ON THE SUM OF RECIPROCAL FIBONACCI NUMBERS
HIDEYUKI OHTSUKA AND SHIGERU NAKAMURA

ABSTRACT. In this paper we consider infinite sums derived from the reciprocals of the
Fibonacci numbers, and infinite sums derived from the reciprocals of the square of the
Fibonacci numbers. Applying the floor function to the reciprocals of these sums, we obtain
equalities that involve the Fibonacci numbers.

1. INTRODUCTION

A great many Fibonacci and Lucas identities have been discovered so far by many ama-
teurs and professional mathematicians. Recently, the first author has found some new sum
formulas for the reciprocals of the Fibonacci numbers, and the reciprocals of the square of
the Fibonacci numbers.

Our theorems are as follows:

—1
f: 1 ) P, if n is even and n > 2;
— I | F,o—1, ifnisodd and n> 1.

Theorem 1.

Theorem 2.
-1
i 1 JF. 1 F,—1, ifnis even and n > 2;
— F? | F,,F,, if n is odd and n > 1.

We believe that these theorems involve new ideas. In this note, we shall prove these
theorems.

2. PROOF OF THEOREM 1
To prove Theorem 1, we need two lemmas.

Lemma 1.

Fn—2 . .
1 <1, if n is even and n > 2.
(1) ; i

— F,
(2)2 2> 1, ifnis odd and n > 1.
k=n

Fy,
Proof. For n > 0,
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(1) If n is even and n > 0, then

Therefore,
> ! + ! +
F, Fopo Fuo Fus
Using this inequality for n > 2 repeatedly, we have

1 - 1 n 1 n 1
Fn72 Fn Fn Fn+1

>1+1+<1+1+1>
Fn FnJrl Fn+2 Fn+2 Fn+3
>1+1+1+1+(1+1+1)
Fn Fn+1 Fn+2 Fn+3 Fn+4 Fn+4 Fn+5
>>1+1+1+1+1—|—1+
Fn FnJrl Fn+2 Fn+3 Fn+4 Fn+5
_y L
k=n Fk
And we have
. Fn—2
S iy
k=n Fk
if nis even, and n > 2 .
This inequality holds for n = 2. Thus (1) is proved and (2) is proved similarly. O
Lemma 2. Forn > 1,
F, 01
1 — < 1.
(1) ; T
— Fn—2 + 1
2 — > 1.
(2) ; >
1 5 1—+v5
Proof. We denote o = +2\/_ and (= 2\/—
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(1) Let k>m > 1.

Then,
VB(Fym—a ™) = obm = gt — ook - gY)

— Oé_mﬁk _ﬁk—m S a—m | 5 |k + | ﬁ |k—m

< 131+ |8°=2< V5.
Therefore,

Fo_pp —a ME, < 1.
Therefore,

Fi_,—1 -
«
Fy

Putting m = k — n + 2, we have

Fop—1 n—2—k

< (2<n<k+1)
By this inequality, we have
- Fn—2 —1 - n—2—k = i 1 1
> £ >0 ZO‘ 2(1—a1) a—a
k=n k=n j=2
Thus, (1) is proved and (2) is proved similarly. O

Proof of Theorem 1.
Case 1. n is even, and n > 2. If n = 2,

=1 1
E — > —=1.
k:2Fk

2

&)

Therefore,

This implies

Therefore,
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Therefore,

54) -

k=n
Case 2. If n is odd, and n > 1. n =1 and 3 cases are easily verified. If n > 5, we have

1 =1 1
< —_ =
Fn—2 ZFk Fn—2_1
k=n

Therefore,
-1
= 1
F, -1 — F, 5.

Thus,

00 1 -1

> = = F,y—1.

(k:n Fk)

This completes the proof. 0]

3. PROOF OF THEOREM 2

As for Theorem 1, we require two lemmas for the proof of Theorem 2.

Lemma 3.
 Fo1F,
(1) ; Fllf > 1, if n is even and n > 2.
 F,1F, L
(2) ; F:? <1, ifn is odd and n > 1.

Proof. For n > 1, with the use of de Moivre-Binet form, we have
1 1 1 1
Fo1Fy _F_r%_ Fr%—H N Fn+1Fn+2
Fo—Foq oo+ I
o F? i Fogo
Foo  Fays
Fn—2Fﬁ+1Fn+2 B Fn—lFZFn+3
Fn—lFrng—HFnﬁ-?
F2 (B2 + (=1 FR) — F(F2,, + (“1)"FD)
anlFr%F3+1Fn+2
(G e G D
Foa F2EE L Fryo
(=)™ Fypgy
Fn—lFr%Fg-s-an-&-Z.
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(1) If n is even, and n > 2, then
1 1 1 1

Foaby B2 FZy  Fuio
Therefore,
1 1 1 1
Fo1Fy = F_r%+ FT%—i—l - Fn+1Fn+2'
Using this inequality repeatedly, we have
1 - 1 N 1 n 1
FnaFy F2 Fry FopFape

< a1y < SR S )
F?  F?2, FRo, Fls  FuysFu
- 1 n 1 n 1 n 1 . ( 1 . 1 . 1 )
F?% F?%—i-l F?%—&-Q F7%+3 F73+4 F7%+5 Fn+5Fn+6
1 1 1 1 1 1

DI N S I - I
_ ii
=
We have
.\ F,.\F,
2 Fk2 > 1.

(2) If n is odd, and n > 3, the inequality is similarly obtained. If n = 1, then the inequality
is easily verified. ([l

Lemma 4. Forn > 1,

> F, \F,—1
k=n k
> F, 1 F,+1
k=n k

Proof. (1) For n > 2,

1 1 1
Fy1F,—1 F2 F,F,,—1

B FyFp — F, 1 F, 1
- (anan_ )(FnFnJrl - 1) N F_r%
F2 1

(Fn—an - 1)(FnFn+1 - 1) N F_r%
Fail _ (anan _ 1)(FnFn+1 - 1)
F2(Fp 1 F, — 1)(FyFpy1 — 1)
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The numerator of RHS is,
F*—F, \F2F + Fy \Fy+ F,F,q — 1

= Fﬁ—Fﬁ(FSJr(—1)”)+Fn(Fn—1+Fn+1)—1

= —(-D)'"F?+ F,(Fo1+F,q)—1

> —F2 4+ B (F1+ Fup) —1

= Fy(—Fy+Fp1+Fpp)—1

= 2FF, 1 —-1>1>0
(because n > 2). Thus we have

1 1 1
FoFi-1 B BFa-1

Therefore,

1 - 1 N 1
F, F,—1 " F? F,F,.1—1
Just proceed as above, and we have

1 1 1

— > JE— e —
Fo1F,—1 2 E R 1

- 1 +< 1 n 1 )
2 FPy FapFhap—1

- 1 n 1 —l—( 1 n 1 )
Fp Bl \Fly o Faelus =1

- 1 n 1 N 1 +( 1 . 1 )
Fp g Pl \Filys o FasFaga—1

n

SO S I S
B Eln Fle Bl B

=1
-3
k=n k

We have
iF“F”_l <1,ifn>?2
L T Jifn > 2.
k=n FkQ

If n = 1, then this inequality clearly holds. Thus we obtain (1). (2) is similarly obtained. O

Proof of Theorem 2
Case 1. n is even, and n > 2.
Using our Lemmas 3(1) and 4(1), we have

1 <. 1 1
< _— =
F, \F, ; F?2 " F,,F,—1

Therefore, we have

-1
=1
F, \F,—1< (Z ﬁ) < F, |F,.

k=n "~k
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~1
= 1
<ZF_]€2> = n—an_l-

k=n

Therefore,

Case 2. n is odd, and n > 1.
Ifn=1,

-1
=1 1 1

— > — = 1 implies 0 < — < 1.
N (%7)
Therefore,

-1
=1
Z— —0=F,F,.
2
(k:l Fk)

If n is odd, and n > 3, with the use of our Lemmas 3(2) and 4(2), we have

Fo 1 F,+1 1F +1 Z F,_ 1F
therefore,
F, ., F, < ( 12) < FpaF,+ 1
Therefore, E
Z F2> o1 P
Thus we have proved Theorem 2. O
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