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1. INTRODUCTION

T. Koshy wrote a fascinating book [2] on Fibonacci and Lucas numbers. The following
summation formulas are well known. Let S(m) := Z? L J"F; and T'(m) == Z;Z 1J™L;.

However these are less known formulas [1,2],

S(2)=(n-+1)Fu2— (2n+3)F,4 +2F,6 —8

T(2) = (n+1)2Lyio — (2n+3)Lyys + 20,46 — 18
SB)Y=Mn+1)>Fu2—Bn*+9In+7)EF,q+ (6n+12)F, 6 — 6F, 5 + 50
T3)=(n+1)3Lyys — (302 +9n+7)Lypis + (6n+12)Ly 6 — 6L,8 + 112
S(4) = (n+ 1) Fyyo — (4n® + 1802 4 28n + 15)Fy, 44 + (12n% + 48n + 50)F,, 16

(24n —+ 60) n+8 -+ 24Fn+10 — 416
T4) = (n+1)*L,1o — (4n® + 1802 + 28n + 15) Ly, g + (1202 + 480 + 50) Ly, 16
— (241 + 60) Ly, 18 + 24L, 10 — 930.

He mentioned a few interesting properties from these formulas without proof. For example,
(1) Both S(m) and T'(m) contain m + 2 terms.
(2) The leading term in S(m) is (n + 1)™F,, 42, and that in T'(m) is (n + 1)™ Ly, 42.
(3) The subscripts in the Fibonacci and Lucas sums increase by 2, while the exponents of n
in each coefficient decrease by one.
The aim of this note is to establish summation formulas for S(m) and T'(m) explicitly. We
use the differential operator method, which is discussed in [1]. First we introduce the operator
V f(x) which is defined by

@)
dx

V™ f(z) = V(V' f(2)), VO f(2) = f(x).

The following lemma is well known, for example [3], and can be proved by straightforward
induction.

Vi(z) =
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Lemma 1: If f(x) is differentiable then

n

Vi) = 3 S0, )2 O () (1)

j=1
where S(n,j) is the Stirling numbers of the second kind; they are defined by
=Y 8(n,j)(@); (2)
j=0

with (z); =z(z—1)...(x —j+1),(z)o =1

Let f(z) = Y_7_, 2/ and g(z) = 1*19”_7;:1, where z # 1. We have

n

Vf(x)= ijj and Vf(x) = Vg(x).
j=1
More generally, we have

V7 f(x)=V™Mg(x) = ij:vj, for m > 1.

Using the Binet formula for Lucas numbers,
= "Ly =) i+ ) = (V79(2)) e + (V79(2)) g
7j=1 7j=1

= (V"™(90(2) = 9n+1(2))) s=a + (V" (90(2) = gn+1(2))) =g

where g;(x) = 1{;. Suppose we have a formula for T'(m). Since we can obtain F; from L; by

changing 3* to —(3' and then dividing the difference by /5, we can find a formula for S(m)
from T'(m). We consider T'(m) in detail.

2. CONSTANT TERM

The j** derivative of go(z) is expressed by

(J)( ) = J!

(1 — )i+’
By Lemma 1 we have
m = P (J) 418 (m, j)x?
Vgo(q:):ZS(m]m Z (1— )i+l
j=1
Since ﬁ = —a and ﬁ = — [, we have the constant term of T'(m),
(V"90(2)) gm0 + (V" 90(2)) o = Y (=1 1518 (m, 5) Loja.
j=1
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3. GENERAL TERM

Consider the general term for T'(m),

Vg () = Y S(m, )2 gl) ()

I

<
Il
—

.

J : n+1y(j—i)
N\ g - J ((L‘ )
S(m,j)x _Oz.<i) —

2 S (=™
™ J . nti—j+1
_ N . ) ] X
_ZS(m,j)xJ . il(n+1)-1 (l> A2yt
7j=1 1=0
So we have
(V" n41(2)) g + (V" gn41(2)) 15
m Jj—1 . m .
= S(m, ) {Z(—l)Hli!(H +1)j- ('Z) Ln+2z‘+2} + ) (=118 (m, §) Lo
j=1 i=0 j=1

= —S(m,1)(n+ 1) (é) Lo
+ {—S(m, 2)(n+ 1) (3) Lyt2 +115(m,2)(n + 1) <?) Ln+4}
+ {—S(m, 3)(n+1)3 (3) Lyyo +115(m, 3)(n 4 1), <i’> Ln+a

—215(m, 3)(n + 1), (3) Lm} +

+ {—S(m, m)(n + 1) (’g) Lo+ 11S(m,m)(n + 1)m_1 <T> Lpta+ ...

..+(—1)m(m—1)!S(m,m)(n+1)1( " )Ln+zm}

m—1

+ I'S(m, 1)L’I’L+4 — Q'S(m, 2)Ln+6 + 3'S(m, 3)Ln+8 4+ ...
o (=)™ (m = DIS(m,m — 1) Ly rom + (=1 mlS(m, m) Ly 2m 1.
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Rearranging terms vertically we have

| - ZS(m,j)(n +1); | Lot

J=1

2

> 0= (7)) ok D) Sm) + (1= DS~ 1) Lo

+ (_1)m+1m!s(m7 m)Ln—l—QnH—Q-
We immediately have
Theorem 1: Form > 2

3w =0 () ) o+ D SOm) + (1 - IS0m, 1) p Lo

(=)™ m! L omia + Y (=158 (m, ) Laj 1.
i=1

Replacing L; with Fj, yields
Theorem 2: For m > 2

n
ZJij =(n+1)"Fyi2
7j=1

S =0 (7 ) ok D Sm) + (1 IS Om 1) P

—|—(—1)mm!Fn+2m+2 + Z(_1>j+lj!5(m7j)F2j+1'
7j=1
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