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ABSTRACT

The derivative polynomials for the hyperbolic and trigonometric tangent, cotangent and
secant are found in explicit form, where the coefficients are given in terms of the Stirling
numbers of the second kind. As an application we evaluate some integrals and also give the
reflection formula for the Polygamma function in explicit form.

1. INTRODUCTION

The derivative polynomials for tangent and secant, correspondingly P,, and @, are
defined by the equations (m =0,1,---):

(d%)mtanezpm(tane), (1.1)

d m
<@> sec = sec @, (tan )

(see Hoffman [5]). Thus, P,,(2) is a polynomial of degree m + 1 and @,,(z) is a polynomial of
degree m. The derivative polynomials have generating functions

m

9

tan(0 + z) = E P, (tanf)— —
m)!
m=0

sec(@ -l- x)
sec(6

}:thmm)

which result from Taylor’s expansions centered at = = 0 of the function f(x) = tan(f + ) and
g(x) = sec(f + x) for a fixed 0 (cf. [4, p. 287], [5], [8]). Recurrence relations are known for
both P, and @,,, see [5]. Hoffman presented a number of properties of these polynomials in
[5] and [6], but did not compute them explicitly. Detailed work on the derivative polynomials
can be found in Schwatt [13].

In this note we provide an explicit form of the derivative polynomials for tanh, tan, sech
and sec, where the coefficients are written in terms of Stirling numbers and P,,(0), @,,(0) are
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expressed in terms of Bernoulli and Euler numbers, respectively. We also give some applica-
tions, complementing the interesting applications in [5].

It is well-known that the Eisenstein series

NEEESSS (erm o)

k=1

(r - a positive integer) can be written as a polynomial of e1(z), see [10, Chapter 11]. In Section
5 we give this polynomial in explicit form (equation (5.3)). In that section we consider also

the Polygamma functions

Ynl2) = (di)+ log I'(2),

and provide an explicit form for their reflection formula:
d n
Yn(2) = (=1)"¢Yp(l — 2) = —7 (d—) cot mz. (1.2))
z

Finally, in Section 6 the derivative polynomials are used to evaluate some integrals.
2. PREREQUISITES

Let {Z} be the Stirling numbers of the second kind; see e.g., [4, Ch 6]. Consider the

geometric polynomials

wngﬁzzii{Z}k!xﬁ (2.1)

k=0

which serve as derivative polynomials for the geometric series

1 oo
—— =) " i <1,
k=0

according to the derivative operator xD (D = d/dz), that is,

1 1
}— wm(a:>,m:QLZ~wx#1 (2.2a)

1—=z
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or

> 1

ka kzl_xwm(lfx),when\x|<1, (2.2b)
k=0

see [2], [3, (4.10)].

We now define a more general class of polynomials. For any a,b € C set

Pm(2:a,b) = f: (7:) a™ bR (2), (2.3a)

k=0

or

AN (SR k| L
DPm(z;a,b) Z j!g A(k:){j}a b¥ | 27, (2.3b)
=j

Jj=0

Note that when a = 0:

Pm(2;0,b) = b™wp,(2). (2.4)
The importance of these polynomials comes from the following lemma.
Lemma 1: For every a,b € C with 2® # 1 and every m = 0,1,..., we have:
m xtxt xb _—
('TD) 1 — $b - 1 — xb Pm 1_—$b7aa ) (25&)
@pym 2 — (2.5b)
1+!I)b_1+l’bpm 1+l'b’ 9 9 .

Proof: We prove (2.5a). Let |2°| < 1. Then

(l’D) 1_xb _ mixa+bn:i a+bn)mxa+bn
n=0
" i i (m) am—kpkpkpbn — pa i (m) am—kpk {i nk(xb)n}
nohoo \ K o \F n=0

" /n kyk 1 b ¢ b
— pa m— = —DPm — ,b .
-7 (k:) {1—xbwk<1—xb>} 1-o? <1—xb “ >
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Now (2.5a) follows for every x® # 1 by analytic continuation. (2.5b) is proved in the same
manner.

3. THE DERIVATIVE POLYNOMIALS FOR COTH, TANH, TAN, AND COT

Define the derivative polynomial C,,(2) of degree m + 1 by

d m
PR = . . 1
(d@) cothf = C,,(cothh) (3.1)

Therefore, Co(z) =1, C1(2) =1 — 22, Cz(2) = 223 — 2z, etc.

Proposition 1: For m > 1 one has

z—1
Cn(2) =(=2)"(24+1) wn ( 5 ) (3.2)
where wy, is the geometric polynomial (2.1).
Proof: We have
0, —0
e’ +te 2
cothf = T o0 - ] o2 1.

Let x = €. Then d/df = xD and from Lemma 1,

d " m 1 m 1 .CL'_Q
(@> cothf = 2(xD) 12 2(-2) 1_ x_zwm (1 _ x—2) :

Set z = cothf. Then

1 e? coshf + sinhf 1 (2 +1)
ey = = —|Z
1—e20 g0 — 0 2 sinhé 2 ’
and,
e 20 e cosh 0 — sinh 6 1
1—e20 0 —e—0 2 sinhf 2

so we arrive at (3.2).
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The higher derivatives of tanh are formed in the same pattern as those of coth, as both
functions satisfy the same differential equation

y =1—y9y".

Therefore, C,, are also the derivative polynomials of tanh,

(i> tanh® = C,, (tanh?). (3.3)
de
Explicitly, for m > 1
Cn(2) = (— z+1§:7; (z — 1)k (3.4)
k=0

Thus, Cp,(—1) =0, Cp(1) =2(=2)"{"1'} = 0(m > 0) and

Cnl0) = (=2 () = (-2)” i e (35)

The numbers C,,(0)/m! are the coefficients in the Maclaurin expansion of tanhf. In view of
[4, p. 317, problem 6.76] one has

- k! 2
Z { } ~ 1 (1—=2"*) Bpsa,

k=0

where By, are the Bernoulli numbers, and then from (3.5)

Cn(0) = %2’”“ (1—2"*1) By (3.6)

Note that for even indices m = 2k the numbers Cs;(0) equal zero as the hyperbolic tangent is
an odd function. When m = 2k — 1:

1
Cor—1(0) = %2% (2% — 1) Boy. (3.7)
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Proposition 2: For m > 1 the derivative polynomials for the tangent are:

L4
Po(z) =" M2m (1 — iz)w, ( +;Z> .

(3.8)

This result follows, in the same way as in the proof of Proposition 1, from the representation

21

tanf = W —

We can obtain P,,(z) also from Proposition 1 by using the relation
tan(f) = —i tanh(:0).

Thus,

P, (tan ) = (i) tanf = —i" 1 C,, (tanh(i0)) = —i™T1C,, (i tan §),

do

and from (3.2)

Pon(2) = —™ L (—2)™ iz 4 1) wh (”2‘ 1) ,

which is the same as (3.8), as tan 6 is an odd function and from (1.1)
Po(—2) = (=1)"" P, (2).

In view of (2.1),
Po(2) = —jm+1 Em i 1)*
m(2) = =i (=2)"(iz + 1 2 2—k (iz— 1),

and in particular,

P = oSt

k=0
(obtained independently by Knopf [7]). Here P2, (0) = 0 and the numbers

Pap—1(0) = (—1)*C,—1(0)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)
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(see (3.9)) are known as the tangent numbers. In view of (3.7) we have the well-known repre-
sentation of these numbers ([4, p. 287], [11, p. 154], [10, p. 221]):

_1)k+1

——75%——-22k(22k — 1) Bayy,. (3.14)

Py—1(0) =

Finally, the derivative polynomials for the cotangent are
=P (—2) = (=1)"P,(2). (3.15)
This follows immediately from the equation

cot 0 = i coth(if).

4. THE DERIVATIVE POLYNOMIALS FOR SECH AND SEC.

Define the polynomials S,,(z) of degree m =0,1,--- , by
d m
<@> sech 6 = sech 6 S,,(tanh 0). (4.1)

One easily computes Sp(z) = 1,51(2) = —z, S2(2) = 2z — 1, etc.

Proposition 3: For m=0,1,---,

S}Az):]%1<1;éz;L2> (4.2)

Proof: Starting from the representation

sech 0 = m,
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we apply Lemma 1 with z = € to get

d\" T 2x —x?
= h = 2(zD)™ - - 1,2
(d@) See (D) 1122 1+a27 (1—|—x2 )

_629
= sech 6 Pm (m, 1,2) s

which is (4.2), because

20

-1
—=—A1 h@).
T o0 2( + tanh 0)

Remark: The numbers E,, = S,,(0) are the Fuler numbers, defined by

sech(z) = E Emz—'
n!
n=0

(see [1], [11, p. 153]). From (4.2) and (3.6):

m—+1
1 m+ 1\ _, k
E,, = 2%(1 —2°)B 4.3
nm et > (M) (13)

of. [11, p. 152].

Remark: S,,(z) is also the derivative polynomial for the hyperbolic cosecant, i.e.,

<di9) csch 6 = csch 6 Sy, (coth 6). (4.4)
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This can be easily seen by the same method using the representation

—2¢f
csch 0 = 1——620’

or by looking at the formation of the derivatives. It is interesting that if one uses the alternative
representation

9 —0
csch 0 = ]-_eﬂ (45)

for the above proof, the result is an equivalent form of S,,(z).

We turn now to the derivative polynomials @Q),,, for the secant,

d m
<@> sec = secl Q,,(tan0).

Proposition 4: For m = 1,2,--- one has:
Qm(z) =i S (iz). (4.6)
The proof follows from (4.1) and the equation

sec f = sech(if).

It is good to mention here also a convenient differentiation rule for the cosecant which
follows from the representation

R A A

5. THE HILBERT-EISENSTEIN SERIES AND THE REFLECTION FORMULA
FOR THE POLYGAMMA FUNCTION

Consider the series
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when r > 0, or
“&)= 2 Trp

when r > 1. Its theory is nicely presented in Chapter 11 of Remmerts book [10], where also a
biographical note on Ferdinand Gotthold Max Eisenstein (1823-1852) can be found. We shall
evaluate this series using the tangent derivative polynomials. It is known that [10, p. 326]:

e1(z) = meotmz. (5.1)
Differentiating this equation r — 1 times we find according to (3.15)

(D) tr—Dle(2)=m (%) ) cotmz = —n" P._1(— cot mz), (5.2)

and therefore, from (3.11),

. r—1
AT T -1
er(2) = G 1_7;>' csc? wz; {T k }ZTklk!(i cotmz — 1)F1

We can also write e,, explicitly as a polynomial of e;. From (5.1) and (5.2),

e — (( )17;'31 (%161). (5.3)

Next we look at the Digamma function

v(z) = - logT(:) (5.4)

where I'(z) is Euler’s Gamma function. The Polygamma functions v, are defined as the higher
derivatives of ¢, see [1, 6.4], [12]. Thus, 1y(z) = ¥(2) and

i) =00 = () ewr)
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(n=1,2,---). The Digamma function satisfies the equation [1], [12, p. 14]:
Y(z) — (1l — 2) = —mcot z,
(which reveals, in particular, that ¢ (z) — ¥ (1 — z) = —e1(2)). Differentiating this equation n
times, we find the explicit form of the reflection formula for the Polygamma function [1, p.

260), [12, p. 22], [14]:

Un(2) — (1) (1 — 2) = 7" P, (— cot 2) (5.5)

n
n
= —"tlgntlese? 12 2" kLl (i cot mz — 1)F L
; . ( )

6. EVALUATION OF INTEGRALS

Hoffman presented in [5, Theorems 4.1 and 4.2] the following evaluations

+oo el
dr = " escan Qn(—cotar), n >0,
L €71

+oo el
/ 1da: = w”*lpn(—cot am), n > 1,

xr __
o €

where 0 < a < 1. We want to add some more examples.

Example 1: Consider the integral [9, 2.5.46.5, p. 468]

> cos azx T Ta
dr = —sech— 6.1
/0 coshz 22N (6.1)

for all real a. Differentiating this equation n times with respect to a we find

o g ™ m\nt+1 Ta Ta
) de = (—) s, (t h—) . 6.2
/0 L (am + 5 ) x sech— an (6.2)

Example 2: Next we consider a similar integral [9, 2.5.46.4, p. 467]:

> sinax T Ta 1 1—1ia 1+ ia
/0 coshxd$:_§tanh7+§[w< 4 >—¢( r )}’ (6:3)
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where 1(z) is the Digamma function (5.4). This leads to

/000 cozzx sin (aa: + %) de = — (g)nH Cn (tanh %a) (6.4)

by [ (1512) - me (222))].

In the same way one obtains explicit evaluations of the integrals (2) and (5) in section 2.5.47,
p. 469 in [9].

The two integrals (6.2) and (6.4) can be united in one to give a more compact result.

Proposition 5: For every n =0,1,--- and every real a,

coshzx

/ T gieegy = (6.5)
0

(1) (g)nﬂ [Sech%a s, (tanh%a> —ic, (tanh%a)}

1 1414 1—1
b [0 (500 - oo (7).

This formula obviously extends to complex |a| < 1 (cf. 2.5.47(4), p. 469 in [9]).

At the end, the author wishes to express his gratitude to the referee for a number of
helpful remarks.
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