1)™L2)* - Fp,.
In particular, for m = 3,4 and 5, we have
(n+2)(5n + 8)F3,4+9 = 6(n + 3) F3y,4+6 mod 400;
(n + 2)(15?’L + 11)F4(n+3) + 14(n + 3)F4(n+2) = 0 mod 4050;
(n 4 2)(125n + 137) F5 4.3y = 66(n + 3) F5(;,4-2) mod 156250.
2. SEVERAL LEMMAS
In this section, we shall give several lemmas which are necessary in the proofs of the

theorems. First we need two exact expressions and generating functions on 7T),(x) and U, (x)
(see (2.1.1) of [1]). That is,

tio)= 3 [+ V1) (V) g

and
1 n+1 n+1
U,(z) = ———— (a:—l— x2—1> —(a:— :132—1) } 6
(0) = 5y |24V ©)
So we can easily deduce that the generating function of T(x) nd U(z) are
1—uat
T (
G0 =1 e Z ()
and
F(t "
() = 1—2xt+t2 ZU (@) -1 (®)

Applying these generating functions we can easily deduce the following

Lemma 1: For any positive integer k and nonnegative integer n, we have the identity

3 Uay () - Uay () . .. Uay, () = le. o P, (z).

artaz+-t+agy1=n
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Proof: Differentiating (8) we obtain

oF'(t,x) 2t _ ntl,
or (1 —2xt+12)2 _Z 't
82F(t, 32) 2! (2t)2 (2) n+2
or2  (L—2at+2)3 Z Unal) -1
OFF(t,x) k- (2t)k (k) nth
orF (1 - 2at + (2)k+1 Z Unil@) -t (9)

where we have used the fact that U, (x) is a polynomial of degree n.
Therefore, from (9) we obtain

oo

I k+1
> > Uay () - Usy (2) ... Upy () | 1" = (Z Up(z) - t”)
n=0

n=0 aytas+-t+agy1=n

(1 =2zt + 2R kN(20)k Ok 2k k! ZUn+k (10)

Equating the coefficients of t™ on both sides of equation (10) we obtain the identity

1
Z Ua1 ("E) ' Ua2 (I) s Uak-+1 (.Z‘) ok . LI ’ U’r(zlj—)k(x)

aitags+-+agy1=n

This proves Lemma 1.

Lemma 2: For any positive integer k and nonnegative integer n, we have

k+1 k41 *)
k
Z Ta1 (LL‘) o 'Tak+1 ZL’ 2k Lk Z ( )Un+2k+1 h( )

artaz+-tapt1=n+k+1

Proof: To prove Lemma 2, multiplying (1 — x¢)**! on both sides of (9) we have

(1 —at)bt ®) (). 7( k41
(1 — 2at + £2)F+1 2k: Kl Z Upixla —at)" (11)

Note that (1 — at)b+1 = SN (—g)hth (*1). Comparing the coefficients of "**+! on both
sides of equation (11) we obtain Lemma 2.
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Lemma 3: For any positive integers m and n, we have the identities

Um(n+1)71 (.T)

To(Tn(@)) = Tun(@) - and - Un(Tn(w)) = =7 =00

Proof: For any positive integer m, from (5) we have

T2(z) — 1= i [(x—i— Va2 — 1) 4 (z — 22 — 1)m]2 1
- i [(x+ Vzi —1)™ — (z — \/ﬁ)mr
T2 () 1= % [CRRVZEy e o L
Thus,

To(z) + VT2 (z) — 1= (x+ Va2 —1)™. (12)

To(z) — VT2 () —1=(x — Va2 -1)". (13)

Combining (6), (12) and (13) we have

1

Un(Tim (7)) = m

{(Tm(x) T2 (@) = 1)”+1 — (Tl) ~ VTZG@) - 1)”“}

(24 Va2 - 1)) — (g — /22 — T)mntD)
B (x+ Va2 —=1)m — (z — Va2 - 1)™

_ Um(n+1)71 (.Z')
Um_l(fE) '

Similarly, we can also deduce that T, (T}, (x)) = Tyun(x). This proves Lemma 3.
3. PROOF OF THE THEOREMS

Now we complete the proofs of the theorems. Let ¢ be the square root of —1. Taking z =

Tn(%) in Lemma 1 and Lemma 2, and noting that Uy, (%) = i"Fp41, T,,(%) = %Ln,Tn(Tm(%))

MmN

= YL, Un (T (%)) = im”%’;”, we may immediately deduce Theorem 1 and Theorem
2.

Proof of the Corollaries: First we note that U, (z) satisfies the differential equations

(1 —2*)U.(x) = (n+ 1)Up_1(x) — naU,(x) (14)
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and
(1 —2*)U/(z) = 32U, (x) — n(n + 2)U, (), (15)

So from Lemma 3, (14) and (15) we obtain

(B2 % |me-) P T D mn m(ng1) BEm T m(n41)
o (10 (5)) = i [

and

7 (7 (3)) = For oy

6(n+ 1)Ly, (=1)™3nL?
T 7 N TO mn_—man —n(n—l—Q)an .
{4 —(DmLE A= (ymLg ey "] 16)

Now Corollary 1 and Corollary 2 follows from the recurrence formula

Fn+2:Fn+1+Fn7

(16), Theorem 1 and Theorem 2 (with k = 2).
Corollary 3 follows from Corollary 1 and the fact that F,|F, 1) for all integer a > 0.
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