SOME NEW REMARKS ABOUT THE DYING RABBIT PROBLEM

JISHE FENG

ABSTRACT. In this paper, we studied a generalization of the Fibonacci sequence in which
rabbits become mature h months after their birth and die £ months after they have matured.
We give a general recurrence relation for these sequences. By using a companion matrix and
generating matrix, we derive two classes of identities for the generalized Fibonacci numbers.

1. INTRODUCTION

Fibonacci numbers arose as the answer to a problem proposed by Leonardo of Pisa (also
known as Fibonacci) who asked for the number of rabbits at the nth month if there is one pair
of rabbits at the Oth month which become mature one month later and that breeds another
pair in each of the succeeding months, and if these new pairs breed again in the second month
following birth. It is well-known that the number of pairs of rabbits at the nth month is given
by F,,, with F}, satisfying the recurrence relation:

FO = 0, F1 = 1;
F, = F, 1+ F,_s, for every n > 2. (1.1)

If the roots of the characteristic equation A\> = A + 1 are r; = 1+2\/g’ ro = %, then the
Binet’s formula is

n n

F, = (1.2)

T =72

Bicknell-Johnson and Spears [2] used elementary matrix operations to make simple deriva-
tions of entries of identities for the generalized Fibonacci numbers G, = G,,_1 + G ... Kalman
[5] derived a number of closed-form formulas for the generalized sequence by the companion
matrix method.

Hoggatt and Lind [4], Alfred [1], and Cohn [3] considered the so-called “dying rabbit prob-
lem”. Recently, Oller-Marcen [7] studied a generalization of the Fibonacci sequence in which
rabbits become mature h months after their birth and die k£ months after they have matured, a
general recurrence relation for these sequences was given. But we discover that the conclusions
in [7] are incorrect. In this paper, we will review the “dying rabbit problem”, and correct the
drawbacks in the paper [7]. The recurrence relation is given in Section 2, identities on the
generalized Fibonacci numbers are given in Section 3, and we conclude the paper in the last
section.

2. THE RECURRENCE RELATION

Following the notations in [7], assuming h, k > 2, let C’,(Lk’h) be the number of pairs of rabbits
at the nth month. Obviously we have C’ék’h) = C’fk’h) = ... = }(lk_}f) =1. C’T(Lliz) is the number

of pairs of rabbits at the (n — h)th month. From the point of view of the nth month, C’T(Lliz)
also denotes the number of pairs of rabbits which just came into the world (newly added
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rabbits), and Cflk_},ll)_k denotes the numbers of pairs of the rabbits which just died. Cr(Lk’h) is

correlated to the numbers of the preceding month C,(l]i}f), newly added rabbits C&Z) and died

rabbits Cflk_z)_ x- There is the following relation.

Theorem 2.1.
1, if0<n<h-1
k) — C&}f) + C&Z), ifh<n<h+k-—1; o)
I Ko Ao S N Ty -

0
G+ O = Ol nzht kL

Proof. If 0 <n < h — 1, the result is clear since the only pair of rabbits is the initial one.
If h <n < h+k—1, no rabbits have died yet, so the number of pairs at the nth month

is the sum of the pairs at the preceding month Cr(fiill),
mature at this point, i.e. Cr(fiz)- Thus, C’T(Lk’h) = C’gﬁf{) + C’ffiz).
If n = h + k, the initial pair of rabbits dies, so they do breed, the number of rabbits is
k,h k,h k,h
ciy + o) — o,
If n > h+ k+ 1, the number of rabbits at the nth month can be computed as the sum of
(k,h)

n—1

and those bred by the pairs which are

the pairs at the preceding month C , and those bred by the pairs which are mature at this

point, i.e. C’ffiz). (It is the number of pairs of rabbits which just came into the world.) Finally,
(k,h)

the number of pairs of rabbits which died at this point, i.e. C,” ,, must be subtracted. Thus,
k,h k,h k,h k,h
et =+ Cf(z—h) - Cf(z—h)—k' O
Example 2.2. If h =2 and k = 3, the recurrence relation is
1, if 0 <n <1;
kb)) _ cV+ Y, f2<n<4 (2.2)
L e T e '
c 1) eV ifn>e.
The beginning terms of C£L372) are: 1,1,2,3,5,6,10,14, 21, 30,45, . ...
Example 2.3. If h =4 and k =7, the recurrence relation is
1, if0<n<3;
ot _ ) O+ O if 2 <n<10; 2.3
ool ol ot i =1 |
cT 4 o) _ ™) - irn > 12,

The beginning terms of 01(17’4) are: 1,1,1,1,2,3,4,5,7,10,14,17, 23, 32,45, 60, 80, 108, . . ..

3. IDENTITIES ON THE GENERALIZED FIBONACCI NUMBERS

In this section, we consider the formula (2.1) as two cases: one case is for 0 <n < h+k—1,
the other caseisforn > h+ k+ 1.
Case 1. If 0 < n < h+ k — 1, there are the following identities.
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Proposition 3.1. If h <k — 1, then

CSM) = oFM o p g1 (3.1)
Proof. The condition h < k—1 is equal to 2h < h-+k—1; this is the case in (2.1), that is C’T(Lk’h) =
C(k ") + C(k ") The initial conditions are Cék’h) = C}k’h) == C}(Lk’h) 1. Thus, there are
C,E’“ " _ 0,3’“_ ’{’ + O =2, = oM o =3, oM = o)+ o = 1 3.
Summing all these 2h equalities, one obtains identity (3.1). O

Proposition 3.2. If mh < k — 1, then

G 1= Gl 4 O 4 )l 52

Proof. The condition mh < k — 2 is equal to (m + 1)h < h+ k — 1. This is the case in (2.1),
that is OF" = C’(k h) + C'( h), the identity (3.2) is the identity (3.2) in [5]. O

Case 2. If n > h+k+1, we can derive two classes of identities for the generalized Fibonacci
numbers (2.1) by using a companion matrix [5] and generating matrix [6], respectively.
The (h+k) x (h+k) companion matrix of the characteristic equation \+k = \Hhk=1 4 \k
(kh) _ C(k h L oh) _ o) o
n—h n—h—k

for the recurrence relation Cj,

)

0 1
0 1
0
0
A= (3.3)
0 1
. -1 0 -~ 0 1 0 -+ 0 1]
and its augmented matrix is
k,h k,h k,h k,h
N O
A’:L = Cn—i—l Cn+2 e Cn—llh—l—k Cn-llw-i-l . (3'4)
(k h) (k h) (k,h) (k,h)
Cn—l—h—l—k 1 Cn-l—h—l—k Cn+2(h+k—1) Cn+w+h+k—2
We can get that |A] = +1, A% | = AA%, and A% = AA;_| = A%A;_, = = A"A}.

Suppose we want another identity. Let w be an arbitrary given p051tlve integer.
Class 1.

C(kvh)

n—+w

k.h k.h k.h
= a,CFM 4 a0k Fay,, 107(1 h) k+2+%+k0£ h) fats (3.5)
formn>h-+k+1.
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In order to solve for the constants o, g, . .. ap4k, We use elementary row operations on the
augmented matrix Ag,

k,h kh k,h k,h
Co( : C( b C}(H-k)—l Cz(u+h)+k 1
ok C(k oL ok (k)
Azk] — 1 h+k w+h+k , (3‘6)
COM Bk R

htk—1  “htk 2Ah+k—1)  “w+2(h+k—1)

to obtain a class of identities (for various w values).

Example 3.3. If h =2 and k = 3, the identities (3.5) are

B2 — a, C’( 2) —|—oz2C'( 2) + ag C'( 2) —|—a4C’T(L3_’? + oz5C',(L3 i); (3.7)

n+w

with n > 6, and the augmented matriz Ag,

11 2 3 5 %]
123 5 6 C%)
As=123 5 6 10 cP |. (3.8)
35 6 10 14 ¢
|5 6 10 14 21 ¢ |

For different positive integers w, we get different identity classes (with n > 6):

%Y = 40> 1+ 50?1+ 40P 1 202,

n+6 n n—37
c%2) =508 + 8037 + 607 + 40

2 — g 2 18 1)+90,§32;’+50§L3?,

0(3 2 _ 1082 417089 1 13002 4 8002,

3,2 3,2 3,2 3,2
C,§+1’0 = 17032 + 240( 1) + 19072_2> + 110}1 3>,

Example 3.4. If h =4 and k = 4, the recurrence relation is

1, if 0 <n<3;
)OSV O, ifa<n<T;
G = ot 4 . ‘;’ c* ifn =38 (3:9)
ot 4 o 0,24 ‘;’, ifn > 0.

The beginning terms ofC,(L4’4) are: 1,1,1,1,2,3,4,5,5,7,10,14,17,21,27,36,48,62,79,.... The
identities (3.5) are

C(474)

n+w

= a,C{" + 0,7 + -+ asCtY n > 0. (3.10)

- n
By using elementary row operations on the augmented matriz Ay,
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(111 1 2 3 4 5 Y]
1112 3 4 5 5 M
1123 4 5 5 7 %
(4,4)
M| 1234 5 5 7 10 G, (3.11)
234 5 5 7 10 14 ¢
345 5 7 10 14 17 ¢,
455 7 10 14 17 21 CMY,
5 5 7 10 14 17 21 21 CcY ]
For different positive integers w, we get different identity classes (with n >9):
chy =40 450 70t 100ty + o0t 4 7ctY yacthy:
ot =50 70t + 1008 + 130 + 1108 + 80t 14ty
o =70 4100 + 130 + 160 + 136 90t 4 50
ot = 1005 + 130 + 160 + 20000 + 160 + 12088 + 70
o = 136 1160 + 200 + 260 4 220 + 170D 100
Using the (h + k) x (h + k) generating matrix
0 1 |
0 1
B = (3.12)
0 1
| Th+k LTh4k-1 - T2 T1 |
and the augmented matrix B}
(k,h) (k,h) (k,h) (k,h)
Cun Cw(n+1) Cwén—i—h—i—k—l) Cw(n—i—h—i—k)
(k:h) c(k:h) ck:h) c(k:h)
B! = w(n+1) w(n+2) w(n+h+k) w(n+h+k+1) . (3'13)
(k,h) (k,h) (k,h) (k,h)
Cotnrhib-1) Cutnrnrry " Cwimatri-1)) Cwimnt2hrr)-1)
Suppose we want another identity. Let w be an arbitrary given positive integer.
Class 2.
k,h k,h k,h
CM = 2,C00 |, OO b, (CU for > B k1 (3.14)
We can obtain an analogous result. |B| = £z, (suppose z, # 0), By, ) = BBy, and By, =

BB:U(n_l) = BQB;(TL_2) =--- = B"B{. In order to solve for the constants x1,x2, - Ty, We
use elementary row operations on the augmented matrix By,
(k,h) (k,h) (k,h) (k,h)
kgl e Sl
B = Cuw’ Cus Cw(}htk—l) Cw(’h-l-k) . (3.15)
(k,h) (k,h) (k,h) (k,h)
Cw(h+k—2) Cw(h—i—k—l) o Cw2(h+k—2) Cw(2(h+k)—3)
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Example 3.5. If h =2 and k = 3, the identities (3.14) are

CED = 2,007 | 42,080 ) 4wy + i CGY 45O L forn > 6. (3.16)

By using elementary row operations on the augmented matriz B, for different positive integers
w, we get different identity classes (with n > 6):

CéiQ) — 20(372) + 0(372) _ C(372) _ C(372)

2(n—1) 2(n—2) 2(n—3) 2(n—4)’
(3,2) _ 9~(3,2) (3,2) (3,2) (32) .
Csn - 303(n—1) + C3(n—2) o 203(n—3) + C3(n—4)’
(3.2) _ a(3,2) (3,2) (3,2) (3,2)
Cp” = 6C4(n—1) B 7C4(n—2) + 304(n—3) o C4(n—4)7
(3.2) _ £(3,2) (3,2) (3,2) (3,2) .
Csn™ = 5051y + 1G5 o) + 605,50 + C50” s

4. CONCLUSION

In this paper, we studied a generalization of the Fibonacci sequence in which rabbits become
mature h months after their birth and die £ months after they have matured. We give a general
recurrence relation for these sequences. By using a companion matrix and generating matrix,
we derive two classes of identities for the generalized Fibonacci numbers.
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