ONE PARAMETER GENERALIZATIONS OF THE FIBONACCI AND
LUCAS NUMBERS

MOURAD E. H. ISMAIL

ABSTRACT. We give one parameter generalizations of the Fibonacci and Lucas numbers
denoted by {F,(0)} and {L,(0)}, respectively. We evaluate the Hankel determinants with
entries {1/Fj 41(0) : 0 < 4,5 < n} and {1/L;yr41(6) : 0 < i,5 < n}. We also find the
entries in the inverse of {1/F;1x+1(f) : 0 < ¢,j < n} and show that all its entries are
integers. Some of the identities satisfied by the Fibonacci and Lucas numbers are extended
to more general numbers. All integer solutions to three Diophantine equations related to
the Pell equation are also found.

1. INTRODUCTION

The Hilbert matrix M, has entries 1/(: + j+ 1) : 0 < 4,7 < n. It is well-known that,
for all n, H, is nonsingular and the elements of its inverse matrix are all integers, see for
example [6]. The determinant of H, has a closed form expression which shows that the
determinant is very small for large n. This is important in numerical analysis because the
smaller the determinant, the larger the condition number becomes and computing the inverse
numerically becomes unstable. Many other applications of the Hilbert matrix are in [6].

The Fibonacci numbers have many interesting properties and appear in many areas of
mathematics [12, 17]. One unexpected result is due to Richardson who showed in [15] that
the “Filbert matrix” is also nonsingular and its inverse has only integer entries. The 7, j entry
of the Filbert matrix is 1/F;y;+1 where 0 < 7,5 < n and {F, : n > 1} are the Fibonacci
numbers.

One way to compute the determinant of H,, is to note that it is the Hankel determinant
associated with a constant weight function supported on [0,1]. Berg [5] observed that the
reciprocals of the Fibonacci numbers form a moment sequence of a special little g-Jacobi
weight, [9, Section 18.4]. He used Lemma 1.1, to be stated below, to prove Richardson’s
result.

Recall that the Chebyshev polynomials of the first and second kinds are

sin((n + 1)0)

—_— 1.1
sin 6 ’ (L.1)

respectively. Askey [3, 4] observed that the Fibonacci numbers {F),} and the Lucas numbers

{L,} are related to the Chebyshev polynomials via

Foy1 = (—1)"Uy,(isinh(6y)), Lyt = 2(—1)" T, (isinh 6y)) (1.2)

where 6y > 0 and sinh 6y = 1/2.
The purpose of this paper is to give one parameter generalizations of the Fibonacci and
Lucas numbers. Our generalization comes from the Chebyshev polynomials of the first and

second kinds. Our generalizations of the Fibonacci and Lucas numbers satisfy the recurrence
relation

T, (cos0) = cos(nb), Uy, (cosf) =
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Yn+1 (‘9) = 2sinh Qynw) + yn—l(e) (1°3)

and the initial conditions (2.12) and (3.2). We generalize Richardson’s result by replacing
the Fibonacci numbers by our generalized Fibonacci numbers. This will be done in Section 2.
In Section 3 we introduce the generalized Lucas numbers and study some of their properties.
We also give a closed form evaluation of a Hankel determinant whose elements are reciprocals
of Lucas numbers.

The book [12] contains many results on Fibonacci and Lucas numbers with detailed proofs.
On the other hand we found Vajda’s book [17] to be very comprehensive but concise. In
Section 4 we extend some of the properties of the Fibonacci and Lucas numbers to our
numbers. We have only included a sample of the identities involving {F,,(6)} and {L,(0)}.
There are many other relationships involving the Fibonacci and Lucas numbers which extend
to our more general sequences { F,,(0)} and {L,,(0)} but we made no attempt to include them.
In Section 5 we describe all integer solutions to

v — kay — 2% = +1,

for a given integer k > 1. We also characterize all integers n for which n?(1 + k%) £ 4 is a
perfect square when k is odd. When k = 1 these results reduce to known facts involving the
Fibonacci numbers.

The connection between Fibonacci numbers, hyperbolic functions, and Chebyshev polyno-
mials was observed but somehow never fully exploited, see for example [17, Chapter 11], and
[13]. Another recent development is due to Kalman and Mena [10] who treated sequences
which satisfy the three term recurrence relation

Ynt1 = QYpn, + bYp_1,

under general initial conditions. They derived many of the properties that their generalized
sequence share with the Fibonacci or Lucas numbers. Our numbers being less general than
the Kalman-Mena numbers have additional properties. For example the inverse matrix to
1/L;14+4+; does not have integer coefficients, while the inverse matrix to 1/F;; ;41 as well as
1/F;1j11(0) have integer entries, {F},(0)} being our generalization of the Fibonacci numbers.
Some of the other refined properties involving congruences and integer points on algebraic
curves or surfaces do not extend to the very general setting of Kalman and Mena.

We now come to Lemma 1.1.

Let 1 be a measure whose moments, so # 0, s, := [, 2"du(z) exist for all n = 0,1,...,
and let {p,(x)} be the sequence of polynomials orthogonal with respect to y, that is

/R P (@)pn(2)dp(@) = Gumpn,  Go # 0 (1.4)
forn =0,1,2,.... We shall always normalize u by {, = 1, so that y has a unit total mass.
The corresponding Hankel matrix and Hankel determinant are

S S1 ... Sp S S1 ... Sp
H — 3.1 3'2 Sn‘—i-l D, — 3.1 3'2 Sn‘—i-l | (L.5)
Sn Smi1 .. Som Sn Sni1 .. Som
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respectively, and n = 0, 1, .... The orthonormal polynomials {p,(z)}, pn(z) = pn(z)/v/Ca
have the determinant representation
So S1 v Sn,
1 S1 S22 cr Sp4l
() = ——— Do Co. 1.6
p <x> \/m . . . ( )
Sp—1 Sn " S2n—1
1 =z "
The kernel polynomials are
Kn(z,y) = Zpk(x)pk(y>/cn- (1.7)
k=0

Let F(z,y) be a polynomial in = of degree n and a polynomial in y of degree at most n. If
Je F (2, y)p(y)du(y) = p(x) for every polynomial p of degree < n then F(z,y) = K,(z,y).
This leads to the following lemma.

Lemma 1.1. Let
K,(z,y) = Z a;r(n)x? y". (1.8)
4,k=0
Then a;i(n) = ayj(n) and the matriz A, whose entries are {a;x(n)} is the inverse of H,.

Lemma 1.1 is in the paper [16] by Tracy and Widom and in Berg’s paper [5]. It directly
follows from the determinant representation [1, page 9]

0 1 A z"
! 1 So S1 - Sn
Kawy)=—5- |V $1 S o Seal, (1.9)
yn Sn—1 Sn Tt Son—1

2. GENERALIZED FiBoNAcCI NUMBERS

Consider the Chebyshev polynomials of the second kind
i(m/2—i0)(n+1) __ e—i(ﬂ'/2—i9)(n+l)

el
oi(m/2—i6) _ o—i(r/2—i0)

Up(isinh @) = U, (cos(m/2 — i6) =

et (_1)n€—(n+1)0 (2-1)
e? +e?
Set
e(n+1)9 + (_1)n6—(n+1)9
Foi1(0) = (—1)" U, (sinh(if)) = (2.2)

ef +ef
The explicit representation of the Chebyshev polynomials of the second kind, see for example
9, Section 4.5] leads to

[n/2]
F.(0) = Z (27;—:_11) sinh"~2*(6) cosh? (). (2.3)

MAY 2008/2009 169



THE FIBONACCI QUARTERLY

Choose y > 0 so that coshfy = v/5/2. Thus sinhf, = 1/2 and % = ¢ in Berg’s notation
in [5]. Clearly e=% = (v/5 — 1)/2 — ¢ in Berg’s notation. Thus F,(6y) = F,, n = 1,2, ...,
the Fibonacci sequence. Moreover

1— (_1)n€—2n0

_nb
F.(0)=e g (2.4)
For positive integer o we have
Fa A 1—(— —20\a
( ) — e—nﬁ ( € ) ) (25>
Fria(0) 1 — (—e 2)nte
With
g=—e% (2.6)
we arrive at
1 P 2
F(0) = em—00 2 =1 (2.7)

1—q°
Formula (2.7) enables us to extend the definition of F},(#) to nonpositive values of n. This
agrees with defining F,(0) for n < 0 from (1.3) and the initial conditions (2.12) below.
Indeed it is easy to see that

Foal6) = (—1)" Fy(6). (2.5)
From (2.7) it follows that
Fa(0) k0 k
=(1—¢” q /e )" q*". 2.9
Fronl) ( )kz:%( /€”) (2.9)
Now use (}), to denote the binomial coefficient relative to {F,(6)}, that is
n n Fn(Q)Fn_l(Q) tee Fn_k+1(9)
—1, — . 2.10
).~ (), “Ronw - wo 210
Theorem 2.1. We have
n n—1 n—1
=Fy_ _ : A1
(1), =o' ), s e (120), )

Proof. 1t is easy to write the right-hand side of (2.11) in the form
1 n
757 (1) 1O a(6) + FiO) i 6]

== (3) <10 = a0 = a1 = g -
The quantity in the square bracket simplifies to (1 — ¢)(1 — ¢") and the result follows. O
It is clear from (2.2) that
Fi(0) =1, Fy(0)=2sinh6. (2.12)
We now choose 6 such that

sinh § = a positive integer. (2.13)

170 VOLUME 46/47, NUMBER 2



ONE PARAMETER GENERALIZATIONS OF FIBONACCI NUMBERS

It then follows from the three term recurrence relation for Chebyshev polynomials that
{F.(6)} solves (1.3) under the initial conditions (2.12). This and (2.13) show that F,(0) is
a positive integer for all n,n > 0. Theorem 1.1 implies that (Z) is always a positive integer
when n > 0.

We can express (2.9) as the nth moment of the measure

F

v(z) = (1—¢%))_ ¢z —¢"e™), (2.14)

where 0(z — ¢) is a unit atomic measure located at © = ¢. When « is even this is a positive
measure with total mass = 1, otherwise v is a unit signed measure. In view of (18.4.11)
and (18.4.13) in [9] we see that the corresponding orthogonal polynomials are little g-Jacobi
polynomials {p,(xe’; ¢®* 1)}, where

po(x;a,b) = 201(¢", abg" ;s ag; q, qx)

3 (@ @)n(abg" Y q); 51y (=) (2.15)

GO G Dy — (agiq);

j=0
and the ¢-shifted factorials are
(A;Q>s = (1 — )\)(1 — /\q) Ce (1 _ )\q371>.

The above ¢ is a base for the g-shifted factorials and is not the same as in (2.6).
In terms of the generalized Fibonacci coefficients the polynomials are expressed as

o n+a-—1 o
P(2) :=( ) pulae’s 1, 1)
n F

. (2.16)
E—1 -
k=0 F F
The orthogonality relation is [8]
Fa(0)
(o) @ () d = (=1) -2 5 2.17
pm T pn x v\r m,mn- .
[ @ @ dvta) = (<1 (217)
Recall that if the orthonormal polynomial of degree n is
Ynx" 4+ lower order terms
then the Hankel determinant D,, is given by
D, =[] (2.18)
j=1

Consequently
det {1/F4i45(0) : 0 <1i,7 <n}

ﬁ . (a 4 2;: - 1>J - | (2.19)

k=1

n+1

= (-1 (o)
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Theorem 2.2. Let A be the matriz {1/Fuij4x : 0 < j,k < n}. Then A~ has the matriz
elements

(_1>(a+j+k)n*(§)*(§) Foyirn(0) (Oz :f Z j)

X(a+n+k) (a+j+k—1> (a+j+k—1)
n—j F ] F k IE"

Proof. Use Lemma 1.1, (2.16), and (2.17). O

3. GENERALIZED LucAs NUMBERS

We now consider the Chebyshev polynomials of the first kind
T, (isinh @) = T, (cos(m/2 — if) = [e!(™/2=0n | g=ilm/2=ib)n]

in

= — [6”9 + (—1)”6’”9} :

2
Define the generalized Lucas numbers by
L,(0) = 2(—=i)" T,,(cos(i6 — 7/2) = [e" + (—=1)"e ], (3.1)

forn=20,1,.... Thus,
Lo(0) =2, Lq1(f) = 2sinhé. (3.2)

Hence, Ly(0) = cosh(26). It readily follows that {L,(0)} solves (1.3) under the initial condi-
tions (3.2). Assume

2sinh § = a positive integer. (3.3)

Consequently L, () is a positive integer for all n, n = 1,2,.... Clearly there are infinitely
many such 6’s. Moreover L, (6y) = L
In view of (2.6) we see that
Lo,(0) = e [1+¢"]. (3.4)

We extend the definition of L,(0) to n < 0 by (3.4). The explicit representation of 7,,(z),
9, Section 4.5] establishes the representation

L (e)zmz/2J ") sinh™2*(9) cosh2*(6). (3.5)
" 2%

k=0

It readily follows from (3.4) that

La(6) - o
Tl ) (1+¢* kZ:O .

Define a measure 1) by

(—¢™)*6(x — ¢"e™), (3.6)

NE

= (1+4q")

=
Il
o
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where, as before, §(x — ¢) is a unit atomic measure located at x = ¢. Analogous to the
definition (2.10) the binomial coefficient relative to the generalized Lucas numbers {L,(0)}

(Z>L -t @ - Ln%; L(<00>> = -L?:@B(Q)‘ (3.7)

It is unlikely that the binomial coefficients relative to the generalized Lucas numbers are
integers, but they may be integers if we only use the generalized Lucas numbers of odd
indices.

The polynomials

o n+a—1 a—
) ¢=( ) pu(we’; —g* 1, 1)
n L

n 3.8
n a+n+k—1 k(%) (3.8)
= (—1) 2) x
=0 k) n L
are special little g-Jacobi polynomials and satisfy the orthogonality relation
La(0)
(o) (a) — an o
P (x)py (x) dv(z) = (—1 Om.n- 3.9
@ @ dvta) = (<1 (39
The proof of (2.19) can be modified to establish
det {1/Lq+i+;(0) : 0 <1i,5 <n}
-1
nt1 “ o2k — 1 3.10
— (_1)(1( ; )L;n<9) HLQ+2k (OZ + ) ' ( )
k=1 k L

4. RELATIONS

Let y, be a solution to (1.3) with integer initial conditions and y; and ys. If yo and y; are
relatively prime then y,, and y,,1 are relatively prime. This follows by induction from (1.3).
Consequently F,(0) and F,,1(0) are relatively prime, and so are L, (0) and L,1(0).

The following result follows from (2.6)—(2.7) and (3.4).

Theorem 4.1. For all integers a, n, 1, j, the following identities hold

Fointi(0) Fosnss(0) — (=1)* T E,_(0)F,—;(0)

= Fronl6) iy 0), oy
Fogi(0) Frs(0) — Fo(0) Fayig;(0) = (=1)"Fi(0) F5(0), (4.2)
together with their companion formulas
Lotn+i(0) Latnt(0) = (=1)*FH (4 + &%) Ly—s(0) Ln—;(9)
(4.3)
- La+2n<9)La+i+j(0)a
Lu4i(0) L (0) = La(0) Lt (0) = (=1)" 1 (k* + 4) F3(0) F(0), (4.4)

where k = 2sinh 6.
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One interesting application of (4.2) is to take i = —j = 2, replace n by 2n+1 and conclude
that
Fy o 1(0) ==k (mod Fy,—1(0)) and Fy,_,(0) = —k* (mod Fy,41(0)). (4.5)
Thus, given an integer k£ a solution to the system of congruences
=—k* (modb), and a*=—k* (modb),

is (a,b) = (Fo,-1(0), Fon41(0)). The converse to this may be true, at least for certain values
of k and it is interesting to characterize such values. In the case k = 1 the converse is due
to Owings [14].

One of the topics in Sections 32.3-32.4 in [12] is the question of evaluating the sums

Y EFF.

i,3,k>0,i4j+k=n

We consider the more general question of evaluating S,,,

Sm(n) = Z Fj1Fj2 "'ij' (4'6)

J1,J250-Jm 1 +j2++im=n

Since S,,(n) is an m-fold Cauchy convolution we find

> Syt =t"(1—t =)
n=0

The ultraspherical polynomials {C¥(z)} have the generating function
Z CY(x (1—2at +3)™

9, Section 4.5]. They have the explicit formula

/2]
vy (2v), 2" (2% — 1)k
CL) = 2 o 1 1/2) (n— 20

It is clear that S,,(n) = 0 if n < m. Therefore,
Sm(n+m) = (—1)"C"(i/2)

|_"/2J (5/4) (47)
(m+ 1/2) (n — 2k)1

Formula (4.7) generalizes many of the formulas in [12]. The only drawback of (4.7) is that
it does not show that S,,(n) is an integer. Indeed the individual terms in the sum (after
multiplication by 27"(2m),,) are not integers but their sum is an integer.

Theorem 5.9 in [12] asserts that

Fn+an—k - F,f = (_]‘)n+k+1FI§7
and is attributed to Catalan. Equations (2.6) and (2.7) yield the identical result
Frogi(0) Fai(0) — F(0) = (=1)"1LEL(0). (4.8)
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A consequence of (4.8) is that if p | F},(8) and p | F,+x(0) then p | F(). The case k =1 of
(4.8) is

F1(0) o (0) — FS(Q) = (=" (4.9)
and generalizes the Cassini formula, [12, Theorem 5.3]. Moreover
Fy(0) Fi0)\" _ [ Fua(0) F.(9) (4.10)
F1(0)  Fof) F.(0)  Faa(0))” '

follows from equations (2.6) and (2.7), and the fact that

F0) F0) 1 1 e’ e? 0 1 e’
Fi(0) Fo0) )  14+e2\e? —1)J\0 —e?)\e? —1)°
One can prove a formula similar to (4.10) and involving the generalized Lucas numbers. The

relationship (4.9) follows from (4.10) by evaluating the determinants of both sides.

Theorem 4.2. The generalized Fibonacci numbers have the property

arctan(k/Fop,11(0)) + arctan(1/Fy,,12(0)) = arctan(1/F,,(0)), (4.11)
where k = 2sinh 0. Moreover
arctan(k/Fy,13(0)) = arctan(1/k). (4.12)
n=0

Proof. Clearly (4.11) is equivalent to

{ k N 1 } / [1 B k B 1
F2m+1 (0) F2m+2(‘9) F2m+1 (9>F2m+2(9) F2m<9> ‘
In other words we need to show that
[k Fomy2(0) + Fomi1(0)] Fom(0) = Fomy1(0) Famia(0) — k.
The above can be rewritten as
k(L + Fomy2(0) Fan(0)] = Foms1(0)[Fami2(0) — Fom (0)] = kF5,, ., (6),
which follows from (4.9). Finally (4.12) follows by telescopy from (4.11). O

It is easy to prove the following result
> F2(0) = 2sinh OF, () Frsa (0). (4.13)
j=1

which reduces to a theorem of Lucas when 6 = 6, see Theorem 5.5 in [12]. One can also
prove

F 1 (0) + F(0) = Fansa (0),
F2 . (0) — F2(0) = 2sinh 6 Fy,,41(0).

When 6 = 6, the above identities reduce to results of Lucas, [12, Corollary 5.4].
The Lucas numbers are related to the Fibonacci numbers via

Lin(0) = Frnia(0) + 1 (0) (4.15)

which follows from a calculation using (3.4) and (2.7).

(4.14)
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The identities (5) and (7a) in [17] extend to

Lns1(0) + L_1(0) = 4 cosh? OF,(6) (4.16)
and
Foi2(0) — L,—2(6) = 2sinh 6L,,(0), (4.17)
respectively.
Another identity which follows from (3.4) and (2.7) is
Ln(0)F,(0) — Frin(0) = (—1)™ Ly, (). (4.18)
With n = tm we iterate (4.18) and derive the finite continued fraction expansion
oty 0 1 L o
In the above equation L,,(#) appears m times.
Theorem 4.3. The following identities hold
Fy,(0) = FL.(0)L,(0), (4.20)
nim(0) (1) Fnm(0) = Fu(0) L (0) (4.21)
FG " whe T E (22

J=0

Proof. Formula (4.20) is the special case m = n of (4.21). The proof of (4.22) is by induction.
It clearly holds when n = 1. The induction step uses

By (9) 1 Fon(6)
FQTL (9) F2n+1 (9) F2n+1 (9)
which follows from (4.20) and (4.21). O

By letting n — oo in Theorem 4.3 we find

1 —0
ZFn(G) =14+ e 7 cothb.

In the case of the Fibonacci numbers 6 = 6, the above sum reduces to (77) page 60 in [17].

n=0

5. INTEGER POINTS ON ALGEBRAIC CURVES AND SURFACES

In this section we prove two theorems describing all the integral points on the curves
y? — kxy — 2% = £1 for a positive integer k.

Theorem 5.1. Let 0 > 0 be given and assume that k := 2sinhf > 1 is an odd integer.
A positive integer n is a generalized Fibonacci number if and only if 4n®cosh®6 + 4 or
4n? cosh? @ — 4 is a perfect square.

Proof. We will only consider positive solutions to

22 (k* +4) —y* = +4. (5.1)
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It is clear that
(K* 4+ 4)F2(0) — L2 (0) = 4cosh*0F2(0) — L2, (0)

1_ 2
_ (66 + 6_9)262(m_1)9 ( - _qq ) . (1 + qm)2€2m9

which simplifies to 4(—1)™*!, so it is equal to +1. Hence, n = F},,(cosh #) makes 4n? cosh? =+
4 a perfect square. To prove the converse assume that 4z? cosh? @ + 4 is a perfect square
= y? say. We assume z; > 1 and the case #; = 1 we considered at the end. Thus,

o =ai(k* +4)+4 with 2 > 1.

m

It can be easily seen that x; > 1 implies y; > kx;. Let
Ty = (1 — kz1)/2, o = |(kyr — (K* + 4)31) /2]

Both x5 and ys are positive integers since x; and y; have the same parity. A calculation
shows that x = x9,y = ys solve (5.1). Moreover x5 < 7 if and only if y; < (k + 2)z, that
is if and only if x3(k? +4) + 4 < (k + 2)?z?, since the left-hand side is y7. Clearly the latter
inequality holds, hence 0 < x5 < z;. We continue in this manner until we reach z, = 1.
Thus, y2 = k*+4+4. The case — leads to y,, = k but the case + makes (y, —k)(y, +k) = 8,
hence, y, = k+2/ and y,, = —k + 2377, for some j = 0,1,2,3. This forces y,, = (27 +2377)/2
so that j must equal 1 or 2, that is y, = 3 which contradicts k£ > 1. Thus, the only solution
is y, = k = L1(0) and x; = F1(0). By reversing the above steps, and using (4.15) and (1.3)
we see that x1 = F,,(0) and y; = L, (0). O

Note that in the process of proving Theorem 4.3 we also proved the following.

Corollary 5.2. We have
4cosh® F2(0) — L2(0) = 4(—1)"". (5.2)

In particular {F,,(0)} and {L,(0)} cannot have any common divisor larger than 2. Moreover
F,.(0) and L, (0) have the same parity.

Note that the Diophantine equation (5.1) is a special case of the Pell equation.
Let

k := 2sinh 6. (5.3)
Observe that
EF? 1 (0) — kF,(0)Foya(0) — F2(0) = (—1)" (5.4)

follows from replacing the F’s in the left-hand side by the corresponding expressions from
(2.7). We now prove a converse to (5.4). Consider the Diophantine equations

y:—kay — 2t =1, D
.6)
The integer solutions to (5.5) or (5.6) will be denoted by (z,y). It is clear that if (x,y) is
such a pair then (—z, —y) will satisfy the same equation. Moreover if (x,y) satisfy (5.5) (or

(5.6)) then (y, —x) will solve (5.6), (respectively (5.5)). Hence there is no loss of generality
in assuming x > 1 and y > 1.

y? — kay —a? = —1.
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Theorem 5.3. Let k be an integer, k > 1, and related to 6 through (5.3). Assume that (x,y)
solves (5.5). Then there exists a positive integer n such that (z,y) = (Fon(0), Font1(0)). On
the other hand if (z,y) solves (5.6) then there exists a positive integer n such that (x,y) =

(F2n—1(9)a F2n(9))

Proof. The proof consists of three steps.

Step 1. We show that the smallest positive x satisfying (5.5) is = k. To see this write
(5.5) in the form y(y — kx) = 22 + 1, hence, y = kz + z and z > 1. Thus (5.5) becomes
x(x — kz) = 2% — 1, which shows that x > k = Fy(f). The only possible answer for y is
y = F3(0). Indeed the point (Fy(0), F3(6)) lies on the curve (5.5).

Step 2. We use induction. Assume that all solutions to (5.5) are of the form (F;(0), F2j+1(0)),
for 1 < j < m. Let z > F3,(0) and assume that = is the smallest integer such that (z,y)
solves (5.5). Rewrite (5.5) as

(y — kz)? — 1= (k* + 1)2* — kay = 2[(k* + 1)z — ky].
Thus, (k* + 1)z — ky > 0. We have already shown that y > kx. Define (9, y0) by
zo = (k* + )z — ky, Yo =1y — kx. (5.7)

Both zy and yy are positive integers. Moreover zo — x = k(z — ky) < 0, that is zy < =z,
hence, xy < Fy,,(0). By direct computation we see that (xg, o) solves (5.5), hence there is
a positive integer r such that xy = F5,(0) and yo = F5,41(0). From (5.7) it follows that

r=ux0+ky and y=kzo+ (1+Ey.

Hence, z = Fy,12(0) and y = Fy,,3(0).
Step 3. Assume that (z,y) solve (5.6) and set (xo,%0) = (y,x + ky). A calculation shows
that (o, yo) satisfies (5.5), hence, (y,x + ky) = (F2;(0), F5;_1(0)), for some positive integer
J, which implies (z,y) = (F3;(6), F2j-1(0)), and the proof is complete. O

We next extend the following identities of Carlitz [12, p. 91, Example 90-91]:

Z3 =72 =7 =32y 10Ty, Zj=FjorlL;.
Theorem 5.4. With k = sinh @ the identity
Zy 2 (0) = K Z,(0) — Z,, ,(0)
=3kZn41(0)2,(0)Z,—1(0),

holds for Z,(0) = F,(0) or Z,(0) = L,(0).

Proof. After using (1.3) we see that the left-hand side of the above equation in the Fibonacci
case 1S

(5.8)

2sinh 0F, (0)[F2,1(0) + E2_1(0) + Fi1(0)F,—1(0)] — (25inh 6)° F2(6)
= 2sinh OF, (0)F,—1(0)[F41(6) 4+ 2sinh 0F,(0) + F,—1(0) + Fn41(0)]

which simplifies to the right-hand side of (5.8). We only used the recurrence relation (1.3)
to establish (5.8). Thus (5.8) also holds for {L,(6)} since it also satisfies (1.3). O

It is interesting to determine all the positive integer points on the surface 23 — y3 — 23 =

3zyz. We suspect that the only solutions are (z,y, 2) = (F—1, F, Fnt1) or (Ln—1, Ly, Lny1).
This would give a converse to Carlitz’s identities (5.8). Similarly it is of interest to determine
all the the positive integer points (v, 2) which lie on the surface 2% — k%y® — 2% = 3kxyz
for a given positive integer k.
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Fairgrieve and Gould [7] studied formulas involving differences of products of Fibonacci
numbers. They claim that computer searches yielded only the list of formulas stated below.
They pointed out that some of these formulas were already known and references are given

in [7].
FopFopoF, 16— F5+3 = (_l)nFm
FoFnaFogs — Fly = (=) oy,
Fn—QFr%-s-l - Fr:j = (_1)n_1Fn—1a
Fn+2F3—1 - FS’ = (=1
Fn—3F7§+1 - F, (_1)

n

n
n

It is clear that we can rewrite the last equation above as

FosF3  —F' = (=1)" [FpFnir 4+ 2F) 4] .

These can be extended to the numbers F, (0). The extensions are given below.

Foi1(0) Foya(0) Frys(0) — Fr5(6)
(=)™ [F*F,(0) + (K — 1) Fya(0)]
Fn(H)Fn+4(9)Fn+5<0) - F§+1<0)

= (=)™ [Fovo(0) + k(k — 1) Fopa(0)]
Foa(0)Fy 1 (0) — FJ(0) = (=1)" " [kF,-1(0) + (K — 1) Fa(0)]
Fria(0)Fy_1(0) — F(0) = (—1)"[Fa(0) + kFoa(0)],
Fos(0)F,1(0) — F(0)
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- [Fn—an—‘rS + 2Fyﬂ
FopsF2 | —Fy = (1) [F2 + F,F,1 +2F. ).

)
)
= (=1)" [Fae1(0) Foys(0) + 2, (0) + (K — 1) Fu(6) i (0)
)
)

)
—1)" [E2(6) + F(0)F—1(6) + 2F._1(0)] -
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(5.15)
(5.16)
(5.17)
(5.18)
(5.19)

(5.20)
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out reference [17]. Berg provided me with a copy of his work [5] which initiated my interest
in the subject. Edwin Clark sent me a copy of [10] and made very interesting remarks.
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