APPLICATIONS OF WARING’S FORMULA TO SOME
IDENTITIES OF CHEBYSHEV POLYNOMIALS

Jiang Zeng
Institut Camille Jordan, Université Claude Bernard (Lyon I), 69622 Villeurbanne Cedex, France
e-mail: zeng@math.univ-lyonl.fr

Jin Zhou
Center for Combinatorics, LPMC, Nankai University, Tianjin 300071, People’s Republic of China
e-mail: jinjinzhou@yahoo.com
(Submitted November 2003)

ABSTRACT

Some identities of Chebyshev polynomials are deduced from Waring’s formula on sym-
metric functions. In particular, these formulae generalize some recent results of Grabner and
Prodinger.

1. INTRODUCTION

Given a set of variables X = {z1,zo,...}, the kth (k > 0) elementary symmetric polyno-
mial e, (X) is defined by eo(X) =1,

ex(X) = Z Xy ...y, for k=1,

11 <...<ig

and the kth (k > 0) power sum symmetric polynomial pr(X) is defined by po(X) = 1,
pi(X) = Z:Ef, for k> 1.

Let A = 1™22™2 | be a partition of n, i.e., m1 + ms2 + ... + mpyn = n, where m; > 0
fori=1,2,...n. Set I(\) = my +m2 + ...+ m,. According to the fundamental theorem of
symmetric polynomials, any symmetric polynomial can be written uniquely as a polynomial of
elementary symmetric polynomials e;(X) (i > 0). In particular, for the power sum py(z), the
corresponding formula is usually attributed to Waring [1, 4] and reads as follows:

on k(AN = 1)!

_ k=l MR\ T ) m m

pr(X) = E}\ (-1) I, mi e1(X)™Mey(X)2 ..., (1)
where the sum is over all the partitions A = 1"12™2 . of k.

In a recent paper [3] Grabner and Prodinger proved some identities about Chebyshev
polynomials using generating functions, the aim of this paper is to show that Waring’s formula
provides a natural generalization of such kind of identities.

Let U, and V,, be two sequences defined by the following recurrence relations:

Uy,=pUp-1—Up_2, Uyg=0,U; =1, (2)
Vn - an,1 - Vn72: VO = 27 Vl =D (3)
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Hence U,, and V;, are rescaled versions of the second and first kind of Chebyshev polynomials
U,(z) and T, (x), respectively:

Uns1 =Un(p/2), V,=2T,(x).
Theorem 1: For integers m,n > 0, let W,, = aU,, + bV,, and Q = a® + 4b> — b>p>. Then the
following identity holds

k
W LW =3 O ()T WIW, (4)
r=0
where
j k(k _.] B 1)' —257172k—2
Or (M) = —1) yro2y2kar,
025Kk

Note that the identities of Grabner and Prodinger [3] correspond to the m = 1 and
implicitly m = 2 cases of Theorem 1 (cf. Section 3).

2. PROOF OF THEOREM 1
We first check the & =1 case of (4):

W2+ W2, =VaWoWim + ULQ. (5)

Set a« = (p+ /p? —4)/2 and B = (p — \/p? — 4)/2 then it is easy to see that

_an_ﬁn

Uy=——7, Vp=a" ",
p— a + 3

it follows that
W, = aU,, +bV,, = Aa" + BG",
where A=b+a/(a— () and B=b—a/(a — (3). Therefore

Vi WouWoim + U2 Q = (™ + ™) (Aa™ + BB™)(Aa™t™ + BB T™)

n (Oém _6771)2 (a2 +4b2 . b2p2)
a— 3 ’

which is readily seen to be equal to W2 + W2, .

Next we take the alphabet X = {W2 W2, 1, then the left-hand side of (4) is the power
sum pg(X). On the other hand, since

er(X)=W2+ W2, e(X)=W2IW2

n+m?

ei(X)=0 if i>3,
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the summation at the right-hand side of (1) reduces to the partitions A = (1¥=272J), with
j > 0. Now, using (5) Waring’s formula (1) infers that
WZk WQk

n+m

= Y R e Dy W + U2 W, Y

oo i (k — 27)!
k—2j 1)
= : k—2j—1 QzQz
Z Z IZI k: 2j _WVm Ut ¥ (W Wi )"~
0<2j<k =0

Setting k — ¢ = r and exchanging the order of summations yields (4). O
3. SOME SPECIAL CASES

When m = 1or 2, as Uy =1, V; = p and Uy = p, Vo = p* — 2 the coefficient 6y ,.(r) of
Theorem 1 is much simpler.

Corollary 1: We have

Ck(k—1-5)!
) = og}q(_l)j (k —( ) - )Zj)!pr ) (6)
)= o<;<k(_1)jj!<l;(ﬁ S g ™)

We notice that (6) is exactly the formula given by Grabner and Prodinger [3] for 6 (1),
while for 6y, -(2) they give a more involved formula than (7) as follows:

Corollary 2: (Grabner and Prodinger [3]) There holds

2k—2 k(k_ % :
Or,r(2) = Z (=1)7p* 2 (k—&)!J)\!(r—)\)!

In order to identify (7) and (8), we need the following identity.

Lemma 2: We have

i/2 , oy
(b —i—1)1277%
Z;_U (j — 2i)ld!
(k- u/zJ D! T
2021 T (2k —2[j/2] — 1 — 2i). (9)
=0
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Proof: Forn > 0let (a), = a(a+1)...(a+n—1), then the Chu-Vandermonde formula [2,
p. 212] reads:

cmael) .= S EE@E (e~ a)n
2hi(mmacl): g) (©)k! ©n (10)

Note that n! = (1),, so using the simple transformation formulae:
a a+1 9 a a+1 Il
n—\3 2 n7 n = (_) 2 nt 5
(a)2 (2)n( 2 )n (@201 = {3 n+1( 2 >n

(a)n _ n (a)n
=(=1) (—a—N+1),’

and

N P

we can rewrite the left-hand side of identity (9) as follows:

(k—1)!

Do 2Filem —mt 5=k + ;1) if j = 2m,

(k—1)!

which is clearly equal to the right-hand side of (9) in view of (10). O
Now, expanding the right-hand side of (7) by binomial formula yields

2j
. k(k—j—-1 \ 7”—2] 27, r—2j—i, 2k—2r
S0 ey 3 (e

0<25<k

oy (—my—m — 5;—k+1;1) if j =2m + 1,

Writing A =r — 14, so A < r < k, and exchanging the order of summations, the above quantity
becomes

4 A—2j
Z (_1))\p2k—2)\ (k — k Z (_1)j (k J 1)'2 ,

I(r — \)! — 141
0t N(r—A)! o< iTh/2 (A —2j)!y!
which yields (8) by applying Lemma 2.
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