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ABSTRACT

Using elementary methods, we derive formulae for the shifted summations Z?;é FroyiFrmtj,

Zj;é LytjLpmyj, and Zj;é FrtjLmy; and the shifted convolutions Z;l;(l) FriiFa—m—j,
Z;té Lyy;iLg—m—j, and Z?;é Frt+jLg—m—; for positive integers d and arbitrary integers n
and m.

1. INTRODUCTION

We derive the following identities involving the Fibonacci numbers Fj,, and the Lucas
numbers L,,. For all positive integers d and for all integers n and m,

U
—

— FovsjFonsy = { f’an+m+d71 %f d ?s even, M
= : (LaLnymgd—1 — (=1)"Lp—p) if d is odd,
C§L Ly = { SFaF+mtd—1 if d is even, @
ST LaLgmgat + (<1)" Loy if d s odd,
— FowiLoy s = { FaLntm+d—1 if d is even, )
=0 nEm LiFyimtd—1 + (—1)"+1Fm,n if d is odd,

d—1
1

FrvjFatm—j-1= ¢ (dLntmtd—1 — (=1)"Lim—nFa), (4)
§=0
d—1

Ln+de+m—j—1 = dLn+m+d—1 + (_1)an—an7 (5)
§=0
d—1

Fn+de+m—j—1 = an+m+d—1 + (_1)n+1Fm—an- (6)
j=0
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We also present a number of interesting consequences of these formulae. We wish to em-
phasize three aspects of this paper which we find particularly satisfying. First, our methods
are elementary—we believe that this paper is accessible to anyone who has completed an el-
ementary linear algebra course. Indeed, we use little more than the Binet formulae for the
Fibonacci and Lucas numbers, the sum of a finite geometric series, and linearity of the dot
product. In fact, the standard linear algebraic derivation [2] of the Binet formulas fits well
into the framework of Fibonacci vectors. Second, our methods are productive. That is to say,
carrying out the proofs produces the formulae, in contrast to many inductions which require
prior knowledge of the formula to be proved. Finally, our results concerning Fibonacci and
Lucas numbers closely parallel one another. This further supports our faith in the orderliness
of the subject.

We note that special cases of (1)-(3) appear in [3] (modulo a few identities) as Equations
(4)—(7). For example, Equation (4) in [3] is

d—1
> PPy = (7)

j=0
The left side of (7) is the same as that of (1) with n = 1. When d is even, the corresponding
right sides are exactly the same, and when d is odd, a few elementary identities, such as
L,L,—5F,F,=2(—1)YL,_,, transform one right side into the other. Conversely, subtracting
from (7) the same equation with d = n leaves a sum like that on the left side of (1). Again
various identities show that the corresponding right sides are equal. We note that our methods
are quite different from those of [3] and have also led us to (4)—(6). We also believe that our
methods both open up interesting avenues of investigation and can be pushed further than
they have been here.

{ FyF1a if d is even,
FdFm+d — Fm—l if d is odd

2. SOME VECTORS

In this section, we introduce some vectors. For the rest of this paper, we fix the length of
all vectors to be some positive integer d. We suppress the dependence of the vectors on d in
our notation.

Definition 2.1: For all integers n, define

F, Ly,
F; +1 L +1
ﬁ: = n and ﬁ = "
Fn+d—1 Ln+d—1

We refer to f—,: and E} as the n-th Fibonacci and Lucas vectors (of length d), respectively.
The following two vectors play a fundamental role in the study of Fibonacci and Lucas
vectors.

Definition 2.2: Define

1 1

: :

= o? and b = B
ad_l 6d'71
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The key facts relating @ and b to the Fibonacci and Lucas vectors are the following
generalizations of the Binet formulae.

Theorem 2.3: For all integers n,

fr= s (@ =57). )

E) :a"7+5”?

Proof: Compare the j-th entry on both sides of the equations. O
Recall the sum of a finite geometric series: For all real numbers v # 1,

v = : (10)

Lemma 2.4:

{ Fy(a — B)a?t ifd is even,
a-a =
Lgad=1 if d is odd,

7.7 { —Fy(a—B3)B4 Y ifd is even,
| Lgpit if d is odd,

= .7 { 0 ifd is even,
a-b =
1 if d s odd.

Proof: By definition of dot product and Equation (10), and since aff = —1,

E I S

L =2\F) T am-
_1\d.d _ pad
_ @dl—l ( 1_);4_ @B — od-1 (ad _ (_l)dﬁd) .
Suppose d is even. Then by (8)
7 7 —atla-p) (S0) et B
a-a =a" " (« o 5 )" a d

Now suppose d is odd. Then by (9)

@ - a =at! (ad + ﬁd) =% L,

The computation of b - b is similar. A direct computation using o = —1 gives a - b to
be claimed. O
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Consider the map which reverses each vector.
Definition 2.5: Define p : R¢ — R? by

() Va

V2 Vd—1
p(| . D=1 .

Vd (%1

Observe that p is a vector space isomorphism. Hence, for all integers n,

— 1 " /—> n
p(F) = = ("o(@) = 5"(D)) (11)
S p(ln) = a"p(@) + B7p( D). (12)
L S
& o
p(@) =a®! : and p(B)=pt | ©
(—B)4—2 (—a)d=2
| (—g)d-1 ] | (—a)i—t ]

d
p(0) - p(W) = ZP(T’)[Z]p(W)[Z] = Z ld—i|wd -] = Z THT =7 - @
In particular, p(@) - p(@) =@ - @, and p(@) - p(b) =7 b, p(b)-p(b)=b - b are

given by Lemma 2.4. Note that p is an involution, so
T p(W) = p(T) - .

The following are direct results of the dot product and other definitions.

Lemma 2.6:

7 ' p(E)) = dad_la

é
b

) = dﬁd_la

3. MAIN FIBONACCI AND LUCAS IDENTITIES

In this section we prove the shifted summation and convolution identities for the Fibonacci
and Lucas numbers which were stated in the introduction. We shall only present the details
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for the proofs of (1) and (4) since those of (2), (3), (5), and (6) proceed similarly. We shall
need the following generalizations of the Binet formulae: For all integers n and m,

a"Bm 4+ amB" = (—=1)"Lyp—n, (13)
Q"™ — B = (—1)"" o — B) . (14)

Proof of Equation 1: Observe that the left side is equal to jT,,; . f__>m by the definition of
the dot product. Now expand the dot product with (8) to obtain:

f?'ﬂ:aiﬁ(anﬁ—ﬁ"W)-aiﬁ(am?—ﬁm7>
_ % (@ @ 45y — (@ +am g @ D). O

First assume d is even. Then by Lemma 2.4 and (14)

—_— Fd

fn'fm:a_ﬁ

(an+m+d—1 _ ﬁ""’m“‘d_l) = Fan+m+d71-

Now assume d is odd. Then by Lemma 2.4 and (13)

—

f? . fm — (Ld(an+m+d—l + 6n+m+d—l) . (anﬁm + amﬁn))

(LdLn+m+d71 - (_1)anfn> . O

1
5
1
~ 5
Proof of Equation (4): Observe that the left side is equal to ]T,Z p(]?n_;) by the definition of

the dot product. Now expand the dot product with (8) and (11) and simplify using a— 3 = /5,
Lemma 2.6, and (13) to obtain:

FoeolFn) = 2 (070 =378 ) - (am(@) - 570(D)
= (2" o (@) + BT (5 (" + a5 T ()
= ¢ (da™ g g (), )
= % (dLntm+da—1 — (=1)"Lin—nFa). O

4. FURTHER FIBONACCI AND LUCAS IDENTITIES

We derive a few samples of consequences of Equations (1)—(6). Although many of these
results are known or consequences of known identities, Equations (1)—(6) provide very simple
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proofs. The first corollary provides straightforward generalizations of Lucas’ classic result
Z?zl F ]-2 = F,F,+1. The second and third corollaries, respectively, specify the sum and
difference of two squares which may not be consecutive, and the sum and difference of any
twwo Fibonacci numbers with even subscripts.

Corollary 4.1: For all integers n,

{ FiFoniq-1 if d is even,
Frivs = t (LaLonta— —2(=1)") if d is odd,
{ 5FqFon1d—1 if d is even,
L = LaLonig—1+2(=1)" if d is odd,
gF I { Fylopiq—1 if d is even,
=0 gty LdF2n—|—d—1 Zfd 15 odd.

Proof: Take m =n in Eq. (1), (2), and (3), respectively. 0O

Corollary 4.2: For all integers m and n,

LR { FomFrim if n —m is odd,
room £ (Lyn—mLnsm —4(=1)™) if n—m is even,
5Fh—mFrnim if n —m is odd,

L2+ L2 = { ‘ :
Ly—mLpim +4(=1)" if n —m is even,

FomLntm if n—m is odd,

’ ’ {Ln—an+m if n —m is even.

Proof: Subtract each of the equations of Corollary 4.1, with d replaced by d— 2
and n replaced by n+ 1, from the same equation with no changes, and simplify. Write

m=n+d-—1. 0O
Corollary 4.3: For all integers m and n,

Fo o Frim if n —m is even,

rRor={ A
5( n—m n+m+4<_1) ) an—mzs Odd;

12 12 _ { 5Fn—mFntm if n —m is even,
Ly—mLptm —4(=1)"™ if n—m is odd,

FomLntm if n—m is even,

F2n_F2m:FnLn_FmLm:{ . .
Ly—mFrim ifn—m is odd.

Proof: Subtract each of the equations of Corollary 4.1 from the same equation with n
replaced by n + 1, and simplify. Write m=n+d. O
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Corollary 4.4: For all integers £, m, and n,

Fo 1 Fop_mir—2 if £ is even,

FoiooFy_mio—1+Fy 1 Fy_p =
2 e ! { 5 (Le—1Lon—mre—o — 2(=1)"""Lpp—1) if £ is odd,

5Fp_1Fon _mie—2 if £ is even,

Lyte—2Ln—mie—1+ Ln—1Ln_pm =
+0—2 +-1 1 {Lglenm+ez+2(—1)n_mLm1 if £ is odd,

Fy_1Lon_miye—2 if £ is even,

Fn — Ln_m — + Fn— Ln—m =
+0—2 +0-1 1 { Lo 1Fop_pgp—o+2(=1)""™F,,_1 if { is odd.

Proof: To prove the first equation for postive ¢, simplify the result of subtracting (1)
with d, n, and m replaced by ¢, n — 1 and n — m, respectively, from (1) with d and m replaced
by ¢ — 2 and n — m + 1 respectively. For [ < 0, the result follows from the [ > 0 case and
the identities F_, = (—1)""'F, and L_, = (—1)"L,. The other formulae are derived
similarly. O

Corollary 4.5: For all integers m and n,

Fn—2m + Fn+2m—2

=L,
Foma "

Fn+2m71 + Fn72m71 .
L — L'n—1,

2m

Ly—om + Ln+2m—2 o
— —1
Fom1 "

Ln72m71 + Ln+2m71

= L,_1.

L2m

In particular, for fived n, each of the quantities on the the left-hand sides of these equations is
integral and independent of m.

Proof: To prove the first equation, let £ = m be even in the first equation of Corol-
lary 44, yleldlng Fn+m—2Fn—1 + Fn—an—m = m_lFQn_Q, SO (Fn+m—2 + Fn—m)/Fm—l =
Fon—o/Fn_1 = Fy4n_1)/Fn_1 = L,_1. Replacing m with 2m, we have the stated conclusion.

To prove the second equation, let £ = m be odd in the first equation of Corollary 4.4,
yielding Fpym—oFn_ 1+ Fpn 1Fp_mn = (Lin_1Lop_o —2(—1)""%L,,_1)/5. Simplifying, we find
that (F+m—2 + Fnem)/Lm-1 = (Lapn—2 + 2(—1)")/(5F,,—1). Now the left-hand side must be
independent of m: Setting m = 1 reveals the constant value to be Fj,_;. Replacing m with
2m + 1 gives the result. Similar arguments based upon the second equation of Corollary 4.4
give the last two results. O
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Corollary 4.6: For all integers n,

S j ()" FaFy if d is even,
(_1) Fn—an+j = 1 1 n+1L I I rd i dd
J=0 5 ((_ ) ala—1+ Qn) if d is odd,
S J 5(—=1)"FaFy— if d is even,
Z(_l) Lp—jLlny; = DL I b is odd
j=0 (=1)"LqLg—1 — Lon if d is odd,
S j (—1)"Fq_1Lq —2(—1)" ifd is even,
Z(_l) Fn+]Ln i = N E r Fd is odd
=0 (=1)"Fa-1Ldq + Fop if d is odd,
d—1 . o
(—1)F,_,L { (=) FyLa— if d is even,
pr P U (=) Ly Fa oy + Fan if d s odd.

Proof: Set m = —n in Eqgs. (1)-(3) and simplify with F_,, = (=1)"*'F, and L_,

(—1)"L,. O

We view the equations of Corollary 4.6 as generalizations of Cassini’s identity F? —
F,_1F,y1 = (—1)""1, which we recover by taking d = 2 in the first equation. When d = 3
and d = 4 the generalizations are F2? — F,,_1F,11 + F_2Fp10 = ((=1)""112 + Ly,)/5 and

F,% - Fn—an+1 + Fn—QFn+2 - Fn—SFn+3 = 6(_1)n+1-
Corollary 4.7: For all integers t,

a1 FaF:_4 if d is even,
Z(_l) Fij1Fij 1 . .
= g (LaLi—q+ Liy1) if d is odd,
d—1 g
I { —bSF Fi_g4 if d is even,
FO Pt = Ly a4 Loy ifd s odd
d—1 g
FaLi_4 if d is even,
Z( ) +1Lt J L.F . .
= aFi—q+ Fryq if d is odd,
a1 A —FyL;:_4 if d is even,
Y (-1 F L= Lo
— —LgF;_ g+ Fiyq1 if d is odd.

Proof: Take n =1 and m = —t in Eqgs. (1)—(3) and simplify with F_,, = (—1)"*!'F,, and

L_, = (—1)"L,. The last equation is derived by taking n = —t and m =1 in Eq. (3).

We now give some sample consequences of (4)—(6).

Corollary 4.8: For all integers £, m, and n,

FnF€+m71 + F€+n71Fm = 2Ln+m+571 - (—1)an,nLg,1,
LnLE—l—m—l + Lﬁ—i-n—le = 2Ln+m—|—€—l + (_1)n_mLm—nL€—la
FnL€+m—1 + Fé—i—n—le = 2Fn—|—m+€—1 - (_1)nFm—nL£—1-
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Proof: The proof is similar to that of Corollary 4.4. Here the equations F,,_1+F,11 = L,
and L, 1 + Ly+1 = 5F, for all integers n (see [1,2]) are useful in the simplification. O

5. LINEAR ALGEBRA AND FUTURE DIRECTIONS

This paper is based upon part of the Master’s thesis of the second author (Salter) [4]
performed under the joint supervision of the other two authors. This thesis dealt with the
linear algebra of the Fibonacci and Lucas vectors. Observe that we have in fact proven the
following dot product formulae.

Theorem 5.1: For all integers m and n,

f—> f—> B { FyFimtd—1 if d is even,
T (LaLngmta—1 — (=1)"Lyn—y)  if d is odd,
€—> — { SFaF+m+d—1 if d is even,
" LaLpgmad—1 4+ (—1)"Ln_n if d is odd,
f—> €—> B { FyLyymtd—1 if d is even,
" LaFgmed—1 + (1) if d s odd,
— — 1
fo - p(fm) = 5 (dLntmtd—1 = (=1)"Lin—nFa),

7 n
by - P(Em) = dLn+m+d—1 + (_1) Ly—nFy,

— — nal
fn : p(gm) = an+m+d—1 + (_1) Fr_nky.

Corollary 5.2: For all integers n,

|| f—>2 | = { FyFoniq-1 if d is even,
" L (LaLonta—1 —2(=1)") if d is odd,

H £—>2 | = { 5FgFontd—1 if d is even,
"0 LaLanga_1 +2(—=1)" if d is odd.

Corollary 5.3: For all integers m and n,

e
£_> £_> B 5fn - fm if d is even,
U 5 e A 2= 1) Ly if d is odd.

By Theorem 2.3, all Fibonacci and Lucas vectors of a given length lie in a plane. In
future work we shall further develop the linear algebraic and geometric results concerning the
Fibonacci and Lucas vectors studied in [4].
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